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Abstract

The general goal of this thesis is to argue that canonical systems theory can be used to improve
our understanding of scaling limits of V-ensembles, in the sense that it provides an appropriate
framework under which to describe all of the possible scaling limits, and therefore is especially
suited to studying the relationships between them.

Over the last twenty years, important progress has been made in understanding scaling limits of
V-ensembles. Scaling limits in the three main regimes, the soft edge, the hard edge, and the bulk,
have been described as the spectra of three random differential operators called the stochastic Airy,
Bessel and sine operators. The former two are random Sturm–Liouville operators, while the latter
is a random Dirac operator, a type of two-dimensional first-order differential operator. As these
operators belong to different classes, much of the analysis of their properties has, so far, been done
using different methods. However, all of them—and in fact even the tridiagonal random matrix
models for V-ensembles—can also be realized as random canonical systems. This allows for a
consistent analysis of the relationships between all of these models.

A first contribution of this thesis is a proof that the canonical system representations of certain
tridiagonal random matrix models converge in law to the canonical system representations of the
stochastic Airy and Bessel operators. The classes of randommatrices considered in these two cases
include what are arguably the most important examples: the tridiagonal models for the Hermite and
Laguerre V-ensembles scaled at the soft edge, and that for the Laguerre V-ensemble scaled at the
hard edge. The convergence considered is first that of the coefficient matrices of the canonical
systems under their vague topology, which is then upgraded to the compact convergence of the
associated Weyl–Titchmarsh functions and thus to the vague convergence of the spectral measures.
This provides an alternative operator level picture of the convergence of tridiagonal random matrix
models of V-ensembles to the stochastic Airy and Bessel operators to the existing theory.

Another contribution is a description of soft and hard edge to bulk transitions, at the operator
level, again using canonical systems theory. More precisely, it is shown that the canonical system
for the stochastic sine operator can be recovered as a limit of the canonical system for a suitably
scaled version of either the stochastic Airy or Bessel operator. Again, the convergence is proven in
the vague topology of the coefficient matrices, and then upgraded to the compact convergence of
the Weyl–Titchmarsh functions and therefore to the vague convergence of the spectral measures.
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Résumé

L’objectif général de cette thèse est de montrer que la théorie des systèmes canoniques peut être
exploitée pour améliorer notre compréhension des limites d’échelle des V-ensembles, au sens où
elle donne un cadre théorique cohérent dans lequel les différentes limites d’échelle peuvent toutes
être décrites, et est donc particulièrement appropriée pour étudier les relations entre elles.

Au cours des vingt dernières années, d’importants progrès ont été réalisés dans l’étude des
limites d’échelle des V-ensembles. Les limites d’échelle dans les trois principaux régimes, c’est-
à-dire le bord mou, le bord ferme et l’intérieur du spectre, ont été décrites comme les spectres de
trois opérateurs différentiels aléatoires appelés les opérateurs d’Airy, de Bessel et sinus stochas-
tiques. Les deux premiers sont des opérateurs de Sturm–Liouville aléatoires, mais l’autre est plutôt
un opérateur de Dirac aléatoire, qui est un type d’opérateur différentiel de premier ordre, mais bi-
dimensionnel. Comme ces opérateurs appartiennent à des classes distinctes, l’analyse de plusieurs
de leurs propriétés repose sur des méthodes distinctes. Cependant, ces trois opérateurs peuvent être
représentés comme des systèmes canoniques aléatoires, de même que les modèles de matrices aléa-
toires tridiagonales qui décrivent les V-ensembles. Ces représentations permettent ainsi une analyse
plus cohérente des relations entre ces différents modèles.

Une première contribution de cette thèse est une preuve que les systèmes canoniques associés
à certains modèles de matrices aléatoires tridiagonales convergent en loi vers les systèmes cano-
niques associés aux opérateurs d’Airy et de Bessel stochastiques. Lesmodèles dematrices aléatoires
considérés dans les deux cas incluent certains des exemples les plus importants : les modèles de
matrices tridiagonales pour les V-ensembles d’Hermite et de Laguerre au bord mou, ainsi que celui
pour le V-ensemble de Laguerre au bord ferme. La convergence étudiée est d’abord celle des ma-
trices coefficient des systèmes canoniques dans leur topologie vague. Elle est ensuite renforcée en
la convergence localement uniforme des fonctions de Weyl–Titchmarsh des systèmes canoniques,
et donc en la convergence vague des mesures spectrales associées. Par rapport aux descriptions déjà
présentes dans la littérature, ceci donne une façon alternative, au niveau des opérateurs, de com-
prendre la convergence de modèles de matrices aléatoires tridiagonales vers les opérateurs d’Airy
et de Bessel stochastiques.

Une autre contribution importante est une nouvelle description des transitions du bord mou et
du bord ferme vers l’intérieur du spectre des V-ensembles, au niveau des systèmes canoniques. Plus
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précisément, il est démontré que le système canonique associé à l’opérateur sinus stochastique peut
être obtenu comme une limite du système canonique associé à une version à l’échelle de l’opérateur
d’Airy ou de Bessel stochastique. À nouveau, la convergence est d’abord prouvée sous la topologie
vague des matrices coefficient des systèmes canoniques, puis renforcée en la convergence locale-
ment uniforme des fonctions de Weyl–Titchmarsh, et donc en la convergence vague des mesures
spectrales.
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Mais c’est quelquefois au moment où tout
nous semble perdu que l’avertissement
arrive qui peut nous sauver : on a frappé à
toutes les portes qui ne donnent sur rien, et
la seule par où on peut entrer et qu’on
aurait cherchée en vain pendant cent ans,
on y heurte sans le savoir et elle s’ouvre.

Marcel Proust, Le Temps retrouvé
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Chapter 1

Introduction

1.1 #-ensembles

This thesis is concerned with random canonical systems that arise in random matrix theory as
scaling limits of tridiagonal matrix models of V-ensembles. A V-ensemble on a domain � ⊆ ℝ is
a point process with an explicit density of the form

_ = (_1, . . . , _=) ↦→
1

/=,+,V
exp

(
−V

=∑
9=1
+ (_ 9 )

) ∏
1≤ 9<:≤=

|_ 9 − _: |V (1.1)

where = ∈ ℕ, V > 0 is a parameter usual called the inverse temperature, and + : � → ℝ is a
constraining potential. These point processes originate from the work of Dyson in the 1960’s [25,
26, 27, 28], and have attracted a lot of attention in random matrix theory [3, 51] and statistical
physics [35, 66] ever since.

1.1.1 The Hermite #-ensemble

Perhaps themost important example of a V-ensemble is theHermite orGaussian V-ensemble, which
is obtained in (1.1) with a quadratic potential + (_) := _2/4. One of the reasons this particular ex-
ample is interesting is that it generalizes the eigenvalue distribution of the Gaussian orthogonal,
unitary and symplectic ensembles from random matrix theory, which we now introduce briefly. A
random matrix is said to follow a Gaussian orthogonal (V = 1), unitary (V = 2) or symplectic
(V = 4) ensemble distribution if it is self-dual with  (0, 2/V) diagonal entries and standard real,
complex or quaternionic normal off-diagonal entries, with all entries independent up to the sym-
metry constraint. Here, by standard complex and quaternionic normal distributions, we mean the
distributions of

1
√

2
(b1 + 8b2) and

1
2
(b1 + ib2 + jb3 + kb4)

1



2 Chapter 1. Introduction

respectively, where all b 9 ’s are independent standard normals. It can be shown that these three
random matrix models have eigenvalue point processes with density (1.1) for + (_) = _2/4 and
V = 1, 2 and 4 for the orthogonal, unitary and symplectic case respectively [3, §4.1].

While these three classical randommatrix models were introduced by Dyson in the 1960’s [28],
it was unknown for a long time whether it was possible to build a random matrix model that would
have the Hermite V-ensemble as its eigenvalue point process for a general V > 0. This question was
answered positively by Dumitriu and Edelman in 2002 [24]. Expanding on the work of Trotter [71],
they extrapolated the result of tridiagonalizing the Gaussian orthogonal and unitary ensembles, and
showed that for any V > 0, the tridiagonal random matrix

HV,= :=
1
√
V

©­­­­­­«

√
2b=,1 -=,1

-=,1
. . .

. . .

. . .
. . . -=,=−1

-=,=−1
√

2b=,=

ª®®®®®®¬
where

b=, 9 ∼  (0, 1)
-=, 9 ∼ j(=− 9)V,

(1.2)

with all b=, 9 ’s and -=, 9 ’s independent, has eigenvalue point process with density (1.1) for + (_) =
_2/4 [24, Theorem 2.12]. An important property of the Hermite V-ensemble is that as the number
of points increases, their density on the real line takes the shape of a semicircle. Indeed, if _ is the
Hermite V-ensemble with = points and d`sc(G) = 1

2c

√
4 − G21[−2,2] (G) dG is a semicircle measure,

−2
√
= 0 2

√
=

Figure 1.1: Empirical spectral distribution of a Hermite V-ensemble matrix HV,= as given in (1.2) with V = 8
and = = 2048. The solid line is a semicircle density between −2

√
= and 2

√
= .



1.1. V-ensembles 3

then
1
=

=∑
9=1

X_ 9/√=
a.s.−−−−→
=→∞

`sc (1.3)

vaguely (see [42] or [23, Theorem 6.4.1]). Intuitively, this means that when = is large, the density of
points in the Hermite V-ensemble roughly forms a semicircle between−2

√
= and 2

√
= , as illustrated

on Figure 1.1. The figure pictures the empirical spectral distribution of a tridiagonal Hermite V-
ensemble matrix, which is the measure ∑=

9=1 X_ 9
placing a Dirac mass at each eigenvalue _ 9 of the

matrix. In a sense, this result extends the classical Wigner semicircle law for Wigner matrices [3,
Theorem 2.1.1], a class to which Gaussian orthogonal, unitary and symplectic ensemble matrices
all belong.

1.1.2 The Laguerre #-ensemble

Another important example of a V-ensemble is the Laguerre V-ensemble, which is obtained in (1.1)
with the potential + (_) := _

2 − (<−=+1
2 − 1

V
) log_ where < > = − 1 is an extra parameter. This V-

ensemble generalizes the eigenvalue distribution of real (V = 1), complex (V = 2) and quaternionic
(V = 4) Wishart matrices, which are classical random matrix models of the form --∗ where - is
an = × < matrix with independent standard real, complex or quaternionic normal entries [3, §4.1].

Like for the Hermite case, there is a tridiagonal random matrix model that interpolates between
the classical values of V. Indeed, Dumitriu and Edelman have shown that for any V > 0, if

LV,= :=
1
√
V

©­­­­­­«
.=,1 -=,1

. . .
. . .

. . . -=,=−1

.=,=

ª®®®®®®¬
where

.=, 9 ∼ j(<− 9+1)V

-=, 9 ∼ j(=− 9)V
(1.4)

with all -=, 9 ’s and.=, 9 ’s independent, then LV,=LT
V,=

has eigenvalue point process with density (1.1)
for + (_) := _

2 − (<−=+1
2 − 1

V
) log_ [24, Theorem 3.4].

The macroscopic behavior of the Laguerre V-ensemble has a similar (but distinct) description as
that of the Hermite V-ensemble, which is illustrated on Figure 1.2. If _ is the Laguerre V-ensemble
with = points and if =/< → W ∈ (0, 1], then in the vague topology of measures,

1
=

=∑
9=1

X_ 9/=
a.s.−−−−→
=→∞

`MP where d`MP(G) :=
1

2cWG
√
(W+ − G) (G − W−) dG (1.5)

with W± := (1 ± √
W )2 [23, Theorem 6.5.1]. The measure `MP is called a Marčenko–Pastur distri-

bution [50].



4 Chapter 1. Introduction

1.1.3 Rank-1 perturbations of matrix models of #-ensembles

It can also be natural to consider perturbations of the random matrix models for V-ensembles.
An example of this is the so-called spiked version of the Laguerre V-ensemble, which originates

from the work on Johnstone [43] and has important applications in high-dimensional statistics. In
the classical cases where V ∈ {1, 2, 4}, this is the eigenvalue point process of random matrices of
the form -Σ-∗ where again - is =×< with independent standard real (V = 1), complex (V = 2) or
quaternionic (V = 4) normal entries, but Σ := diag(ℓ=, 1, . . . , 1) for an ℓ= > 0. The description of
this point process has garnered a lot of interest in the random matrix theory community [5, 31, 34].
In particular, Baik, Ben Arous and Péché famously showed in [5] that a phase transition occurs in
the complex model: if =/< → W ∈ (0, 1], then the largest eigenvalue has the same behavior as in
the unspiked case when ℓ= → ℓ < 1 + √

W , but it separates from the bulk when ℓ= → ℓ > 1 + √
W .

It is also possible to extend the Dumitriu–Edelman method to build tridiagonal matrix models
for these spiked ensembles [7]. The resulting tridiagonal matrix has the form LV,=,ℓ=LT

V,=,ℓ=
where

LV,=,ℓ= :=
1
√
V

©­­­­­­«

√
ℓ= .=,1 -=,1

. . .
. . .

. . . -=,=−1

.=,=

ª®®®®®®¬
and again

.=, 9 ∼ j(<− 9+1)V

-=, 9 ∼ j(=− 9)V
(1.6)

with all -=, 9 ’s and .=, 9 ’s independent.

0 4=

Figure 1.2: Empirical spectral distribution of a Laguerre V-ensemble matrix LV,=LT
V,=

with LV,= as in (1.2)
with V = 8 and = = < = 2048. The solid line is a Marčenko–Pastur distribution rescaled between 0 and 4=.



1.2. Local statistics of V-ensembles 5

Another example of a perturbed matrix model of a V-ensemble comes from perturbed Gaussian
orthogonal, unitary or symplectic matrices where the expectation of every entry has been shifted
by the same constant. These are sometimes called deformed ensembles, and have been studied
before by several authors—see e.g. [33, 56]. As a specific example, one might shift every entry of
a Gaussian orthogonal ensemble matrix by U/= for some U ∈ ℝ which, by orthogonal invariance,
has the same effect on the spectrum as shifting only the first entry of the matrix by U. Using the
method of Dumitriu and Edelman, this matrix can still be tridiagonalized [7], and the resulting
matrix simply has the form HV,= + U�1�

T
1 where HV,= is as in (1.2) and �1 := (1, 0, . . . , 0).

1.2 Local statistics of #-ensembles

Convergence results like those from (1.3) and (1.5) describe the global statistics of V-ensembles in
the asymptotic regime where the number of points diverges. To get a more complete description of
the point process, one can then try to understand its local statistics in the same asymptotic regime.
This is usually done by taking scaling limits of the point process, the idea being to “zoom in”
somewhere in the spectrum to see how points are spaced in that region, asymptotically.

It is far from obvious to understand what happens to the point process under a scaling limit, but
Edelman and Sutton introduced in [30] a groundbreaking idea to do so: to describe these scaling
limits as the spectra of stochastic differential operators. It turns out that for large classes of V-
ensembles, only a few (families of) point processes suffice to describe all possible scaling limits.

1.2.1 The soft edge

Afirst scaling limit is the soft edge limit, which corresponds to the behavior of points in V-ensembles
near the edges of the spectrum when the density vanishes like a square root—this is the behavior
at both ends of the semicircle in the Hermite V-ensemble (see Figure 1.1), and at the top end of
the spectrum in the Laguerre V-ensemble (see Figure 1.2). The soft edge limit is described by
the spectum of the stochastic Airy operator V, whose action on a function 5 : [0,∞) → ℝ is
heuristically given by

V 5 (C) = − 5 ′′(C) +
(
C + 2

√
V
�′(C)

)
5 (C) (1.7)

where � is a standard Brownian motion. Of course, the white noise �′ is not actually defined as a
function, so it is not obvious that one can even define such an operator V, and if so how it can be
done rigorously—we will come back to this in detail in §3.1. The idea of this operator comes from
Edelman and Sutton [30], but it was first defined in a rigorous way by Ramírez, Rider and Virág
in [60]. As we will see later, this operator can be shown to be almost surely self-adjoint with real
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eigenvalues on the appropriate domain under a boundary condition at 0. Its precise relationship
with the Hermite and Laguerre V-ensembles is given by the following.

Theorem 1.1 [60, Theorems 1.1 and 1.4]. Let Λ1 < Λ2 < . . . denote the eigenvalues of V for
the boundary condition 5 (0) = 0, and let _H

V,1 ≥ . . . ≥ _H
V,=

and _L
V,1 ≥ . . . ≥ _L

V,=
denote the

points of the Hermite and Laguerre V-ensembles, assuming that < > = − 1 in the latter. Write
`=,< := (

√
= +

√
< )2 and f=,< := `

−2/3
=,<=

1/6<
1/6. Then for any fixed : ∈ ℕ, both{

=
1/6(2

√
= − _H

V, 9 )
}:
9=1

law−−−−→
=→∞

{Λ 9 }:9=1 and
{
f=,< (`=,< − _L

V, 9 )
}:
9=1

law−−−−→
=→∞

{Λ 9 }:9=1.

The negatives of the eigenvalues Λ 9 of the stochastic Airy operator are the points of the AiryV
point process. This point process has more generally been shown to arise as a universal scaling
limit in the soft edge regime of V-ensembles for large classes of potentials [6, 10, 48].

The results of Theorem 1.1 were extended by Bloemendal and Virág in [7] to perturbed models
of V-ensembles, such as the spiked Laguerre V-ensemble and the deformed Hermite V-ensemble
mentioned before. They showed that, for suitably scaled perturbations, these point processes con-
verge to the eigenvalues of the stochastic Airy operator for a different boundary condition at 0.

1.2.2 The hard edge

Another important scaling limit is the hard edge limit, which corresponds to the behavior of points
in V-ensembles near the edges of the spectrum where the density diverges like G ↦→ 1/√G . This
regime never appears in the Hermite V-ensemble, but it corresponds to points near the left edge of
the Laguerre V-ensemble when < ' = + 0 for some constant 0 > −1, as one can see on Figure 1.2.
The hard edge limit is described by another stochastic differential operator.

Definition 1.1. Let V > 0 and 0 > −1, and let � = {�(C)}C≥0 be a standard Brownian motion. The
stochastic Bessel operator is the second-order differential operatorGV,0 that maps 5 : [0,∞) → ℝ

to
GV,0 5 = − 1

FV,0

(
?V,0 5

′)′ (1.8)

where

?V,0 (C) := exp
(
−0C − 2

√
V
�(C)

)
and FV,0 (C) := exp

(
−(0 + 1)C − 2

√
V
�(C)

)
. (1.9)

The idea of this operator, again, comes from Edelman and Sutton [30], but the above definition
is that of Ramírez and Rider [58], who were the first to relate it in a rigorous way to the Laguerre
V-ensemble.
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Theorem 1.2 [58, Theorem 1]. With probability one, with boundary conditions 5 (0) = 0 and
limC→∞ ?V,0 (C) 5 ′(C) = 0, GV,0 has discrete spectrum comprised of simple eigenvalues 0 < Λ1 <

Λ2 < . . . ↑ ∞. Moreover, if _L
V,1 ≤ . . . ≤ _L

V,=
denote the points of the Laguerre V-ensemble with

< = = + 0, then for any : ∈ ℕ, {
=_L

V, 9

}:
9=1

law−−−−→
=→∞

{Λ 9 }:9=1.

These eigenvalues Λ 9 are the points of the BesselV,0 point process, and again, this scaling limit
has been shown to be the universal description of the hard edge regime for a wide class of po-
tentials [63]. Ramírez and Rider also extended their results from Theorem 1.2 to show that for a
suitably scaled perturbation, the spiked Laguerre V-ensemble converges to the eigenvalues of the
stochastic Bessel operator for a different boundary condition at 0 [59].

1.2.3 The bulk

Finally, another important scaling limit is the bulk limit, which corresponds to the behavior of
points in the middle of V-ensembles when the density is bounded from below. In particular, this is
the case anywhere away from the edges in the Hermite and Laguerre V-ensembles, as can be seen in
Figures 1.1 and 1.2. The point process associated with this scaling limit, the sineV point process, is
a symmetric, translation invariant point process that was first constructed independently by Valkó
and Virág in [72] and by Killip and Stoiciu in [47], and was later realized as the spectrum of a
stochastic differential operator in [76]. This operator is defined in terms of a hyperbolic Brownian
motion, which is a complex-valued stochastic process defined as a strong solution to the stochastic
differential equation

d(C) = f Im(C) d, (C) (1.10)

where f2 > 0 is refered to as the variance of , and where , is a standard complex Brownian
motion, that is, a complex-valued process whose real and imaginary parts are independent standard
(real) Brownian motions. Having defined this process, we can introduce the following.

Definition 1.2. With V > 0, let V be a hyperbolic Brownian motion with variance 4/V started at 8
in the upper half-plane, and let

'V :=
1

2 det -V
(-V)T-V with -V :=

(
1 −ReV

0 ImV

)
.

The stochastic sine operator is the operator acting on D : (0, 1) → ℂ2 as D ↦→ ('−1
V

◦ h)�D′ where
h(C) := − log(1 − C) and � :=

( 0 −1
1 0

)
.

The stochastic sine operator was introduced by Valkó and Virág in [76], where they proved that
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it is almost surely self-adjoint on a domain with appropriate boundary conditions, with a discrete
spectrum distributed as the sineV point process. Connecting with their earlier work [72], this yields
the following link with the Hermite V-ensemble.

Theorem 1.3 [72, Theorem 1]. For V > 0, let Λ= denote the Hermite V-ensemble with = points,
and let {`=}=∈ℕ ⊂ ℝ be a sequence satisfying =1/6(2

√
= − |`= |) → ∞ as =→ ∞. Then√

4= − `2
= (Λ= − `=)

law−−−−→
=→∞

sineV

with respect to the vague topology for the counting measure of the point processes.

As in the other cases, it has also been shown that this limit object is the universal description of
the bulk regime of V-ensembles [6, 11, 12, 67].

1.3 Canonical systems for scaling limits of #-ensembles

1.3.1 Motivation

The stochastic Airy, Bessel and sine operators that we introduced in the last section allow us to
describe the local behavior of V-ensembles in the soft edge, hard edge and bulk asymptotic regimes.
However, these three operators are not all of the same type: the stochastic Airy and Bessel operators
are both random (generalized) Sturm–Liouville operators, whereas the stochastic sine operator is a
random two-dimensional first-order differential operator.

This discrepancy complicates the study of the relationships that might exist between these op-
erators. An example of this is that one could expect that it is possible, in some sense, to retrieve
the stochastic sine operator as a scaling limit of the stochastic Airy or Bessel operator. The reason
for this is that the AiryV and BesselV,0 point processes both represent an infinite number of points
on a half-line, with the density of points increasing or decreasing when going away from the edge.
The sineV point process, on the other hand, is translation invariant, and has points on the whole real
line, equally spaced on average. Since all of these occur as scaling limits of the same V-ensembles,
one might expect that, starting from the AiryV or BesselV,0 point process, one can shift the process
in order to zoom in the direction where there are infinitely many points, rescale the shifted process
to make the density of points constant, and retrieve the sineV process. Heuristically, looking at the
pictures of Figures 1.1 and 1.2, the idea is to start from the edge process and zoom back in the bulk.
In fact, this was proven by Valkó and Virág when they introduced the sineV point process.

Theorem 1.4 [72, Corollary 3]. 2
√
� (AiryV + �) → sineV vaguely in law as � → ∞.
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Because these point processes are the spectra of the stochastic Airy and sine operators, one
might expect to be able to upgrade this convergence statement to the associated operators. However,
because they are of different types, it is not obvious to see how to even formulate a convergence
statement that would make sense.

Another reason to seek a unifying framework is that because the types of operators are different,
the ways to relate them to V-ensembles (and to prove for example Theorems 1.1, 1.2 and 1.3) are
different, and would not necessarily be obvious to generalize in order to derive other scaling limits
of V-ensembles.

Fortunately, there exists a type of object that can be used to represent all of these three operators:
the canonical system.

Definition 1.3. A canonical system on a possibly infinite interval (0, 1) ⊆ ℝ is a differential
equation of the form

�D′ = −I�D with � :=

(
0 −1
1 0

)
,

where I ∈ ℂ, D : (0, 1) → ℂ2 and � : (0, 1) → ℂ2×2. The matrix � is called the coefficient
matrix of the system.

As we will see in detail in Chapter 2, a canonical system should be thought of as an eigenvalue
equation. This is particularly obvious if the coefficient matrix � is invertible on the whole domain,
in which case the canonical system can be written as the eigenvalue equation −�−1�D′ = ID for the
differential operator D ↦→ −�−1�D′, which we will call a Dirac operator, following [76]. Canonical
systems offer a very general framework for second-order differential operators. In addition to the
Dirac operators mentioned above, they can also represent for example Sturm–Liouville operators
and Jacobi difference operators.

The fact that the stochastic Airy, Bessel and sine operators can all be represented as canonical
systems was already noticed by Valkó and Virág in [76]. In this work, they developed a theory of a
certain class of Dirac operators, and they applied it to describe the stochastic sine operator as well
as another Dirac operator equivalent to the stochastic Bessel operator.

One of the main points of this thesis is to argue that the canonical system representation, in its
full generality, appears to be the right framework to study scaling limits of V-ensembles. Indeed,
this framework is general enough to encompass all of the three operators introduced in §1.2, and be-
cause canonical systems can reproduce Jacobi difference operators, there are even canonical system
representations of the tridiagonal random matrix models for V-ensembles! Hence, it can be used
not only to describe the relationships between the different operators that occur as scaling limits,
but also those between the operators and the random matrix models.
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1.3.2 Canonical system convergence of tridiagonal random matrix models

The observation made at the end of the last subsection leads to an interesting point: using canonical
systems, one can formalize the idea that the operators introduced in §1.2 are scaling limits of the
tridiagonal matrix models in a consistent way, for all scaling limits. A contribution of this thesis
is to prove, at the canonical system level, the convergence of suitably scaled tridiagonal random
matrix models for V-ensembles to the stochastic Airy and Bessel operators. The precise results are
given in §3.1.3 for the Airy case and in §3.2.3 for the Bessel case, and we give a glimpse of the
main consequences here.

As we will see in detail in §2.4, using a suitable change of variables, it is possible to represent
as a canonical system the eigenvalue equation for a (generalized) Sturm–Liouville operator. For
instance, taking two solutions fV and gV of V 5 = 0 with initial conditions gV (0) = f′

V
(0) = 0 and

fV (0) = g′
V
(0) = 1, it can be shown that if

�V :=

(
g′
V
− 2√

V
�gV f′

V
− 2√

V
�fV

gV fV

)
,

then a function 5 : [0,∞) → ℝ solves the eigenvalue equation V 5 = I 5 if and only if D :=
�−1
V

( 5 ′− 2√
V
� 5

5

)
solves the canonical system

�D′ = −I�VD on (0,∞) where �V :=

(
g2
V

fVgV
fVgV f2

V

)
. (1.11)

An eigenvalue problem forV transfers to an eigenvalue problem for this canonical system. As we
will see in detail in §2.5, there is a similar way to represent the eigenvalue equation for a tridiagonal
matrix as a canonical system.

There are various ways to describe how a sequence of canonical systems can converge. The
simplest one is probably to use their coefficient matrices, by topologizing them through a vague
topology. Essentially, this is done by thinking of coefficient matrices as 2 × 2 matrix-valued mea-
sures, and testing them against compactly supported continuous functions—we will come back to
this in detail in §2.2. So, a first way to write the results from Theorem 1.1 at the canonical system
level is the following.

Theorem 1.5. Let �V,= be the coefficient matrix built from the tridiagonal matrix =1/6(2
√
= −HV,=)

or f=,< (`=,<−LV,=LT
V,=

) where `=,< := (
√
=+

√
< )2 and f=,< := `

−2/3
=,<=

1/6<
1/6, with HV,= as in (1.2)

and LV,= as in (1.4). Then �V,= → �V vaguely in law as =→ ∞, where �V is as in (1.11).

We will prove a more general version of this in Theorem 3.8, in §3.1.3, with weaker conditions
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on the tridiagonal random matrix model and allowing for perturbations, so that this will include
spiked versions of the Laguerre V-ensemble as well as deformed Hermite V-ensembles.

In the same way, we will see in §3.2.1 that the eigenvalue equation for the stochastic Bessel
operator is equivalent to a canonical system on (0,∞) with a coefficient matrix �V,0. We will then
prove the following.

Theorem 1.6. Let �V,0,= denote the coefficient matrix of the canonical system built from the
tridiagonal matrix =LV,=LT

V,=
where LV,= is as in (1.4) for < = = + 0 with 0 > −1 fixed. Then

�V,0,= → �V,0 vaguely in law as =→ ∞.

We will prove a more general version of this in Theorem 3.23, in §3.2.3, again with weaker
conditions on the tridiagonal matrix model and allowing for a spiked version of the model.

Now, the vague convergence of coefficient matrices doesn’t say anything, a priori, about the
spectral information of the system. This motivates to improve the results of Theorems 1.5 and 1.6
to obtain a stronger result. To do so, we use the canonical systems’ Weyl–Titchmarsh functions.

As we will see in §2.1, given suitable boundary conditions depending on the system’s behavior
near the endpoints of its domain (0, 1), a canonical system �D′ = −I�D can be associated with a
holomorphic function <� : ℍ → ℍ∞ from the upper half-plane ℍ := {I ∈ ℂ : Im I > 0} to its
closure ℍ∞ into the Riemann sphere. This function <� is called the Weyl–Titchmarsh function of
the system, and is especially useful from a spectral theoretic point of view because it actually extends
to a meromorphic function on ℂ, with poles on the real line placed at the system’s eigenvalues. It
also has an integral representation with respect to a measure `� on ℝ, called the system’s spectral
measure.

Building on Theorem 1.5, we will also show the following in §3.1.3.

Theorem 1.7. Let �V,= be as in Theorem 1.5, and let <�V,=
and `�V,=

be the system’s Weyl–
Titchmarsh function and spectral measure. Likewise, let <�V

and `�V
be the stochastic Airy

system’s Weyl–Titchmarsh function and spectral measure. Then <�V,=
→ <�V

compactly on ℍ

in law and `�V,=
→ `�V

vaguely in law as = → ∞. This holds jointly, and jointly with the
convergence of coefficient matrices in Theorem 1.5.

In §3.2.3wewill also extend the convergence to the stochastic Bessel operator fromTheorem 1.6
to the following.

Theorem 1.8. Let �V,0,= be as in Theorem 1.6, and let <�V,0,=
and `�V,0,=

be the system’s Weyl–
Titchmarsh function and spectral measure. Likewise, let <�V,0

and `�V,0
be the stochastic Bessel

system’s Weyl–Titchmarsh function and spectral measure. Then <�V,0,=
→ <�V,0

compactly on
ℍ in law and `�V,0,=

→ `�V,0
vaguely in law as = → ∞. This holds jointly, and jointly with the

convergence of coefficient matrices in Theorem 1.6.
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As in the cases of Theorems 1.5 and 1.6, we will in fact prove this for more general tridiagonal
models, and possibly allowing for perturbations in the first entry of the matrix. All of the precise
results are given in §3.1.3 for the Airy case and in §3.2.3 for the Bessel case.

1.3.3 Edge to bulk transitions via canonical systems

As mentioned earlier, one of the main motivations to study canonical system representations of the
stochastic Airy, Bessel and sine operators is that it allows one to describe relationships between
them, which is otherwise not obvious to do since the stochastic sine operator is of a different type
than the other two.

An example of such a relationship is the operator level version of the soft edge to bulk transition
from Theorem 1.4. Indeed, since 2

√
� (AiryV + �) → sineV vaguely in law as � → ∞, we can

expect that a similar result should hold at the operator level: the operator V,� := 2
√
� (V − �)

should be expected to converge, in some sense, to the stochastic sine operator. Of course, this
question doesn’t make sense when talking about the operators themselves, but once they are rep-
resented as canonical systems, the convergence can be given a precise meaning. In the same way,
one should also expect an operator level hard edge to bulk transition to be possible, although with
a different scaling. In that case, an analysis of the deterministic limit case V = ∞ suggests that
GV,0,� := 2√

�
(GV,0 − �) should converge to the stochastic sine operator as � → ∞.

These two edge to bulk transitions, at the canonical system level, are the main subject of Chap-
ter 4. These two problems were addressed separately in the two preprints [54, 55], and the results
are reproduced here.

In the same way as we described earlier for V, the two operators V,� and GV,0,� can be
associated with canonical systems on (0,∞) with coefficient matrices �V,� and �V,0,� that are
built in terms of solutions to the eigenvalue equations V,� 5 = 0 and GV,0,� 5 = 0. The first
canonical system convergence that we prove is the vague convergence of the coefficient matrices.

Theorem 1.9 [54, 55, Theorems 1]. Let V := [0, 1) if V ≤ 2 and V := [0, 1] if V > 2. For any
diverging sequence {�=}=∈ℕ ⊂ (0,∞), there are �

1 bijections [A,�=
: [0, 1 + YA,�=

) → [0,∞)
where YA,�=

→ 0 such that

�̃V,�=
:= [′A,�=

(�V,�=
◦ [A,�=

) law−−−−→
=→∞

'̃V := 'V ◦ h

vaguely on V, where 'V and h are as in Definition 1.2. Likewise, there are �
1 bijections

[B,�=
: [0, 1 + YB,�=

) → [0,∞) where YB,�=
→ 0 such that

�̃V,0,�=
:= [′B,�=

(�V,0,�=
◦ [B,�=

) law−−−−→
=→∞

'̃V

vaguely on V.
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To retrieve information about the canonical systems’ spectra, this result is then extended to the
convergence of the Weyl–Titchmarsh functions.

Theorem 1.10 [54, 55, Theorems 2]. Let {�=}=∈ℕ ⊂ (0,∞) be a diverging sequence, and let
<�̃V,�=

, <�̃V,0,�=
, < '̃V

: ℍ → ℍ∞ be the Weyl–Titchmarsh functions of the shifted and scaled Airy
and Bessel systems and of the sine system. Then

<�̃V,�=

law−−−−→
=→∞

< '̃V
and <�̃V,0,�=

law−−−−→
=→∞

< '̃V

compactly on ℍ, jointly with the respective coefficient and transfer matrices. In particular, the
spectral measures of the corresponding systems converge vaguely in law, also jointly with the other
objects.

1.3.4 Remarks on spectral measures and eigenvalue point processes

Consider a canonical system �D′ = −I�D with appropriate boundary conditions, and suppose that
it has purely discrete spectrum. The spectral measure `� of such a system is discrete, and has the
form

`� =
∑

_∈spec�

`�
(
{_}

)
X_

where spec� denotes the spectrum for this boundary value problem, which is in this case the set
of eigenvalues. The number `�

(
{_}

)
is called the spectral weight for the eigenvalue _ ∈ spec� .

This spectral measure is distinct from the eigenvalue point process a� of the same spectral problem,
which is simply

a� =
∑

_∈spec�

X_.

Although these two measures are obviously related, they are distinct objects. In particular,
given a sequence of boundary value problems for canonical systems with purely discrete spectra,
the convergence of their spectral measures is distinct from the convergence of their eigenvalue point
processes: neither implies the other one. Indeed, the atoms of a sequence of spectral measures can
merge or disappear in the vague limit, but these two phenomena are impossible for the associated
point processes, since they require the spectral weights to combine or vanish in the limit, whereas
the “weights” of the point process are always 1. Conversely, the convergence of the eigenvalue
point processes does not imply the convergence of the spectral measures either, because the point
processes carry no information at all about the spectral weights.

This distinction means, in particular, that the vague convergences of spectral measures that
we prove in Theorems 1.7, 1.8 and 1.10 from canonical systems theory are not equivalent to the
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corresponding results at the eigenvalue level, which are already known from [58, 60, 72] as pointed
out earlier.

While the tools from canonical systems theory are very well adapted to study the convergence
of spectral problems up to the convergence of the spectral measures, it is less natural to deduce
the convergence of the associated eigenvalue point processes. We will say a few words about this
problem in a general setting in §2.2.2.2, but we won’t tackle it in the context of problems from
V-ensembles theory in this thesis.

Nevertheless, the convergence of the eigenvalues themselves is, in a sense, a more natural goal
from the point of view of random matrix theory, and for that reason it would be valuable to be able
to strengthen the results from Theorems 1.7, 1.8 and 1.10 in that sense, in order to complete the
canonical system theoretic picture of these scaling limits. This could possibly be done through an
analysis of the spectral weights. As we will see later, the spectral weights can be described from
norms of eigenfunctions, or from residues of the Weyl–Titchmarsh functions. Maybe these tools
could allow us to get a sufficient understanding of their asymptotic behavior to be able to deduce
the convergence of eigenvalues.

1.4 Organization of the thesis

The rest of the thesis is organized in three chapters as follows. Each chapter also starts with a more
detailed overview of its contents.

In Chapter 2, we review important concepts of the theory of canonical systems that will be
needed in the sequel. We review the classical theory in §2.1, and then we present topologies on
canonical systems and associated objects in §2.2. Some extensions and adaptations to random
canonical systems are given in §2.3. Finally, we present in §2.4 and §2.5 the methods used to
represent generalized Sturm–Liouville operators and tridiagonal matrices or Jacobi operators as
canonical systems.

Then, Chapter 3 is split in three sections in which are successively presented in more detail the
stochastic Airy (§3.1), Bessel (§3.2) and sine (§3.3) operators. For the stochastic Airy and Bessel
operators, we review important properties, derive asymptotics of solutions to the eigenvalue equa-
tion on the negative real line, and prove convergence from tridiagonal random matrix models at the
canonical system level. In particular, Theorems 1.5 and 1.7 are proven in §3.1.3, and Theorems 1.6
and 1.8 are proven in §3.2.3. For the stochastic sine operator, we only review some important
properties.

Finally, Chapter 4 is about the operator level soft and hard edge to bulk transitions described
earlier. The goals of this chapter are essentially to prove Theorems 1.9 and 1.10.
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1.5 Notation

Below is a list of symbols used repeatedly throughout the thesis.

ACloc(0, 1) Set of locally absolutely continuous functions on (0, 1), i.e., functions 5 : (0, 1) → ℂ

such that 5 (C) = 5 (C0) +
∫ C

C0
6(C) dC for a C0 ∈ (0, 1) and a 6 ∈ !1

loc(0, 1).
�(-,. ) Set of continuous functions - → . .
�2 (-,. ) Set of compactly supported continuous functions - → . .
ℂ∞ Riemann sphere.
4q Vector (cos q, sin q) ∈ ℝ2 for q ∈ [0, 2c).
� 9 Basis vector in ℝ= or ℂ=, with a 1 in 9 th position and zeros elsewhere.
ℍ Upper half-plane {I ∈ ℂ : Im I > 0}.
ℍ∞ Closure of ℍ in the Riemann sphere.
�= = × = identity matrix.
ℒ Lebesgue measure.
 (`, f2) Normal distribution with mean ` and variance f2.
$ Big-o notation. We say that 5 (C) = $

(
6(C)

)
as C → ∞ if there is a � > 0 such that

for all C large enough, 5 (C) ≤ �6(C). Sometimes we add subscripts to $ to indicate
parameters on which � might depend.

$ℙ Probabilistic version of the big-o notation. We say that 5 (C) = $ℙ

(
6(C)

)
as C → ∞ if

for all Y > 0, there is a �Y > 0 such that 5 (C) ≤ �Y6(C) with probability at least 1− Y.
> Little-o notation. We say that 5 (C) = >

(
6(C)

)
as C → ∞ if 5 (C)/6(C) → 0 as C → ∞.

Sometimes we add subscripts to > to refer to a set of parameters over which the
convergence 5 (C)/6(C) → 0 is uniform.

>ℙ Probabilistic version of the little-o notation. We say that 5 (C) = >ℙ
(
6(C)

)
as C → ∞

if 5 (C)/6(C) → 0 in probability as C → ∞.
� Mapping ℂ2 → ℂ∞ defined by �

(
I
F

)
:= I/F.

�1 Unit circle {I ∈ ℂ : |I | = 1}.
Unif ( Uniform distribution on a set (.
Γ(U, \) Γ distribution with shape U and scale \, hence with mean U\ and variance U\2.
® We use 5 ® 6 or 5 (C) ® 6(C) as an alternative notation for 5 (C) = $

(
6(C)

)
.
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Chapter 2

Canonical systems theory

In this chapter, we introduce the concepts from the theory of canonical systems that will be used
in the sequel. In §2.1, we recall what canonical systems are, and we introduce the main objects
that are used to describe their spectral theory. In §2.2, we introduce topologies that are used to
characterize the convergence of a sequence of canonical systems. Some of these ideas are then
adapted to random canonical systems in §2.3. Finally, §2.4 and §2.5 present methods to represent
generalized Sturm–Liouville operators and tridiagonal matrices or Jacobi operators as canonical
systems.

The classical concepts of canonical systems theory are due to de Branges [14, 15, 16, 17, 18].
The presentation given here is essentially taken or extended from Remling’s book [61], with the
exceptions of §2.2.3 and §2.3. More specific references are given throughout the chapter.

2.1 Classical theory

2.1.1 Canonical systems and their solutions

Recall the definition of a canonical system from the introduction.

Definition 1.3. A canonical system on a possibly infinite interval (0, 1) ⊆ ℝ is a differential
equation of the form

�D′ = −I�D with � :=

(
0 −1
1 0

)
,

where I ∈ ℂ, D : (0, 1) → ℂ2 and � : (0, 1) → ℂ2×2. The matrix � is called the coefficient
matrix of the system.

Here, we make a few hypotheses on the coefficient matrix that will be assumed to hold unless
specified otherwise.

17
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Hypothesis 2.1. The coefficient matrix � of a canonical system on an interval (0, 1) has the
following properties:

i) � : (0, 1) → ℝ2×2;
ii) � ∈ !1

loc(0, 1) entrywise;
iii) � (C) � 0 for almost every C ∈ (0, 1).
iv) � (C) ≠ 0 for almost every C ∈ (0, 1).

The coefficient matrix does not have to be invertible. The most dramatic way in which this
can happen is that � could be a projector onto a particular direction, which leads to the following
classification of times in the domain.

Definition 2.1. A point C ∈ (0, 1) of the domain of a canonical system �D′ = −I�D is called
singular if there is an Y > 0 and a E ∈ ℝ2 \ {0} such that � (B)E = 0 for almost all B ∈ (C−Y, C+Y).
The connected components of the set of singular points are called singular intervals, and points
that are not singular are called regular.

Based on the above, we will sometimes add another hypothesis to the list from Hypothesis 2.1.

Hypothesis 2.2. The domain of a canonical system is not a single singular interval.

We now turn to the description of a canonical system’s solutions. Since the coefficient matrix
does not have to be very regular, solutions are understood in the following weak sense.

Definition 2.2. A function D : (0, 1) → ℂ2 is said to solve a canonical system �D′ = −I�D on an
interval (0, 1) if D ∈ ACloc(0, 1) and if �D′ = −I�D holds a.e. on (0, 1).

With this definition of solutions, it can be shown that for any initial condition E ∈ ℂ2 at some
2 ∈ (0, 1), a canonical system has a unique solution D such that D(2) = E [61, Theorem 1.1].
Moreover, since the equation �D′ = −I�D only has to hold almost everywhere on the interval for
D to be a solution, two coefficient matrices that are equal almost everywhere yield two canonical
systems with the exact same solutions. Therefore, we never distinguish between two such canonical
systems.

In Definition 1.3, we defined a canonical system on an open interval, but sometimes it is possible
to extend its solutions to the endpoints. Whether this is possible depends on the system’s behavior
near the endpoints.

Definition 2.3. Consider a canonical system �D′ = −I�D on an interval (0, 1). The endpoint 0 is
said to be limit circle if � ∈ !1(0, 0 + Y) for some Y > 0, and limit point otherwise. In the same
way, 1 is limit circle if � ∈ !1(1 − Y, 1) for some Y > 0 and limit point otherwise.

Remark. The names “limit point” and “limit circle” originate from Weyl theory, where they have
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a clear geometrical interpretation. In fact, the above definition is not the usual way to define these
terms when building the theory, and the fact that this characterization is equivalent is an important
result. We refer the interested reader to [61, Definition 2.6] for the usual definition, and to [61,
§3.4] for the theory leading to the geometrical interpretation.

This classification of endpoints plays a major role in the spectral theory of canonical systems,
but for now we only point out the following.

Lemma 2.1 [61, Lemma 2.6]. Consider a canonical system �D′ = −I�D that satisfies Hypothe-
sis 2.2 on an interval (0, 1). If 0 is limit circle, then any solution to �D′ = −I�D has a continuous
extension to [0, 1), and in fact D ∈ ACloc [0, 1). The analogous result holds at 1 if it is limit circle.

Many important features of canonical systems are preserved by monotone changes of variables.
Indeed, the following result is easily verified by direct calculation (see also [61, Theorem 1.5]).

Theorem 2.2. Consider a canonical system �D′ = −I�D on an interval (0, 1). Let [ : (�, �) →
(0, 1) be an absolutely continuous bijection, where (�, �) is another real interval. Then the initial
canonical system is equivalent to

�E′ = −I�̃E on (�, �) with �̃ := [′ · � ◦ [

in the sense that an absolutely continuous function D : (0, 1) → ℂ2 solves �D′ = −I�D if and only
if E := D ◦ [ solves �E′ = −I�̃E.

An important example of such an equivalence is the case where [ satisfies [−1′ = tr� a.e.,
which can always be defined since tr� is locally integrable. In that case, [′ = 1

tr�◦[ , and it follows
that tr �̃ ≡ 1. The resulting canonical system �E′ = −I�̃E is said to be trace-normed. Such
systems have a special theoretical importance in that they give a natural way to choose a particular
representative of a class of systems that are equivalent up to a time change, but we will not need to
use them much here.

2.1.2 Transfer matrices

A useful tool in the study of a canonical system’s solutions is a specific matrix solution defined as
follows.

Definition 2.4. The transfer matrix associated with a canonical system �D′ = −I�D on an interval
(0, 1) is the map )� : (0, 1)2 × ℂ → ℂ2×2 such that for each B ∈ (0, 1), )� (·, B, I) is the (matrix)
solution to �) ′ = −I�) with ) (B) = �2.

Because m1)� = I��)� and � is symmetric, the determinant of ) is constant. Indeed, it is
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easy to check by direct computation that m1 det)� = − tr
(
�)T

�
�m1)�

)
= I tr

(
�)T

�
�)�

)
, but this

also equals I tr
(
)T
�
�T)��

T)
= −I tr

(
�)T

�
�)�

)
by the cyclic property of the trace, and it follows

that m1 det)� ≡ 0. As )� (C, C, I) = �2 for any C, this shows that det)� ≡ 1.
The existence and uniqueness of canonical system solutions has rather immediate and very

useful consequences on transfer matrices. If E ∈ ℂ2, then the unique solution with initial value
D(B) = E is D = )� (·, B, I)E. Moreover, for any times C, A, B in the canonical system’s domain,
)� (C, B, I) = )� (C, A, I))� (A, B, I), which also implies that )−1

�
(C, B, I) = )� (B, C, I). These proper-

ties lead to the important intuition that the transfer matrix )� (C, B, I) updates the system’s solutions
from time B to time C. They also imply that there is no loss of generality in considering the transfer
matrix as a function of two arguments, in the sense that the second one can be taken to be constant.
Indeed, having fixed some time A , we can always write )� (C, B, I) = )� (C, A, I))−1

�
(B, A, I). When

the left endpoint 0 of the domain is limit circle, by Lemma 2.1 the transfer matrix extends to 0, so
we will often base it at that point and drop the dependence on the second argument in the notation.

As transfer matrices are SL(2,ℂ) transforms, they act on the Riemann sphere ℂ∞ by Möbius
transforms.

Definition 2.5. Given ) :=
(
0 1
2 3

)
∈ SL(2,ℂ) and I ∈ ℂ∞, we define )I := 0I+1

2I+3 .

Remark. The identity acts as �2I = I, and it is easy to verify by direct calculation that if ), ( ∈
SL(2,ℂ), then ) ((I) = ()()I. Hence, the above does define a group action of SL(2,ℂ) on ℂ∞.

2.1.3 Associated !2 spaces

A canonical system �D′ = −I�D on an interval (0, 1) can naturally be associated with a specific
Hilbert space. To build this space, given a measurable D : (0, 1) → ℂ2, we define

‖D‖2
�

:=
∫ 1

0

D∗(C)� (C)D(C) dC. (2.1)

Then, we define the family of functions

 :=
{
D : (0, 1) → ℂ2 : D is measurable, ‖D‖� < ∞

}
,

and ‖·‖� is a seminorm on , as in the case of usual !2 spaces. To get a normed space, we use the
usual method and define

!2
� (0, 1) := 

/
{D ∈  : ‖D‖� = 0}. (2.2)

This is a separable, infinite-dimensional Hilbert space [61, §1.4].
This construction is, for themost part, entirely analogous to the classical one. However, it should

be noted that it is not always the case that two functions D and E that are equivalent in !2
�
(0, 1) are
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equal almost everywhere. Indeed, the equivalence of D and E in !2
�
(0, 1) means that ‖D− E‖� = 0,

but this only means that (D − E)∗� (D − E) is zero a.e., which only requires �D = �E a.e. Since �
can have a kernel, it is therefore possible for D and E to be two distinct continuous functions.

2.1.4 Relations on Hilbert spaces

A canonical system has the structure of an eigenvalue equation: whenever the coefficient matrix �
is invertible, the equation �D′ = −I�D can be written as −�−1�D′ = ID, which is an eigenvalue
equation for a differential operator D ↦→ −�−1�D′. As in general � may fail to be invertible, in
order to develop this point of view we have to use the more general theory of relations rather than
operators. We start this section by introducing important concepts from the theory of relations.

Definition 2.6. A relation on a Hilbert spaceℋ is a linear subspace ofℋ ⊕ℋ.

In particular, an operator on a Hilbert space can be seen as a relation by identifying it with its
graph.

The following objects associated to a relation will be useful in the sequel.

Definition 2.7. Let  be a relation on a Hilbert spaceℋ.
i) The domain of  is dom  := {G ∈ ℋ : ∃H ∈ ℋ, (G, H) ∈  }.
ii) The kernel of  is ker  := {G ∈ ℋ : (G, 0) ∈  }.
iii) The multi-valued part of  is  (0) := {H ∈ ℋ : (0, H) ∈  }.
iv) The inverse of  is the relation  −1 := {(H, G) ∈ ℋ ⊕ℋ : (G, H) ∈  }.
v) The closure ̄ of  is its closure inℋ ⊕ℋ, and  is closed if  = ̄ .

vi) The adjoint of  is the relation  ∗ := {(I, F) ∈ ℋ ⊕ℋ : ∀(G, H) ∈  , 〈I, H〉 = 〈F, G〉}.
vii)  is symmetric if  ⊆  ∗ and self-adjoint if  =  ∗.

The spectral theory of self-adjoint relations can be studied in a similar fashion as that of (un-
bounded) operators. In fact, a self-adjoint relation contains (the graph of) a self-adjoint operator on
a possibly smaller space, to which is added the multi-valued part of the relation as the orthogonal
complement.

Theorem 2.3 [61, Theorem 2.11]. Let  be a self-adjoint relation from a Hilbert space ℋ to
itself. Let ℋ1 := dom and ℋ2 :=  (0). Then ℋ = ℋ1 ⊕ℋ2, and this decomposition reduces 
in the sense that  = 1 ⊕2 where  9 :=  ∩ (ℋ9 ⊕ℋ9 ). Moreover, 1 is a self-adjoint operator
on ℋ1, and 2 = {(0, H) ∈ ℋ ⊕ℋ : H ∈ ℋ2}.

This naturally leads to defining the spectrum of a self-adjoint relation from that of the corre-
sponding self-adjoint operator.
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Definition 2.8. Let  be a self-adjoint relation from a Hilbert spaceℋ to itself, and let ( :=  ∩(
dom⊕dom

)
be its operator part. The spectrum spec of is the spectrum of ( if dom ≠ 0,

or∅ if dom = 0. The discrete spectrum specd  of  is the set of isolated eigenvalues with finite
multiplicity, and its essential spectrum is specess  := spec \ specd  .

Furthermore, a complete spectral representation can be given, like for a self-adjoint operator.

Definition 2.9. Let  be a self-adjoint relation from a Hilbert space ℋ to itself. A spectral rep-
resentation of  is a collection {` 9 } 9∈�, where � is some index set, of Borel measures on ℝ,
together with a partial isometry* : ℋ → ⊕

9∈� !
2(ℝ, ` 9 ), such that

i) ker* =  (0);
ii) * : dom → ⊕

9∈� !
2(ℝ, ` 9 ) is unitary;

iii) **∗ = " , the operator of multiplication by the variable in ⊕
9∈� !

2(ℝ, ` 9 ).
The measures ` 9 are called the spectral measures of  .

More generally, if one does not have a self-adjoint relation but rather a closed and symmetric
relation  , one can still study the spectral theory of  by considering a self-adjoint extension  ,
that is, a self-adjoint relation such that  ⊆  ⊆  ∗. It is possible to find conditions for the
existence of such an extension (as done in [61, Chapter 2]) by generalizing von Neumann’s theory
of symmetric operators, which uses Cayley transforms and their relations to deficiency spaces (see
e.g. [13, Chapter X] or [64, Chapter 13] for short introductions and [65] for a more comprehensive
treatment). We will not dive into the details of this theory here, and will rather settle for stating the
results for relations that arise from canonical systems.

2.1.5 Self-adjoint relations associated with canonical systems

A canonical system �D′ = −I�D on an interval (0, 1) can be naturally associated with a relation.

Definition 2.10. Consider a canonical system �D′ = −I�D on an interval (0, 1). The maximal
relation associated with this canonical system is

� :=
{
(D, E) ∈ !2

� (0, 1) ⊕ !2
� (0, 1) : D has a representative D0 ∈ ACloc(0, 1)

s.t. �D′0 = −�E a.e.
}
.

(2.3)

The minimal relation of the canonical system is  ∗
�
.

Remark. To make this definition a bit more intuitive, note that when � is invertible on all of (0, 1),
� is exactly the graph of the operator D ↦→ −�−1�D′.

It can be shown that whenHypothesis 2.2 holds, a canonical system’smaximal relation is closed,
and its minimal relation is closed and symmetric (see e.g. [61, Theorem 2.5]). Hence, there is hope
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in finding self-adjoint extensions of the minimal relation, which we simply refer to as self-adjoint
realizations of the canonical system’s relations. Their description can be obtained from Cayley
transforms through von Neumann’s theory, and this leads to the following classification.

Theorem 2.4 [61, Theorem 2.25]. Consider a canonical system �D′ = −I�D that satisfies Hy-
pothesis 2.2 on an interval (0, 1).

i) If both endpoints are limit point, then � is self-adjoint.
ii) If 0 is limit circle and 1 is limit point, then for q ∈ [0, c), the restriction of � by the

boundary condition 4∗
q
�D(0) = 0 with 4q := (cos q, sin q) is a self-adjoint relation. All

self-adjoint realizations of � are obtained in this way.
iii) If both endpoints are limit circle, then for q, \ ∈ [0, c), the restriction of � by the boundary

conditions 4∗
q
�D(0) = 4∗

\
�D(1) = 0 is a self-adjoint relation. Other self-adjoint realizations

exist, with coupled boundary conditions.

In other words, to obtain a self-adjoint realization of a canonical system, one adds boundary
conditions at limit circle endpoints. At limit point endpoints, the integrability condition essentially
plays the role of a boundary condition: it can be shown that if (D, E), (F, G) ∈ � , then representa-
tives D0, F0 ∈ ACloc(0, 1) of D and F have the property that D∗0(C)�F0(C) → 0 as C converges to a
limit point endpoint (this is contained e.g. in [61, Theorem 2.24]).

It can also be shown that, given a self-adjoint realization, there is always a unique (up to mulit-
plicative constant) solution that has the correct behavior near an endpoint.

Proposition 2.5 [61, Lemma 3.2]. Consider a canonical system �D′ = −I�D that satisfies Hy-
pothesis 2.2 on an interval (0, 1), and take a self-adjoint realization of � of the appropriate form
from Theorem 2.4. Then for any I ∈ ℂ \ ℝ, at each endpoint C ∈ {0, 1}, there is a unique (up to
muliplicative constant) non-trivial solution D to �D′ = −I�D that is !2

�
(C) for a neighborhood

C of C and that satisfies the boundary condition at C if there is one (i.e., if C is limit circle).

2.1.6 Weyl–Titchmarsh functions and spectral representations

An object that is especially useful in the study of the spectral theory of canonical systems is the
Weyl–Titchmarsh function, which is a holomorphic function on the upper half-planeℍ := {I ∈ ℂ :
Im I > 0} with values in its closure ℍ∞ in the Riemann sphere. We introduce this function only
for canonical systems that are limit circle at their left endpoint, as this simplifies the treatment and
suffices for our purposes. However, as we impose no condition on the right endpoint, technically
this also covers systems that are limit point on the left but limit circle on the right, by time reversal.
The interested reader is refered to [61, §3.7] for the generalization of the theory to systems that are
limit point at both endpoints.
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To simplify notation below, we write 'q ∈ SL(2,ℝ) for the rotation matrix with columns 4q
and �4q. We also write � : ℂ2 → ℂ∞ for the mapping �F := F1/F2. We point out right away that
this mapping has the property that if ) ∈ SL(2,ℂ) and F ∈ ℂ2, then �)F = )�F, where the
latter is understood as the action of ) on �F ∈ ℂ∞.

Definition 2.11. Consider a canonical system �D′ = −I�D on (0, 1) that is limit circle at 0 with
boundary condition 4∗

q
�D(0) = 0 for a q ∈ [0, c). Suppose either that 1 is limit point, or that

1 is limit circle with boundary condition 4∗
\
�D(1) = 0 for a \ ∈ [0, c). The Weyl–Titchmarsh

function for this problem is the function <q

�
: ℍ → ℍ∞ defined as <q

�
(I) := �'−qD(0, I) where

D : [0, 1) ×ℍ → ℂ2 is defined so that D(·, I) ∈ !2
�
(0, 1) solves �m1D(·, I) = −I�D(·, I) for any

I ∈ ℍ and satisfies the boundary condition at 1 (if it is limit circle).

Remark. ByProposition 2.5, the function D used above is well defined up to amultiplicative constant
(which might even depend on I), and this suffices for <q

�
to be well defined since the multiplicative

constant cancels out in the ratio.

Remark. The Weyl–Titchmarsh function <q

�
can be written in terms of <0

�
(as long as the right

boundary condition, if any, is kept the same). Indeed, '0 = �2 so <0
�

= �D(0, ·), and therefore
<
q

�
= '−q<0

�
. This can be useful to deduce properties of <q

�
from those of <0

�
.

The Weyl–Titchmarsh function can be related to the transfer matrix )� of the system. In the
case where 1 is limit circle, this is especially explicit, since the boundary condition actually forces
D(·, I) to be )−1

�
(1, ·, I)4\ (up to a multiplicative constant), so that <q

�
(I) = �'−q)−1

�
(1, 0, I)4\ =

'−q)−1
�

(1, 0, I) cot \. When 1 is limit point, such a relation does not hold since the solutions
cannot be continued up to the endpoint, but Weyl theory in fact still shows that for any \C ∈ [0, c),
<
q

�
(I) = limC→1 '−q)−1

�
(C, 0, I) cot \C (see e.g. [61, §3.4]).

Weyl–Titchmarsh functions belong to a specific class of holomorphic function: the generalized
Herglotz functions.

Definition 2.12. A Herglotz function is a holomorphic map ℍ → ℍ. A generalized Herglotz
function is a holomorphic map ℍ → ℍ∞.

Remark. In fact, by the open mapping theorem, a generalized Herglotz function is either a genuine
Herglotz function or an extended real constant.

It can be shown that the Weyl–Titchmarsh function of a canonical system that satisfies Hypoth-
esis 2.2 is a Herglotz function (this is contained in [61, Theorems 3.10 and 3.15]), while that of a
canonical system that does not satisfies Hypothesis 2.2 can be computed explicitly and shown to be
a Herglotz function when 1 is limit circle and an extended real constant when 1 is limit point.

For us, the most important property of Herglotz functions is the following representation.
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Theorem 2.6 (Herglotz representation theorem). Let< : ℍ → ℍ be a Herglotz function. Then,
there are � ∈ ℝ, � ≥ 0, and a positive regular Borel measure ` on ℝwith

∫
ℝ

1
1+C2 d`(C) < ∞ such

that
<(I) = � + �I +

∫
ℝ

( 1
_ − I −

_

1 + _2

)
d`(_), (2.4)

and �, � and ` are uniquely determined by <. Conversely, any function � defined as such is a
Herglotz function.

As one can guess from the above representation, Herglotz functions can often be seen as Stieltjes
transforms of finite positive Borel measures on ℝ. Thus, the measure ` associated with a Herglotz
function < by the Herglotz representation theorem can often be recovered by Stieltjes inversion. In
particular, the absolutely continuous part `ac of ` satisfies d`ac(_) = 1

c
Im<(_) d_, and its singular

part can be obtained through the relation

`
(
{_}

)
= lim

Y↓0
−8Y<(_ + 8Y),

which is valid for all _ ∈ ℝ. We refer to [65, Appendix F] for a survey of the important properties
of these functions and their relations to Stieltjes transforms. Classical references include [1, 20].

The Weyl–Titchmarsh function actually leads to a spectral representation of the canonical sys-
tem in the sense of Definition 2.9.

Theorem 2.7. Consider a canonical system �D′ = −I�D on (0, 1) that satisfies Hypothesis 2.2.
Suppose that 0 is limit circle with boundary condition 4∗

q
�D(0) = 0, and suppose either that 1

is limit point or that it is limit circle with a boundary condition. Let q
�

denote the correspond-
ing self-adjoint realization of the system’s relations, and let `q

�
denote the measure induced by

the Weyl–Titchmarsh function <q

�
from its Herglotz representation. If 1 is limit circle, define

* : !2
�
(0, 1) → !2(ℝ, `q

�
) as

* (E) (_) :=
∫ 1

0

D∗q (C, _)� (C)E(C) dC

where Dq : (0, 1) × ℂ → ℂ2 is defined so that for each I, Dq (·, I) solves the canonical system
with Dq (0, I) = 4q. If 1 is limit point, define * : !2

�
(0, 1) → !2(ℝ, `q

�
) as above for E ∈⋃

C∈(0,1) !
2
�
(0, C), or as * (E) := limC→1* (1(0,C)E) for other E ∈ !2

�
(0, 1). In both cases, * and

`
q

�
set up a spectral representation of q

�
.

Proof. The case q = 0 is contained in [61, Theorems 3.16 and 3.17], and this easily extends to the
general case by rotating the system, using the idea from [61, Theorem 3.20].

To do so, let �̃ := '−q�'q, and define q : !2
�̃
(0, 1) → !2

�
(0, 1) by qD := 'qD. A direct
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computation readily shows that the adjoint of q is the mapping −q : !2
�
(0, 1) → !2

�̃
(0, 1) that

sends E ↦→ '−qE, and it follows that q is unitary.
This unitary mapping rotates the spectral problem: the boundary condition 4∗

q
�D(0) = 0 of

�, which asks for D(0) to be parallel to 4q, is equivalent to asking for a rotated solution to be
parallel to 40 at 0, and if 1 is limit circle then its boundary condition is rotated similarly. Thus,
the rotation induces a self-adjoint realization 0

�̃
of �̃’s maximal relation. Applying the theorem

(for q = 0) shows the existence of a mapping *̃ : !2
�̃
(0, 1) → !2(ℝ, `0

�̃
) that, together with the

spectral measure `0
�̃
of the Weyl–Titchmarsh function <0

�̃
, sets up a spectral representation of 0

�̃
.

Rotating back the system, * := *̃ ◦ −q : !2
�
(0, 1) → !2(ℝ, `0

�̃
) now sets up a spectral

representation of q
�
, still with the spectral measure `0

�̃
. By definition, `0

�̃
is the spectral measure

of the Weyl–Titchmarsh function <0
�̃

:= �D̃(0, ·), where for each I, D̃(·, I) ∈ !2
�̃
(0, 1) solves the

canonical system for �̃, and satisfies the boundary condition at 1 if any. But

�m1D̃(C, I) = −I�̃ (C)D̃(C, I) = −I'−q� (C)'qD̃(C, I) ⇐⇒ �m1('qD̃) (C, I) = −I� (C)'qD̃(C, I),

so D := 'qD̃ solves the canonical system for � and has the appropriate boundary behavior at 1.
Therefore, <0

�̃
= �D̃(0, ·) = �'−qD(0, ·) = <

q

�
, and `q

�
= `0

�̃
. To conclude, it only remains

to note that * = *̃ ◦−q has exactly the form announced in the theorem under the identification
Dq := 'qD̃0 where D̃0 is the function that appears in the expression of *̃. But in the same way as
above, each Dq (·, I) is now a solution to the canonical system for � with Dq (0, I) = 4q, so * is
indeed the desired mapping. �

It is sometimes possible to obtain a more explicit description of the spectral measure `q
�
from

above. In particular, this is the case when the spectrum of the self-adjoint realization q
�

is a
discrete set and comprises only eigenvalues. The system then also has a well-defined eigenvalue
point process

a
q

�
:=

∑
_∈spec q

�

X_. (2.5)

The spectral measure is then a weighted version of this point process, and the following result gives
a representation of the spectral weights.

Theorem 2.8. In the setting of Theorem 2.7, suppose that the spectrum of q
�

is purely discrete.
Then

`
q

�
=

∑
_∈spec q

�

1
‖Dq (·, _)‖2

�

X_

where again Dq : (0, 1) × ℂ → ℂ2 is defined so that for each I, Dq (·, I) is a canonical system
solution with Dq (0, I) = 4q.
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Remark. An important case in which the hypotheses are satisfied is that where the operator part of
q
�

is densely defined and has a compact resolvent, for example when the canonical system (with
appropriate boundary conditions) has a Hilbert–Schmidt resolvent. In particular, this is the case for
systems that are limit circle at both endpoints (see [61, Theorem 3.4]).

Proof. This argument is adapted from the analogous argument for generalized Sturm–Liouville
operators in [29, Lemma 9.5]. See also [61, Theorem 3.16] for a proof using Weyl theory, for
canonical systems that are limit circle at both endpoints.

Because of the boundary condition at 0, the eigenfunction at any _ ∈ specq
�
is (proportional

to) the solution Dq (·, _), which means in particular that Dq (·, _) ∈ !2
�
(0, 1). This means that

regardless of the system’s behavior at 1, as long as _, _′ ∈ specq
�
,

*
(
Dq (·, _)

)
(_′) =

∫ 1

0

D∗q (C, _′)� (C)Dq (C, _) dC.

However, as q
�
is self-adjoint, eigenfunctions associated with distinct eigenvalues are orthogonal,

so in fact the above shows that*
(
Dq (·, _)

)
(_′) = 0 if _ ≠ _′ and*

(
Dq (·, _)

)
(_) = ‖Dq (·, _)‖2

�
. As

* is an isometry, it follows that if ‖·‖
`
q

�

denotes the norm on !2(ℝ, `q
�
), then for _ ∈ specq

�
,

‖Dq (·, _)‖2
� = ‖*

(
Dq (·, _)

)
‖2
`
q

�

=
∑

_′∈spec q

�

��* (
Dq (·, _)

)
(_′)

��2`q
�

(
{_′}

)
= ‖Dq (·, _)‖4

�`
q

�

(
{_}

)
,

and the result follows. �

2.1.7 Resolvents

Another way to study the spectral theory of a canonical system is through a resolvent.

Definition 2.13. The resolvent of a self-adjoint relation  at a I ∈ ℂ is the relation ( − I)−1.

Because relations always have inverses, the resolvent always exists. It can moreover be shown
that away from the spectrum, a relation’s resolvent is in fact an operator [61, Theorem 3.1].

In a similar way as for self-adjoint operators on Hilbert spaces, resolvents of self-adjoint real-
izations of canonical systems’ relations can be described explicitly using integral representations.

Theorem 2.9 [61, Theorem 3.3]. Consider a canonical system �D′ = −I�D on (0, 1), and let �
be a self-adjoint realization of the system’s relations as in Theorem 2.4. Fix I ∈ ℂ\ℝ, and for each
endpoint C ∈ {0, 1}, let DC denote a non-trivial solution of �D′ = −I�D that satisfies the boundary
or integrability condition at C, normalized so that DT

0 �D1 ≡ −1. Then the resolvent (� − I)−1 is
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an operator !2
�
(0, 1) → !2

�
(0, 1) given by

(
(� − I)−1E

)
(C) =

∫ 1

0

� (C, B, I)� (B)E(B) dB where � (C, B, I) :=

D1 (C)DT

0 (B) if B < C,

D0 (C)DT
1
(B) if B ≥ C.

Remark. The solutions D0 and D1 exist and are unique up to a multiplicative constant by Propo-
sition 2.5. Moreover, while the normalization condition DT

0 �D1 ≡ −1 might look very strong at
first glance, it only concerns the ambiguity in these multiplicative constants. Indeed, the quantity
DT
0 �D1, which can be seen as the Wronskian of D0 and D1, is already constant:

(DT
0 �D1)′ = −(�D′0)TD1 + DT

0 �D
′
1 = I(�D0)

TD1 − IDT
0�D1 = 0

since � is symmetric.

When the system is limit circle at 0 and I ∈ ℍ, the integral kernel � of the resolvent can
be expressed in terms of the transfer matrix )� and of its Weyl–Titchmarsh function <� . For
simplicity, we consider here only the case where the left boundary condition is 4∗0�D(0) = 0, but
the more general result could be obtained by rotating the system, using the same ideas as in the
proof of Theorem 2.7.

By definition of the transfer matrix, D0 := )� (·, 0, I)40 and D1 := )� (·, 0, I)
(
<0

�
(I)

1

)
are so-

lutions to the canonical system, and D0 clearly satisfies the boundary condition at 0. If 1 is limit
circle, D1 satisfies the boundary condition at 1 by definition of the Weyl–Titchmarsh function, and
it can be shown fromWeyl theory that D1 ∈ !2

�
(0, 1) if 1 is limit point—see [61, Theorem 3.14(a)].

A direct computation then shows that DT
0 �D1 ≡ −1, so these two solutions can indeed be used as

those appearing in the kernel � from Theorem 2.9. This yields the representation

� (C, B, I) = )� (C, 0, I)
(
<0
�
(I) 1[C,1) (B)

1(0,C) (B) 0

)
)T
� (B, 0, I). (2.6)

2.2 Topologies on canonical systems

The goal of this section is to give a precise meaning to the idea of a sequence of canonical systems
converging. As a canonical system is really defined from a coefficient matrix, we start by introduc-
ing a topology on such matrices in §2.2.1. Then, we describe what this topology can and cannot
capture about canonical systems’ spectral information, and we see how to relate the convergence of
a sequence of coefficient matrices to that of the associated transfer matrices and Weyl–Titchmarsh
functions in §2.2.2. We will see that the behavior of canonical systems at the endpoints of their do-
mains plays an important role in this. Finally, §2.2.3 presents a method to describe the convergence
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of a sequence of canonical systems when the endpoint behavior changes from limit point to limit
circle in the limit.

The material presented in §2.2.1 and §2.2.2 is essentially extended from [61, §5.2], which
presents the theory for trace-normed canonical systems, and from standard results from functional
analysis that can be found for example in [13, 64]. The material from §2.2.3, however, is my own
understanding of the problem of a sequence of canonical systems whose endpoint behavior changes
in the limit. Indeed, after having failed at finding an approach to this problem in the literature, this
is what I came up with, but I do not know whether something similar exists elsewhere.

2.2.1 Coefficient matrices

We start by studying spaces of coefficient matrices. First, we set up some notation.

Definition 2.14. Let  ⊆ ℝ be an interval that could be open, closed or half-open. We denote
by CS the set of coefficient matrices of canonical systems defined on the interior of  and for
which the endpoints included in  (if any) are limit circle, and where coefficient matrices that
are equal a.e. are identified. Given 5 ∈ !1

loc(), we write CS 5  for the trace-dominated subset
CS 5  := {� ∈ CS : tr� ≤ 5 a.e.}.

By definition, a coefficient matrix � ∈ CS is always locally integrable, and therefore it always
defines a 2 × 2 matrix-valued measure � ↦→

∫
�
� dℒ on Borel sets � ⊆ , where ℒ denotes the

Lebesgue measure. Here, by “2× 2 matrix-valued measure”, we simply mean a countably additive
function from a σ-algebra to ℝ2×2 that is zero at ∅. Such a measure can be understood as a 2 × 2
array of signed measures onℝ, so that integration with respect to a matrix-valued measure is simply
understood as entrywise integration with respect to the measures of the entries, using the usual
conventions of matrix products.

Given this correspondence, we can use a topology on measures, such as the vague topology, to
describe a convergence of coefficient matrices.

Definition 2.15. Let  ⊆ ℝ be an interval, and let �2 (,ℂ) be the set of continuous compactly
supported functions  → ℂ. Let ℳ() be the set of locally finite signed measures on . The
vague topology on ℳ() is the coarsest topology on ℳ() under which all maps ` ↦→

∫
 i d`

for i ∈ �2 (,ℂ) are continuous.

From this, we can topologize CS with the topology of vague convergence, using it entry-
wise. The following result, which extends part of [61, Theorem 5.3], gives criteria for the vague
convergence of coefficient matrices in terms of different kinds of test functions.
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Theorem 2.10. Let  ⊆ ℝ be an interval, and let < ∈ ℕ. Let {`=}=∈ℕ be a sequence of locally
finite<×< matrix-valued measures on , and let ` be another such measure. Then, the following
statements are equivalent.

i) `= → ` vaguely entrywise;
ii) For each i ∈ �2 (,ℂ<),

∫
 d`= i →

∫
 d` i as =→ ∞.

iii) For each i, k ∈ �2 (,ℂ<),
∫
 k

∗ d`= i →
∫
 k

∗ d` i as =→ ∞.
If in addition the measures `= and ` are symmetric, then both statements are also equivalent to:

iv) For each i ∈ �2 (,ℂ<),
∫
 i

∗ d`= i →
∫
 i

∗ d` i as =→ ∞.

Proof. It is clear that i) implies both ii) and iii) by linearity. To see that ii) implies i), let i ∈
�2 (,ℂ), and notice that for : ∈ {1, . . . , <}, applying ii) to i�: ∈ �2 (,ℂ<) shows that for
each 9 ∈ {1, . . . , <},

∫
 i d`=, 9 : →

∫
 i d` 9 : . Similarly, we can see that iii) implies i) by fixing

i ∈ �2 (,ℂ) first with i ≥ 0, and applying iii) with √
i� 9 and

√
i�: . The hypothesis that i ≥ 0

can then be lifted by writing i = (Re i)+ − (Re i)− + 8(Im i)+ − 8(Im i)− and using the result for
nonnegative test functions.

To prove the equivalence of iv) with the other statements when the measures are symmetric,
note that the symmetry of `= implies that 〈i, k〉= :=

∫
 k

∗ d`= i is conjugate symmetric, so it is a
semi-inner product. Therefore, the polarization identity

〈i, k〉= =
1
4

(
〈i + k, i + k〉= − 〈i − k, i − k〉= + 8〈i + 8k, i + 8k〉= − 8〈i − 8k, i − 8k〉=

)
holds for any i, k ∈ �2 (,ℂ2), and as the same construction also works with `, it follows that iv)
implies iii). As iii) trivially implies iv), this completes the proof. �

The matrix-valued measures induced by coefficient matrices of canonical systems are always
locally finite and symmetric, since coefficient matrices are locally integrable and positive semi-
definite. Therefore, Theorem 2.10 shows that �= → � vaguely on  if and only if for each i ∈
�2 (,ℂ2),

∫
 i

∗�=i dℒ →
∫
 i

∗�i dℒ. This leads to introduce on CS the pseudometrics

3i (�, �′) :=
���∫


i∗(� − �′)i dℒ

��� (2.7)

for i ∈ �2 (,ℂ2), where by “pseudometric”, we mean a function that satisfies all properties of a
metric with the exception that 3i (�, �′) = 0 does not necessarily imply that � = �′. Indeed, it
could be that i ∈ ker� = ker�′ a.e. on , in which case 3i (�, �′) = 0. These pseudometrics
can be turned into an actual metric on CS using standard techniques from functional analysis
(c.f. [64, §8.2] or [13, §IV.2]; see also [45, Theorem 4.2] which shows that the space of locally
finite measures on a complete separable metric space is Polish under the vague topology).
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Theorem 2.11. Let  ⊆ ℝ be an interval. There is a countable collection of functions {i<}<∈ℕ
that is dense in �2 (,ℂ2) with respect to the topology of compact convergence, and such that
3CS : CS × CS → [0,∞) given by

3CS (�, �′) :=
∞∑
<=1

1
2<

3i< (�, �′)
1 + 3i< (�, �′)

is a metric on CS that induces the vague topology. Moreover, the resulting space is separable.

Proof. Let {i<}<∈ℕ be dense in �2 (,ℂ2) with respect to the topology of compact convergence.
It is clear that 3CS is at least a pseudometric on CS since every 3i< is a pseudometric. To
see that it is an actual metric, take �, �′ ∈ CS with 3CS (�, �′) = 0, and let _ denote an
eigenvalue of � −�′ with corresponding normalized eigenvector E. Suppose that _ is positive on a
set � ⊆  of positive measure. Taking a subset of � if necessary, we may assume that it is compact
so that 1�E is integrable. By density of �2 (,ℂ2) in !2(), there are k= ∈ �2 (,ℂ2) such that
‖k= − 1�E‖2 → 0 as =→ ∞. Then, by density of the i<’s in �2 (,ℂ2), for each = there are i<=,ℓ

such that i<=,ℓ
→ k= compactly as ℓ → ∞. Since all of these are compactly supported, we can

recursively pick ℓ= ≥ ℓ=−1 so that ‖i<=,ℓ=
−k=‖∞ < 1/=, and ‖i<=,ℓ=

− 1�E‖2 → 0 as =→ ∞. Now,

3i<=,ℓ=
(�, �′) ≥

���∫
�

E∗(� − �′)E dℒ
��� − ���∫


(i<=,ℓ=

− 1�E)∗(� − �′) (i<=,ℓ=
− 1�E) dℒ

���
−

���∫
�

E∗(� − �′) (i<=,ℓ=
− 1�E) dℒ

��� − ���∫
�

(i<=,ℓ=
− 1�E)∗(� − �′)E dℒ

���. (2.8)

Here, by hypothesis, the first term is some constant 2 :=
∫
�
E∗(� − �′)E dℒ =

∫
�
_ dℒ > 0.

Because �−�′ is locally integrable and ‖i<=,ℓ=
−1�E‖2 → 0, the other three terms in (2.8) vanish

as = → ∞. It follows that 3i<=,ℓ=
(�, �′) > 0 for = large enough. As this contradicts the fact that

3CS (�, �′) = 0, we conclude that � − �′ cannot have an eigenvalue that is positive on a set of
positive measure. Applying this argument to �′−�, we conclude that � −�′ can also not have an
eigenvalue that is negative on a set of positive measure, and by symmetry of � and �′ this implies
that � = �′ a.e. on , so that � = �′ in CS. This proves that 3CS is indeed a metric on CS.

We now show that the i<’s can be taken so that 3CS induces the vague topology. To do so,
it suffices to show that given �=, � ∈ CS, 3CS (�=, �) → 0 if and only if �= → � vaguely
on . It is clear by definition of 3CS that the “if” part holds. To see that the other implication is
also true, note that if i ∈ �2 (,ℂ2) then by density there are i<:

’s such that i<:
→ i compactly

as : → ∞. Because i is compactly supported, we can assume without loss of generality that the
supports of all i<:

’s are contained in a compact set  ( , so that actually ‖i−i<:
‖∞ → 0. Now,
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if 3CS (�=, �) → 0, then for any = and <: ,

3i (�=, �) ≤ 3i<:
(�=, �) +

���∫

(i − i<:

)∗(�= − �)i dℒ
��� + ���∫


i∗<:

(�= − �) (i − i<:
) dℒ

���
≤ 3i<:

(�=, �) + ‖i − i<:
‖∞

(
‖i‖∞ + ‖i<:

‖∞
) ���∫

 

tr(�= − �) dℒ
���. (2.9)

Because � ∈ !1
loc() entrywise, it is clear that

∫
 

tr� dℒ < ∞, and we can easily verify that∫
 

tr�= dℒ is bounded uniformly in =. Indeed, by density there is certainly a i<0 with i<0,1 ≥ 1
on  , and adding (i<0 , 0) to the list if necessary, we may assume that i<0,2 ≡ 0. For this i<0 ,∫


i∗<0�=i<0 dℒ ≥

∫
 

�=,11 dℒ +
∫
\ 

i∗<0�=i<0 dℒ.

Because all terms here are nonnegative and the left-hand side converges to
∫
 i

∗
<0�i

∗
<0 dℒ < ∞ by

hypothesis, both terms in the right-hand side must be bounded in =. Using the same idea with i<0

such that i<0,2 ≥ 1 on  and i<0,1 ≡ 0 (where, again, we might have to add (0, i<0,2) to the list),
we conclude that

∫
 

tr�= dℒ is bounded in =. Therefore, for any Y > 0, we can take : large enough
so that the second term of (2.9) is bounded by Y/2 for all =. With this : fixed, 3i<:

(�=, �) < Y/2

for all = large enough, and it follows that 3i (�=, �) → 0 as = → ∞. Because i was arbitrary in
�2 (,ℂ2), this shows that �= → � vaguely on .

We finally turn to the separability of the resulting space. Let ℚ2×2
�0 [G] denote the set of polyno-

mials % :  → ℝ2×2 with rational coefficients, modified so that the value %(G) is replaced with the
identity matrix at all G such that otherwise %(G) would not be positive semi-definite. We will show
that ℚ2×2

�0 [G] is dense in CS, which implies separability as this set is countable.
Let � ∈ CS, and take an increasing sequence of compacts  = ⊆  such that ⋃=∈ℕ  = = .

For each =, �
��
 =

is integrable, so by density of �( =,ℝ) in !1( =) there are �=,: ∈ �( =,ℝ2×2)
such that ‖�=,: − �

��
 =
‖1 → 0 entrywise as : → ∞. By the Stone–Weierstrass theorem and

by density of ℚ in ℝ, there are 2 × 2 matrix polynomials %=,:,ℓ with rational coefficients such that
‖%=,:,ℓ

��
 =
−�=,: ‖∞ → 0 as ℓ → ∞. Because = is compact, this means that ‖%=,:,ℓ

��
 =
−�=,: ‖1 → 0

as ℓ → ∞, and thus we can choose := and ℓ= such that ‖(%=,:=,ℓ= − �)
��
 =
‖1 < 1/=. Note that it is

clear that all %=,:,ℓ’s can be chosen to be symmetric, and because the eigenvalues are continuous
functions of the matrix entries, they can also be taken to be positive semi-definite for : and ℓ large
enough so that %=,:=,ℓ= ∈ ℚ2×2

�0 [G]. Now, let i ∈ �2 (,ℂ2). Then for all = large enough that
supp i ∈  =,���∫


i∗(%=,:=,ℓ= − �)i dℒ

��� ≤ ∫
 =

|i |2‖%=,:=,ℓ= − �‖op dℒ ≤ 4‖i‖2
∞

=
→ 0.

As this holds for any i, it follows that %=,:=,ℓ= → � vaguely on , and we can conclude thatℚ2×2
�0 [G]

is indeed dense in CS. �
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2.2.2 Transfer matrices, Weyl–Titchmarsh functions and associated objects

2.2.2.1 Transfer matrices and Weyl–Titchmarsh functions

It is more straightforward to introduce relevant topologies to describe the convergence of transfer
matrices or Weyl–Titchmarsh functions: all of these are continuous functions, which can be topol-
ogized using the compact-open topology. Since all codomains here are metric, the compact-open
topology is the topology of compact convergence.

We now introduce a notation for spaces of transfer matrices. To simplify the discussion and to
be able to use Weyl–Titchmarsh functions as they were defined in §2.1.6, we restrict ourselves to
systems defined on intervals that are closed on the left.

Definition 2.16. Let  = [0, 1) or [0, 1] be a real interval. We denote by TM the set of transfer
matrices ) :  × ℂ → ℂ2×2 of canonical systems with coefficient matrices from CS and that
are fixed at 0, that is, with ) (0, I) = �2 for any I ∈ ℂ. We also denote by TMlp  and TMlc 
the subsets of TM corresponding to canonical systems that are respectively limit point and limit
circle at 1.

Remark. Here, we consider transfer matrices to be functions of only two arguments, rather than
three as in Definition 2.4, by fixing them at 0. More precisely, if ) : 2 × ℂ is a transfer matrix in
the notation of Definition 2.4, if 0 is limit circle then ) (·, 0, ·) ∈ TM. Note that this is allowed
by Lemma 2.1 since the canonical systems are limit circle at 0.

A space TM, like the space Hol(ℍ,ℍ∞) of generalized Herglotz functions, is a space of con-
tinuous functions - → . between locally compact metric spaces - and . . Because in both cases
the domain - is also hemicompact (that is, it contains a sequence of compacts sets  = ⊆ - with
the property that any compact  ⊆ - of the space is contained in one of the  =’s), the topol-
ogy of compact convergence is metrizable—see e.g. [13, Proposition IV.2.1 and Example IV.2.2]
for an explicit construction of a metric. Moreover, in both cases the spaces - and . are second-
countable Hausdorff spaces, so �(-,. ) is second-countable under the compact-open topology
(see e.g. [21, Theorem XII.5.2]). As second-countability and separability are equivalent in metric
spaces, it follows that any space TM and the space Hol(ℍ,ℍ∞) of generalized Herglotz functions
are separable metric spaces.

Now, a coefficient matrix always defines a transfermatrix and aWeyl–Titchmarsh function. This
raises the question as to whether the maps that relate these objects are continuous. The following
result answers this question positively. It is a simple generalization of [61, Theorem 5.7(a)], which
restricts to trace-normed coefficient matrices. The proof is heavily based on the proof given in [61],
and essentially replaces the trace-norming condition by a weaker trace-domination condition.
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Theorem 2.12. Let  = [0, 1) or [0, 1]. For any 5 ∈ !1
loc(), the mapping CS 5  → TM

sending a coefficient matrix to the corresponding transfer matrix is continuous.

Remark. Recall that the transfer matrix acts as a fundamental basis of solutions, in the sense that
the solution D to �D′ = −I�D with D(0) = E for a E ∈ ℂ2 is D = )� (·, I)E. Hence, this result also
shows that canonical system solutions converge in a more general sense: if �=, � ∈ CS 5  and
E=, E ∈ ℂ2 are such that �= → � vaguely and E= → E, then the solution D= to �D′= = −I�=D= with
D= (0) = E= converges compactly to the solution D to �D′ = −I�D with D(0) = E.

Proof. Let {�=}=∈ℕ ⊆ CS 5  be a sequence of coefficient matrices that converges vaguely to some
� ∈ CS 5 , and let )�=

, )� ∈ TM denote the corresponding transfer matrices. As the spaces
CS 5  and TM are metric, it suffices to prove that )�=

→ )� compactly.
Given g ∈ , we first prove uniform convergence on [0, g] for fixed I ∈ ℂ. By definition of the

transfer matrix, m1)�=
(·, I) = I��=)�=

(·, I) and )�=
(0, I) = �2, so for C ∈ [0, g],

)�=
(C, I) = �2 + I�

∫ C

0

�= (B))�=
(B, I) dB. (2.10)

Note that ‖�=‖op ≤ 5 on (0, g) for all = since ‖�=‖op, being the maximal eigenvalue of �=, is
bounded by its trace. Therefore, taking norms in (2.10) shows that

‖)�=
(C, I)‖op ≤ 1 + |I |

∫ C

0

5 (B)‖)�=
(B, I)‖op dB.

Gronwall’s lemma then shows that for any C ∈ [0, g], ‖)�=
(C, I)‖op ≤ 4 |I |‖ 5 1[0,g ] ‖1 , which also

implies that ‖m1)�=
(·, I)‖op ≤ |I |4 |I |‖ 5 1[0,g ] ‖1 5 . It follows that for C, B ∈ [0, g],

‖)�=
(C, I) − )�=

(B, I)‖op =




∫ C

B

m1)�=
(D, I) dD





op

≤ |I |4 |I |‖ 5 1[0,g ] ‖1
���∫ C

B

5 (D) dD
���.

Since 5 is integrable on [0, g], the map C ↦→
∫ C

0
5 (D) dD is uniformly continuous on [0, g], and

therefore ‖)�=
(C, I) −)�=

(B, I)‖op can be made arbitrarily small by taking C and B sufficiently close
to each other. We thus conclude that the family {)�=

(·, I)}=∈ℕ is equicontinuous on [0, g], and
it follows by Arzelá–Ascoli’s theorem that there is a subsequence {)�=:

(·, I)}:∈ℕ that converges
uniformly to some continuous ( : [0, g] → ℂ2×2.

To prove that this limit is in fact )� (·, I), we fix C ∈ [0, g] and define for each ℓ ∈ ℕ a function
(ℓ ∈ �2 (,ℂ2×2) to be a continuous approximation of (1[0,C] . Specifically, if C = 1 we can directly
take (ℓ = (, and otherwise we define (ℓ for each ℓ ∈ ℕ large enough so that C + 1/ℓ < 1 as

(ℓ (B) :=


((B) if 0 ≤ B ≤ C,

((C) exp
(
− ℓ2 (B−C)

1−ℓ(B−C)
)

if C < B < C + 1/ℓ,

0 if B ≥ C + 1/ℓ.
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In any case, (ℓ = ( on [0, C] and the support of (ℓ shrinks to [0, C] as ℓ grows. Then for any ℓ,∫ C

0

�=: (B))�=:
(B, I) dB =

∫ C

0

� (B)((B) dB +
∫ C

0

(
�=: (B) − � (B)

)
((B) dB

+
∫ C

0

�=: (B)
(
)�=:

(B, I) − ((B)
)
dB

=

∫ C

0

� (B)((B) dB +
∫ 1

0

(
�=: (B) − � (B)

)
(ℓ (B) dB

−
∫ 1

C

(
�=: (B) − � (B)

)
(ℓ (B) dB +

∫ C

0

�=: (B)
(
)�=:

(B, I) − ((B)
)
dB.

Let Y > 0. By definition of (ℓ and by integrability of 5 on [0, g], it is clear that it is possible to
take ℓ large enough so that for any : ,


∫ 1

C

(
�=: (B) − � (B)

)
(ℓ (B) dB





op

≤ 2‖((C)‖op

∫ C+1/ℓ

C

5 (B) dB <
Y

3
.

(Here, if C = 1, the first inequality of course does notmake sense, strictly speaking, but this has no in-
cidence on the argument since the left-hand side is zero in that case). Then, since (ℓ ∈ �2 (,ℂ2×2)
the fact that �=: → � vaguely on  implies that for : large enough,


∫ 1

0

(
�=: (B) − � (B)

)
(ℓ (B) dB





op
<
Y

3
.

Finally, by definition of (, enlarging : if needed,


∫ C

0

�=: (B)
(
)�=:

(B, I) − ((B)
)
dB





op

≤ ‖ 5 1[0,g] ‖1 sup
B∈[0,C]

‖)�=:
(B, I) − ((B)‖op <

Y

3
.

It follows that 


∫ C

0

�=: (B))�=:
(B, I) dB −

∫ C

0

� (B)((B) dB





op
< Y

for any : large enough, and
∫ C

0
�=: (B))�=:

(B, I) dB →
∫ C

0
� (B)((B) dB. But this means that for any

C ∈ [0, g],

((C) = lim
:→∞

)�=:
(C, I) = lim

:→∞

(
�2 + I�

∫ C

0

�=: (B))�=:
(B, I) dB

)
= �2 + I�

∫ C

0

� (B)((B) dB,

which implies that ( = )� (·, I) by uniqueness of the transfer matrix.
The above argument shows that every uniformly convergent subsequence of {)�=

(·, I)}=∈ℕ on
[0, g] converges to )� (·, I). If the whole sequence was not uniformly convergent, there would be
an Y > 0 and a subsequence {)�=:

(·, I)}:∈ℕ such that ‖)�=:
(·, I) − )� (·, I)‖∞ ≥ Y for each : , but
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then by Arlezá–Ascoli’s theorem we could still extract a uniformly convergent subsequence from
{)�=:

(·, I)}:∈ℕ. This contradiction shows that )�=
(·, I) → )� (·, I) uniformly on [0, g].

To prove that this convergence is uniform on compacts in I, note that for any C ∈ [0, g] and
I ∈ ℂ, m2m1)�=

(C, I) = ��= (C))�=
(C, I) + I��= (C)m2)�=

(C, I), so

m2)�=
(C, I) = �

∫ C

0

�= (B)
(
)�=

(B, I) + Im2)�=
(B, I)

)
dB.

Taking norms and using the bound ‖)= (B, I)‖op ≤ 4 |I |‖ 5 1[0,g ] ‖1 , it follows that

‖m2)�=
(C, I)‖op ≤ ‖ 5 1[0,g] ‖14

|I |‖ 5 1[0,g ] ‖1 + |I |
∫ C

0

5 (B)‖m2)�=
(B, I)‖op dB,

and Gronwall’s lemma now shows that ‖m2)�=
(C, I)‖op ≤ ‖ 5 1[0,g] ‖14

2|I |‖ 5 1[0,g ] ‖1 . Since this holds
for any I ∈ ℂ, then for any compact  ⊂ ℂ and any C ∈ [0, g], the sequence {)�=

(C, ·)}=∈ℕ is
equicontinuous when restriced to  . Thus, Arzelá–Ascoli’s theorem gives again a subsequence
that converges uniformly, and as the pointwise convergence holds, any uniformly convergent subse-
quence has to converge to)� (C, ·). As before, if the whole sequence does not converge, we can build
a subsequence that cannot converge but from which we can still extract a convergent subsequence,
and this contradiction shows that the whole sequence {)�=

(C, ·)}=∈ℕ must converge uniformly to
)� (C, ·) when restricted to  . �

Theorem 2.12 relates the convergence of coefficient matrices to that of transfer matrices, and
the convergence of transfer matices can then be related to that of Weyl–Titchmarsh functions. To
simplify the discussion, we restrict our attention to systems that are subject to the boundary con-
dition 4∗0�D(0) = 0 on the left. The results are easily generalized to more general left boundary
conditions using the fact that the Weyl–Titchmarsh function for another boundary condition 4q is
simply the action of the Möbius transform '−q on that for the boundary condition 40, as seen in the
remark following Definition 2.11. We split the treatment in two different cases, depending on the
right endpoint behavior of the system to which the sequence converges.

The first case is the following, which can be proven like [61, Theorem 5.7(b)].

Theorem 2.13. Let  = [0, 1) or [0, 1]. Let )= ∈ TM and ) ∈ TMlp  be transfer ma-
trices. Suppose that the system for )= is given a boundary condition at 1 if necessary, and let
<0
=, <

0 ∈ Hol(ℍ,ℍ∞) be the Weyl–Titchmarsh functions of the corresponding canonical systems
with boundary condition 4∗0�D(0) = 0. If )= → ) compactly on  × ℂ, then <0

= → <0 compactly
on ℍ. In particular, the corresponding map TMlp  → Hol(ℍ,ℍ∞) is continuous.

When the sequence converges to a system that is limit circle on the right, its Weyl–Titchmarsh
function also depends on the right boundary condition. In the following, we allow for extra flexi-
bility on what qualifies as the “right boundary condition” for reasons that will become clear later.
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Theorem 2.14. Define " : TMlc [0, 1] × �(ℍ,ℂ2) → ℂℍ
∞ by " (), F) (I) := �)−1(1, I)F(I).

Then " is continuous on "−1 (Hol(ℍ,ℍ∞)
)

under the topology of compact convergence.

Remark. If F is a constant in Uℝ2 \ {0} for some U ∈ ℂ, then " (), F) is the Weyl–Titchmarsh
function of the canonical system associated to ) with boundary conditions 40 at 0 and F at 1, as
defined in Definition 2.11. However, " also maps other points to generalized Herglotz functions,
which motivates to enlarge its domain. An example of this arises when ) is the transfer matrix of
a canonical system on [0, 2) with 2 > 1. This will be discussed in detail in §2.2.3.

Proof. It suffices to prove that " ()=, F=) → " (), F) compactly if ()=, F=) → (), F) compactly
in "−1 (Hol(ℍ,ℍ∞)

)
, and to do so, it suffices to prove that " ()=, F=) (I) → " (), F) (I) for

every I ∈ ℍ, since the space of generalized Herglotz functions is sequentially compact (see [61,
Theorem 5.6(a)] for a proof of this).

Fix I ∈ ℍ. As )= → ) compactly,
(
�= �=

�= �=

)
:= )−1

= (1, I) → )−1(1, I) =:
(
� �
� �

)
. If

both |" (), F) (I) | < ∞ and |�F(I) | < ∞, then ��F(I) + � is bounded away from zero, so
�=�F= (I) + �= is bounded away from zero for = large enough, and

" ()=, F=) (I) =
�=�F= (I) + �=
�=�F= (I) + �=

→ ��F(I) + �
��F(I) + � = " (), F) (I).

If |" (), F) (I) | < ∞ but �F(I) = ∞, then " ()=, F=) (I) → �/� = " (), F) (I). Finally, if
" (), F) (I) = ∞, then��F(I)+� = 0, and it must be that�F(I) < ∞ and that ��F(I)+� ≠ 0
because det) (1, I) = 1, so " ()=, F=) (I) → ∞. �

2.2.2.2 Spectral measures and eigenvalue point processes

Aswe have seen before, it is possible to extract from a canonical system’sWeyl–Titchmarsh function
a spectral measure through the Herglotz representation (see Theorem 2.6). This spectral measure
can then be used in the description of the canonical system’s spectral representation, as in Theo-
rem 2.7. It is therefore natural to ask what does the convergence of a sequence of Weyl–Titchmarsh
functions imply about the associated spectral measures.

The following result is contained in [61, Theorem 7.3(a)]. Below, we writeℳ+(ℝ) for the space
of locally finite (nonnegative) measures on ℝ equipped with the vague topology.

Theorem 2.15. The mapping Hol(ℍ,ℍ) → ℳ+(ℝ) sending a Herglotz function to the spectral
measure ` from its Herglotz representation is continuous.

The vague convergence of the spectral measures provides, of course, important information
about the convergence of the spectrum of a sequence of canonical systems. However, this informa-
tion can be insufficient to provide a clear picture of the asymptotic behavior of the spectrum. For
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example, if all spectral measures involved are discrete, with only eigenvalues, then the vague con-
vergence of the spectral measures does not imply the convergence of the eigenvalues themselves;
heuristically, this is because atoms could merge or disappear in the limit. Thus, it can be desirable
to upgrade the vague convergence of the spectral measures to that of the eigenvalue point processes.

To clarify what the vague convergence implies about the eigenvalues, a very simple first step is
the following.

Lemma 2.16. Let `=, ` ∈ ℳ+(ℝ) be discrete measures supported on discrete sets such that `= →
` vaguely as = → ∞. If _ is an atom of `, then there is a sequence of atoms _= of `= such that
_= → _ as =→ ∞.

Proof. Take an atom _ of ` and set _= := arg min
{
|_ − _′| : _′ ∈ supp `=

}
. Given Y > 0 small

enough, there is a iY ∈ �2 (ℝ) supported on [_ − Y, _ + Y] such that iY (_) = 1 and iY (_′) = 0 for
all other _′ ∈ supp `. But then

∫
ℝ
iY d` = `

(
{_}

)
> 0, so for all = large enough, `= must have at

least one atom in (_ − Y, _ + Y), and in particular |_ − _= | < Y. �

From this, it is easy to find sufficient conditions to be able to deduce from the convergence of
discrete measures the convergence of the associated point processes.

Proposition 2.17. Let `=, ` ∈ ℳ+(ℝ) be discrete measures supported on discrete sets such that
`= → ` vaguely as =→ ∞. Suppose that

i) The spectral weights of ` are limits of those of `=, in the sense that for any _ ∈ supp `, if
_= ∈ supp `= satisfy _= → _ then `= ({_=}) → `({_});

ii) For any compact  ⊂ ℝ, there is an Y > 0 such that lim sup=→∞ `= ({_=}) ≥ Y whenever
_= ∈  ∩ supp `=.

Then a= := ∑
_∈supp `= X_ → a := ∑

_∈supp ` X_ vaguely as =→ ∞.

Intuitively, the first condition prevents atoms from merging in the limit whereas the second one
prevents them from disappearing.

Proof. Let i ∈ �2

(
ℝ, [0,∞)

)
, and to simplify notation, enumerate supp i ∩ supp ` = {_: }#

:=1 for
# ∈ ℕ. By Lemma 2.16, for all = large enough, there are _:= ∈ supp i∩supp `= such that _:= → _: ,
and we may assume that this correspondence between {_:=}#:=1 and {_: }#

:=1 is one-to-one (because
the _: ’s are distinct, so the sequences that converge to them must eventually be distinct). Now,∫

ℝ

i d` =
#∑
:=1

i(_: )`
(
{_: }

)
and

∫
ℝ

i d`= =
#∑
:=1

i(_:=)`=
(
{_:=}

)
+

∑
_∈(=

i(_)`=
(
{_}

)
where (= :=

(
supp i∩supp `=

)
\{_:=}#:=1. A priori, (= could be nonempty, but i(_:=) → i(_: ) and

hypothesis i) on spectral weights ensures that `=
(
{_:=}

)
→ `

(
{_: }

)
for each : . By hypothesis ii) on
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the spectral weights of the `=’s,
∑
_∈(= i(_)`=

(
{_}

)
cannot vanish as =→ ∞ unless (= is eventually

empty (or unless the _ ∈ (= evolve in a specific way depending on the details of i, but this can be
ruled out by repeating the argument for a slightly different i). Therefore, (= is empty for all = large
enough, and ∫

ℝ

i da= =
#∑
:=1

i(_:=) →
#∑
:=1

i(_: ) =
∫
ℝ

i da

so a= → a vaguely. �

For spectral measures of canonical systems that are limit circle at both endpoints, it is easy to
show that the spectral weights converge once the coefficient matrices and boundary conditions also
converge.

Proposition 2.18. Let �=, � ∈ CS 5 [0, 1] with 5 ∈ !1 [0, 1] have boundary conditions
4∗
q=
�D(0) = 4∗

\=
�D(1) = 0 and 4∗

q
�D(0) = 4∗

\
�D(1) = 0 respectively for q=, q, \=, \ ∈ [0, c], and

let `q=
�=
, `

q

�
∈ ℳ+(ℝ) be the spectral measures induced from the corresponding Weyl–Titchmarsh

functions. If �= → � vaguely on on [0, 1], q= → q and \= → \, then the spectral weights of `q
�

are limits of those of `q=
�=

in the sense of hypothesis i) from Proposition 2.17.

Proof. By Theorem 2.8, the spectral weights have the form

`
q=
�=

(
{_}

)
=

1
‖D=,q= (·, _)‖2

�=

and `
q

�

(
{_}

)
=

1
‖Dq (·, _)‖2

�

(2.11)

for D=,q= := )�=
4q= and Dq := )�4q, where )�=

and )� are the transfer matrices of the two systems.
By Theorem 2.12,)�=

→ )� compactly on [0, 1]×ℂ, which also means that D=,q= → Dq compactly
on [0, 1] × ℂ, and then by Theorems 2.14 and 2.15, `q=

�=
→ `

q

�
vaguely.

Now, fix a _ ∈ supp `q
�
, and take _= ∈ supp `q=

�=
such that _= → _. Then

‖D=,q= (·, _=)‖2
�=

− ‖Dq (·, _)‖2
� =

∫ 1

0

D∗=,q= (C, _=)�= (C)
(
D=,q= (C, _=) − Dq (C, _)

)
dC

+
∫ 1

0

(
D=,q= (C, _=) − Dq (C, _)

)∗
�= (C)Dq (C, _) dC

+
∫ 1

0

D∗q (C, _)
(
�= (C) − � (C)

)
Dq (C, _) dC.

(2.12)

The first two lines vanish as = → ∞ by dominated convergence, since D=,q= → Dq compactly on
[0, 1] × ℂ and tr�= ≤ 5 ∈ !1 [0, 1] by hypothesis. The last line also vanishes as = → ∞, because
Dq (·, _) ∈ �2

(
[0, 1],ℂ2) and �= → � vaguely on [0, 1]. Thus, ‖D=,q= (·, _=)‖�=

→ ‖Dq (·, _)‖�
and the associated spectral weights also converge. �
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Hence, for a sequence of canonical systems that are limit circle at both endpoints, the conver-
gence of the eigenvalue point processes can be deduced from Propositions 2.17 and 2.18 once the
spectral weights are shown not to vanish in the limit (e.g., hypothesis ii) of Proposition 2.17 is
shown to be satisfied by the spectral measures).

For a sequence of canonical systems on [0, 1) that are limit point at 1 instead of being limit
circle, when the spectra are still discrete with only eigenvalues, it can be possible to prove the
convergence of the spectral weights using a similar analysis as in the proof of Proposition 2.18, but
this requires a better control on the eigenfunctions. Indeed, in that case Theorem 2.8 still applies so
the spectral weights are as in (2.11), where the solutions Dq still have the same representations in
terms of transfer matrices and boundary conditions, but now only converge compactly on [0, 1)×ℂ.
Hence, the decomposition (2.12) is not sufficient to show the convergence of the spectral weights,
and a better uniform control on the decay of the D=,q= near 1 is needed to localize the argument on
a compact time interval in [0, 1).

2.2.2.3 Remarks on resolvents

We have seen in §2.1.7 that a self-adjoint realization of a canonical system’s relations can be given
a resolvent, which can possibly be expressed exclusively in terms of the system’s transfer matrix
and Weyl–Titchmarsh function. Indeed, consider a canonical system on  = [0, 1) or [0, 1] with
coefficient matrix �, subject to the boundary condition 4∗0�D(0) = 0 at 0 and to some other bound-
ary condition at 1 if it is limit circle. This yields a self-adjoint realization � of its relations, and
combining Theorem 2.9 with the expression of the integral kernel given in (2.6), for I ∈ ℂ \ℝ the
resolvent (� − I)−1 : !2

�
(0, 1) → !2

�
(0, 1) acts as

(
(� − I)−1E

)
(C) =

∫ 1

0

)� (C, I)
(
<0
�
(I) 1[C,1) (B)

1(0,C) (B) 0

)
)T
� (B, I)� (B)E(B) dB

where )� and <0
�
are the associated transfer matrix and Weyl–Titchmarsh function.

Now, it is clear from the above that given a sequence of systems �= ∈ CS, if �= → � vaguely,
)�=

→ )� compactly on ×ℂ and<0
�=

→ <0
�
compactly onℍ, then (�=

− I)−1i → (�− I)−1i

whenever I ∈ ℍ and i ∈ �2 (,ℂ2). This type of convergence is similar to a strong resolvent
convergence (i.e., the convergence of resolvents in the strong operator topology, see [69, §6.6] for
precise definitions and more details), and it is natural to ask whether it can be upgraded to an
actual operator level convergence. To do so, one would need to overcome the problem that these
resolvents act on a priori distinct Hilbert spaces (namely the spaces !2

�=
(0, 1)). It is possible that

this could lead to a generalized strong resolvent convergence—where the Hilbert spaces on which
the operators act are allowed to be different—following or extending the methods from [57, 70], for
example, but we won’t investigate this further here.
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2.2.3 Change of behavior at the right endpoint

Theorems 2.13 and 2.14 allow us to deduce the convergence of a sequence of Weyl–Titchmarsh
function from that of the associated transfer matrices in several cases, but they a priori leave out
an important one: that in which a sequence of systems that are limit point on the right converges
to a system which is limit circle on the right. As far as I know, this phenomenon appears not to
be considered in the standard theory—for example, I have not seen it in [61]—perhaps because it
cannot happen for trace-normed systems: whether a trace-normed system on an interval [0, 1) is
limit circle or limit point at 1 entirely depends on whether 1 is finite or not.

The purpose of this section is to present a method to tackle this problem. Let �=, � ∈ CS[0, 1)
with associated transfer matrices )�=

∈ TMlp [0, 1) and )� ∈ TMlc [0, 1]. Suppose that both
systems are subject to the usual boundary condition 4∗0�D(0) = 0 on the left, and add a boundary
condition 4∗

\
�D(1) = 0 at 1 for �. Let <0

�=
and <0

�
denote the Weyl–Titchmarsh functions of the

two systems. By definition, these Weyl–Titchmarsh functions both depend on the transfer matrices
)�=

and)� , but<0
�
also depends on the boundary condition at 1. This suggests that the convergence

of the transfer matrices )�=
→ )� cannot be enough for the systems to converge: the integrability

conditions of the systems in the sequences have to converge in some sense to the boundary condition
of the limit system.

To see how this can happen, recall that by definition, <0
�
= )−1

�
(1, ·) cot \, while for any C ∈

[0, 1), we canwrite<0
�=

= )−1
�=

(C, ·)�D= (C, ·) where for each I ∈ ℂ, D= (·, I) is an integrable solution
to �D′ = −I�=D. Comparing these two expressions leads to the following observation: for any
I ∈ ℍ, a sufficient condition for <0

�=
(I) → <0

�
(I) is the existence of a sequence {C=}=∈ℕ ⊂ [0, 1)

such that )−1
�=

(C=, I)�D= (C=, I) → )−1
�

(1, I) cot \. If C= ↑ 1, we can then think of this convergence
as that of the systems restricted to [0, C=] (which effectively become limit circle at C=) to the limit
system, along with the convergence of the “boundary conditions” at C= (this being �D= (C=, I)) to
that at 1. In that sense, we can think of the convergence �= → � as a convergence of systems that
are all limit circle at both endpoints. However, here the “boundary conditions” at C= of the systems
in the sequence are not actual boundary conditions, as they depend on I.

The above interpretation also has the important drawback that the domains [0, C=] grow larger
with =, so there is no direct way to study the vague convergence of the coefficient matrices on all
of these domains at the same time. Fortunately, one can always rescale time, at least when 1 < ∞:
given C= ↑ 1 it is always possible to define a map [= : [0, 1=] → [0, 1] by

[= (C) := 0 + C= − 0
1 − 0 (C − 0) with 1= := 0 + (1 − 0)2

C= − 0
. (2.13)

This is a �
1 bijection: indeed it satisfies [′= ≡ C=−0

1−0 > 0, so it is increasing from [= (0) = 0 to
[= (1=) = 1. As [= (1) = C=, [= is also a bijection [0, 1] → [0, C=], so it can be taken as a time
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change to make the system on [0, C=] act on [0, 1]. Moreover, [−1
= (C) = 0 + 1−0

C=−0 (C − 0) satisfies

[−1
= − id[0,1]




∞ = sup

C∈[0,1]

���0 + 1 − 0
C= − 0

(C − 0) − C
��� = sup

C∈[0,1]

(C − 0) (1 − C=)
C= − 0

=
(1 − 0) (1 − C=)

C= − 0
,

so [−1
= → id[0,1] uniformly on [0, 1] since C= ↑ 1.
Using such time changes [=, we arrive at the following plan to work out the convergence of the

canonical systems �= to � and deduce the convergence of their Weyl–Titchmarsh functions.
i) Find a sequence of times C= ∈ [0, 1) such that C= ↑ 1, which would be expected to have the

property that )�=
(C=, ·) → )� (1, ·).

ii) Define�1 bijections [= : [0, 1=] → [0, 1] with [= (1) = C= and 1= ↓ 1 (e.g. as in (2.13)), and
prove that [′= (�= ◦ [=) → � vaguely on the closed interval [0, 1].

iii) Deduce using Theorem 2.12 that )�=
([=, ·) → )� compactly on [0, 1] × ℂ. Note that this

proves in particular that )�=
([= (1), ·) = )�=

(C=, ·) → )� (1, ·).
iv) Prove the convergence of the I-dependent “boundary conditions” D= ([= (1), I) to 4\ , and

deduce the convergence of the Weyl–Titchmarsh functions from Theorem 2.14.
It can be verified that in a sense, this plan always describes what happens if the systems converge

at all. More precisely, if the transfer matrices converge, then it is always possible to build such
a sequence of times C= (this will be shown in Proposition 2.19). Moreover, if both the transfer
matrices and theWeyl–Titchmarsh functions converge, then the I-dependent “boundary conditions”
do converge to the boundary condition of the limit system (this will be shown in Proposition 2.20).

Proposition 2.19. Let )= ∈ TM[0, 1) and ) ∈ TMlc [0, 1) with 1 < ∞. If )= → ) compactly on
[0, 1) × ℂ, then there is a sequence C= ↑ 1 such that for all I ∈ ℂ, )= (C=, I) → ) (1, I) as =→ ∞.

Proof. Let { : }:∈ℕ ⊂ ℂ be an increasing sequence of compacts with ⋃
:∈ℕ  : = ℂ. It suffices to

build two sequences {C=}=∈ℕ and {Y=}=∈ℕ as well as a subsequence {=: }:∈ℕ such that
i) {C=}=∈ℕ is nondecreasing, and for all : , |C=: − 1 | < 1/: and C= = C=: if =: ≤ = < =:+1,
ii) {Y=}=∈ℕ is nonincreasing, and for all : , Y=:+1 =

Y=:/=: and Y= = Y=: if =: ≤ = < =:+1,
iii) For all : , all = ≥ =: and all I ∈  : , ‖)= (C=, I) − ) (1, I)‖op < Y=: .

Having done so, the proof is completed by noting that the sequence {C=}=∈ℕ has the desired proper-
ties. By construction, it is nondecreasing and satisfies |C=: − 1 | < 1/: for all : , so C=: ↑ 1. Moreover,
because the sequence {Y=}=∈ℕ is constant over = ∈ {=: , . . . , =:+1 − 1} and because the  : ’s form
an increasing sequence, the last condition actually shows that if I ∈  : , then for all = ≥ =: ,
‖)= (C=, I) −) (1, I)‖op < Y=. But the sequence {Y=}=∈ℕ is nonincreasing and satisfies Y=:+1 =

Y=:/=:
for all : , so it is clear that Y= ↓ 0. As for any I ∈ ℂ there must be an ℓ such that I ∈  : for all : ≥ ℓ,
it follows that )= (C=, I) → ) (1, I) for any I ∈ ℂ.

We now construct these sequences recursively. Since  1 is compact, ) is uniformly continuous
on [0, 1] ×  1, and therefore there is a C ∈ [0, 1) with |C − 1 | < 1 such that for all I ∈  1,
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‖) (C, I) − ) (1, I)‖op < 1/2. Then, since )= → ) compactly, there is an =1 such that for all I ∈  1

and all = ≥ =1, ‖)= (C, I) − ) (C, I)‖op < 1/2. Set C= := C and Y= := 1 for all = ≤ =1. Then for all
= ≥ =1 and all I ∈  1, ‖)= (C=, I) − ) (1, I)‖op < 1, and all of the desired properties are satisfied for
{C=}=1

==1, {Y=}
=1
==1 and {=1}.

Now, suppose that for some : we have built {C=}=:==1, {Y=}
=:
==1 and {=ℓ}:ℓ=1 that satisfy the three

conditions up to : . As ) is uniformly continuous on [0, 1] ×  :+1, there is again a C > C=: with
|C − 1 | < 1/(:+1) such that for all I ∈  :+1, ‖) (C, I) −) (1, I)‖op < Y=:/2=:. Since )= → ) compactly,
there is an < such that for all = ≥ < and all I ∈  :+1, ‖)= (C, I) − ) (C, I)‖op < Y

:/2=:. Here, there
are two possibilities:

i) If < ≤ =: + 1, we set =:+1 := =: + 1 and define C=:+1 := C and Y=:+1 := Y=:/=:.
ii) If < > =: + 1, we set =:+1 := < and define C=:+1 := C and Y=:+1 := Y=:/=:, and we fill in the rest

by setting C= := C and Y= := Y=: for =: < = < =:+1.
In both cases, the updated sequences {C=}=:+1

==1 , {Y=}
=:+1
==1 and {=ℓ}:+1

ℓ=1 now satisfy the three conditions
up to : + 1. �

Proposition 2.20. Let �=, � ∈ CS[0, 1) satisfy Hypothesis 2.2 and have transfer matrices )�=
∈

TMlp [0, 1) and )� ∈ TMlc [0, 1]. Let <0
�=

and <0
�

be their Weyl–Titchmarsh functions for the
boundary condition 4∗0�D(0) = 0, adding 4∗

\
�D(1) = 0 for some \ ∈ [0, c) for �. Suppose that the

sequence {C=}=∈ℕ ⊂ [0, 1) satisfies C= ↑ 1 and )�=
(C=, I) → )� (1, I) for all I ∈ ℍ. If <0

�=
→ <0

�

compactly, then �D= (C=, I) → cot \ for all I ∈ ℍ where D= : [0, 1) ×ℍ → ℂ2 is defined so that
for each I ∈ ℍ, D= (·, I) is an integrable solution to �D′ = −I�=D.

Proof. Let I ∈ ℍ. By definition of the Weyl–Titchmarsh function, �D= (C=, I) = )�=
(C=, I)<0

�=
(I)

and cot \ = )� (1, I)<0
�
(I). If )� (1, I)<0

�
(I) < ∞, then���D= (C=, I) − cot \

�� ≤ ��)�=
(C=, I)<0

�=
(I) − )� (1, I)<0

�=
(I)

�� + ��)� (1, I)<0
�=
(I) − )� (1, I)<0

� (I)
��

and both terms vanish in the limit. It remains to see what happens when )� (1, I)<0
�
(I) = ∞. By

Hypothesis 2.2, it is impossible that <0
�
(I) = ∞, so this can happen only if <0

�
(I) = −�/� with

� ≠ 0 where
(
� �
� �

)
:= )� (1, I). In that case, writing

(
�= �=

�= �=

)
:= )�=

(1, I),

�=<
0
�=
(I) + �= =

1
�

(
��= − �=�

)
+ �=

(
<0
�=
(I) − <0

� (I)
)
,

and both terms vanish in the limit. Because �=<0
�=
(I) + �= → �<0

�
(I) + � ≠ 0 (this being equal

to zero would imply that det)� (1, I) = 0, but this determinant is always equal to 1), this shows that
)�=

(C=, I)<0
�=
(I) → ∞. �

We finish this section by pointing out a simple result. When working out the vague convergence
of the time-changed systems [′= (�= ◦ [=) → � on [0, 1], one might worry that information is lost
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since the time intervals (1, 1=), which correspond to (C=, 1) for the original systems�=, are removed
from the analysis. We now verify that this is not the case.

Proposition 2.21. Let �=, � ∈ CS[0, 1) with 1 < ∞. Let [= : [0, 1=] → [0, 1] be �
1 increasing

bijections with 1= ↓ 1, and suppose that


[−1
= − id[0,1]




∞ → 0. Then �= → � vaguely on [0, 1)

if and only if [′= (�= ◦ [=) → � vaguely on [0, 1).

Remark. Thus, the vague convergence [′= (�=◦[=) → � on [0, 1] is in fact a stronger condition than
the vague convergence �= → � on [0, 1), since the latter is equivalent to the vague convergence
[′= (�= ◦ [=) → � on [0, 1), with 1 excluded.

Proof. Let i ∈ �2

(
[0, 1),ℂ2) . If C = 1 or C = 1=, then∫ C

0

i∗[′= (�= ◦ [=)i dℒ =

∫ [= (C)

0

i∗�=i dℒ +
∫ [= (C)

0

(
i∗ ◦ [−1

= − i∗
)
�=i dℒ

+
∫ [= (C)

0

i∗ ◦ [−1
= �=

(
i ◦ [−1

= − i
)
dℒ.

(2.14)

The last two terms are bounded by

‖i‖∞‖i ◦ [−1
= − i‖∞

∫
supp i

tr�= dℒ,

If either �= → � or [′= (�= ◦ [=) → � vaguely on [0, 1), the compactness of supp i ensures
that

∫
supp i tr�= dℒ is bounded in =. Indeed, if k ∈ �2

(
[0, 1),ℂ2) has k 9 ≥ 1 on supp i for

9 = 1 or 2 and k: ≡ 0 for the other component, then
∫
supp i �=, 9 9 dℒ ≤

∫ 1

0
k∗�=k dℒ, but this

cannot diverge if �= → � vaguely. The same argument applies if [′= (�= ◦ [=) → � vaguely since
‖[−1
= − id[0,1] ‖∞ → 0, as this implies that all [−1

= (supp i) are contained in a given compact in [0, 1)
for = large enough. Now, if li is a modulus of continuity for i, then

‖i ◦ [−1
= − i‖∞ = sup

C∈[0,1]

��i ◦ [−1
= (C) − i(C)

�� ≤ sup
C∈[0,1]

li
(
|[−1
= (C) − C |

)
≤ li

(
‖[−1
= − id[0,1] ‖∞

)
→ 0,

and therefore the last two terms of (2.14) vanish in the limit if either �= → � or [′= (�= ◦ [=) → �

vaguely on [0, 1).
Finally, notice that for both C = 1 and C = 1=, the upper bounds of the first two integrals in (2.14)

can be replaced with 1 for all = large enough, since [= (1) → 1 and i is compactly supported in
[0, 1). Given our previous conclusions, this allows us to rewrite (2.14) as∫ 1

0

i∗[′= (�= ◦ [=)i dℒ =

∫ 1

0

i∗�=i dℒ + >(1)

whenever �= → � or [′= (�= ◦ [=) → � vaguely on [0, 1), and it is now clear that either condition
implies the other one. �
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2.3 Random canonical systems

The purpose of this section is to introduce a few properties of random canonical systems. We start
by discussing the measurability of their solutions, and then we make a few basic remarks about the
applicability of some convergence results from §2.2 to random canonical systems.

Although I haven’t seen these results articulated anywhere else, they are quite elementary so it
is very much possible that they are not new. They are given mostly for the sake of completeness.

2.3.1 Random canonical systems and their solutions

By a random canonical system on an interval  ⊆ ℝ, we simply mean a canonical system whose
coefficient matrix is a CS-valued random variable. We saw in Theorem 2.11 that CS is always
a separable metric space, which ensures that it has good measurability properties.

Given a random canonical system, at every point of the probability space it is certainly possible
to define its solutions, but it is not immediately obvious that these are measurable. Thus, in order
to be able to say anything about a random canonical system, the first step is to verify that it can be
given a transfer matrix which is a well-defined random variable.

If the trace of the coefficient matrix is bounded at every point of the probability space by a
suitable locally integrable function, then the continuity of the map from a coefficient matrix to the
associated transfer matrix (i.e., Theorem 2.12) implies that the transfer matrix is indeed a random
variable. This criterion can easily be relaxed to the following, which should cover all of the cases
we’ll be interested in.

Proposition 2.22. Let  = [0, 1) or [0, 1], and let� be a random coefficient matrix on . Suppose
that for every Y > 0, there is an 5 ∈ !1

loc() such that ℙ[tr� ≤ 5 ] ≥ 1 − Y. Then, there is a
TM-valued random variable that is equal to the transfer matrix of � with probability 1.

When the hypotheses of the above result are met, we won’t distinguish between the random
canonical system’s transfer matrix and its measurable modification, as they only differ on an event
of zero probability.

Proof. For each = ∈ ℕ, take 5= ∈ !1
loc() such that ℙ[tr� ≤ 5=] ≥ 1 − 1/=, choosing the 5=’s to

form a pointwise increasing sequence with the property that {tr� ≤ 5=} ⊆ {tr� ≤ 5=+1} for each
=. It is clear that this is possible: having chosen 5=, take 5̃=+1 with ℙ[tr� ≤ 5̃=+1] ≥ 1 − 1/(=+1),
and then set 5=+1 := 5= ∨ 5̃=+1. Note that by continuity of measures, ℙ

(⋃
=∈ℕ{tr� ≤ 5=}

)
= 1.

Now, let � : CS → TM denote the map sending a coefficient matrix to the associated
transfer matrix, and define )= := (� ◦ �)1{tr�≤ 5=} + �21{tr�> 5=}. Because � is continuous on
each CS 5= , each )= is measurable, and therefore ) := lim=→∞ )= is measurable. Because the sets



46 Chapter 2. Canonical systems theory

{tr� ≤ 5=} form an increasing sequence, ) = (� ◦ �)1⋃
=∈ℕ{tr�≤ 5=} + �21⋂

=∈ℕ{tr�> 5=}, which is
equal to the transfer matrix � ◦ � on an event of probability 1. �

Once we add appropriate boundary conditions to a random canonical system, we can also define
a Weyl–Titchmarsh function. The boundary conditions could also be random: as before they take
the form 4∗

q
�D(C) = 0 at an endpoint C, but now q could be a [0, c)-valued random variable. By

Theorems 2.13 and 2.14, there are continuous maps from transfer matrices and boundary conditions
to Weyl–Titchmarsh functions, so Proposition 2.22 (together with the fact that changing the left
boundary condition from 40 to 4q changes the Weyl–Titchmarsh function by an application of a
Möbius transform '−q) immediately yields the following.

Corollary 2.22.1. In the setting of Proposition 2.22, suppose also that the system is subject to
a (possibly random) boundary condition 4∗

q
�D(0) = 0 at 0, and either that the system is a.s.

limit point at 1, or that it is a.s. limit circle at 1 with (possibly random) boundary condition
4∗
\
�D(1) = 0. Then the associated Weyl–Titchmarsh function is a Hol(ℍ,ℍ∞)-valued random

variable.

These results also yield the measurability of other important objects. For instance, when the
system is limit point at 1, it can be shown from Weyl theory (this is done for example in [61,
Theorem 3.14(a)]) that an integrable solution to the system for I ∈ ℍ is given by )� (·, I)

(
<0

�
(I)

1

)
,

where as usual )� and <0
�

denote the transfer matrix and the Weyl–Titchmarsh function for the
boundary condition 4∗0�D(0) = 0. Therefore, the integrable solution is a well-defined random
variable whenever )� and <0

�
are.

Moreover, whenever the system’s Weyl–Titchmarsh function is a well-defined random variable,
the continuity of the Herglotz representation implies that the spectral measure is a well-defined
random variable with values in the space ℳ+(ℝ) of locally finite (nonnegative) measures on ℝ.
The latter is a separable metric space under the vague topology—see e.g. [45, Theorem 4.2] for a
proof.

2.3.2 Convergence of random canonical systems

A sequence of random coefficient matrices, as a sequence of random variables with values in a
separable metric space, can be said to converge with the usual probabilistic meanings. The follow-
ing result gives a straightforward criterion to test the vague convergence in probability of random
canonical systems.
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Proposition 2.23. Let  ⊆ ℝ be an interval, and let {�=}=∈ℕ be a sequence of random coefficient
matrices on. If there is another random coefficient matrix� on such that for all i ∈ �2 (,ℂ2),∫


i∗(�= − �)i dℒ ℙ−−−−→

=→∞
0,

then �=
ℙ−→ � vaguely on .

Proof. Let Y > 0. By definition of the metric 3CS from Theorem 2.11, if 3CS (�=, �) > Y and
# ∈ ℕ is large enough so that ∑∞

<=#+1 2−< ≤ Y/2, then there is an < ≤ # with 3i< (�=, �) > Y/2;
indeed, otherwise 3CS (�=, �) ≤ Y

2
∑#
<=1 2−< + ∑∞

<=#+1 2−< ≤ Y. Hence, ℙ[3CS (�=, �) > Y]
≤ ∑#

<=1 ℙ[3i< (�=, �) > Y/2], and the result follows. �

In a similar way, unsurprisingly, it suffices to check the convergence of random transfer matrices
on compact sets of times.

Proposition 2.24. Let  ⊆ ℝ be an interval, and let )=, ) be random transfer matrices on  × ℂ.
If )= → ) compactly on  ×ℂ in probability for any compact  ⊆ , then )= → ) compactly on
 × ℂ in probability.

Proof. Take a sequence of compact sets  : ⊂  × ℂ such that ⋃:∈ℕ  : =  × ℂ. Then a metric
on TM is given by

3TM (),) ′) =
∞∑
:=1

1
2:

3: (),) ′)
1 + 3: (),) ′) where 3: (),) ′) := sup

(C,I)∈ :

��) (C, I) − ) ′(C, I)
��.

Let Y, X > 0, and fix # large enough so that ∑∞
:=#+1 2−: < X/2. If )= → ) compactly on each

 : , then 3: ()=, )) < X/2# for all : ∈ {1, . . . , #} and all = large enough with probability at least
1 − Y/#. Hence, 3TM ()=, )) < X with probability at least 1 − Y for all = large enough, and )= → )

compactly on  × ℂ in probability. �

Given a vaguely convergent sequence of random canonical systems, a trace domination condi-
tion that holds a.s. automatically upgrades the convergence to the compact convergence of transfer
matrices by Theorem 2.12. This criterion can be relaxed to allow the trace domination condition to
hold only with high probability.

Proposition 2.25. Let  = [0, 1) or [0, 1] be a real interval. Let �=, � be CS-valued random
coefficient matrices, and let )�=

, )� be their transfer matrices. Suppose that for all Y > 0, there
are 5Y, 6Y ∈ !1

loc() such that ℙ[tr� ≤ 5Y] ≥ 1 − Y and ℙ[tr�= ≤ 6Y] ≥ 1 − Y for any = large
enough. If �= → � vaguely on  in probability, then )�=

→ )� compactly in probability.
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Proof. Let 3TM denote the metric on TM. If Y, X > 0, by hypothesis there is an # ∈ ℕ such
that for all = ≥ # ,

ℙ[3TM ()�=
, )�) > X] < ℙ[3TM ()�=

, )�) > X, tr� ≤ 5Y, tr�= ≤ 6Y] + 2Y.

Now, pick some �̃ ∈ CS such that tr �̃ ≤ 5Y + 6Y, and set

�′ := �1{tr�≤ 5Y} + �̃1{tr�> 5Y} and �′
= := �=1{tr�=≤6Y} + �̃1{tr�=>6Y} .

Then �′
= → �′ vaguely on  in probability, and because they are CS 5Y+6Y -valued, Theorem 2.12

guarantees that their transfer matrices )�′
=
→ )�′ compactly so ℙ[3TM ()�′

=
, )�′) > X] < Y for all

= large enough. Because )�′ = )� on {tr� ≤ 5Y} and )�′
=
= )�=

on {tr�= ≤ 6Y}, it follows that
ℙ[3TM ()�=

, )�) > X] < 3Y for all = large enough, and )�=
→ )� compactly in probability. �

2.4 Sturm–Liouville operators as canonical systems

In this section, we outline a general method to find a canonical system that is equivalent to a Sturm–
Liouville operator, based on the analogous construction for Schrödinger operators that can be found
in [61, §1.3]. To allow for more flexibility in the coefficients of the operator, we focus on generalized
Sturm–Liouville operators, in the sense used by Eckhardt et al. in [29].

2.4.1 Generalized Sturm–Liouville operators

By a generalized Sturm–Liouville operator, we mean an operator of the form

! : 5 ↦→ 1
F

(
−
(
5 [1]

)′ + B 5 [1] + @ 5 ) with 5 [1] := ?( 5 ′ + B 5 ) (2.15)

where ?, @, B, F : (0, 1) → ℝ satisfy ? ≠ 0 and F > 0 a.e. on (0, 1), and ?−1, @, B, F ∈ !1
loc(0, 1).

Here, 5 [1] is called the (first) quasi-derivative of 5 , and ! is a priori assumed to act on functions
from

D! :=
{
5 ∈ ACloc(0, 1) : 5 [1] ∈ ACloc(0, 1)

}
, (2.16)

so that ! : D! → !1
loc

(
(0, 1), F dℒ

)
.

The spectral problem for ! is studied on the Hilbert space !2 ((0, 1), F dℒ
)
with inner product

〈 5 , 6〉F :=
∫ 1

0

5 6̄F dℒ.

! is first taken to act on functions 5 ∈ D! ∩ !2 ((0, 1), F dℒ
)
such that ! 5 ∈ !2 ((0, 1), F dℒ

)
,

and self-adjoint realizations can be obtained by restricting the domain with appropriate boundary
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conditions, depending on whether the operator is limit point or limit circle at endpoints. We will
not go into further detail about these self-adjoint realizations as we will rather adopt the point of
view of studying the spectral theory of ! by representing it as a canonical system, but the ideas are
similar to those from §2.1.5 and the details can be found in [29, §3].

This class of generalized Sturm–Liouville operators is studied in detail by Eckhardt et al. in [29].
The point of extending classical Sturm–Liouville operators to this class of operators is essentially
to allow ! to have distributional potential, as B does not have to be differentiable. Still, the theory
of ordinary differential equations yields the following existence and uniqueness theorem.

Theorem 2.26 [29, Theorem 2.2]. For each 6 ∈ !1
loc

(
(0, 1), F dℒ

)
, I ∈ ℂ, C0 ∈ (0, 1) and

E ∈ ℂ2, there is a unique solution 5 ∈ D! to (! − I) 5 = 6 such that ( 5 , 5 [1]) (C0) = E. Moreover,
if 6, E and I are real-valued, then 5 is real-valued.

Remark. Here, we restrict C0 ∈ (0, 1), but when ! is regular at an endpoint—that is, when ?−1, @, B

and F are integrable near that endpoint—then as long as 6 is also integrable near that endpoint,
every solution 5 to (! − I) 5 = 6 has a finite limit at that endpoint, and so does its quasi-derivative
(this is proven in [29, Theorem 2.6]). In fact, when ! is regular at an endpoint C ∈ {0, 1} and 6 is
integrable near C, the whole statement of the theorem is also valid if C0 = C.

2.4.2 Turning the eigenvalue equation into a canonical system

Given a generalized Sturm–Liouville operator ! of the form (2.15), it is possible to convert the
eigenvalue equation !ℎ = Iℎ to a canonical system. To do so, define � := (ℎ[1] , ℎ) for an ℎ that
solves !ℎ = Iℎ. Then (ℎ[1])′ = Bℎ[1] + (@ − IF)ℎ, so

�′ =

(
(ℎ[1])′

ℎ′

)
=

(
Bℎ[1] + (@ − IF)ℎ
?−1ℎ[1] − Bℎ

)
=

(
B @ − IF
?−1 −B

)
�.

For the spectral parameter I to be factored out in front of the matrix, as in a canonical system, a
change of variables must be introduced. To this end, fix two linearly independent solutions 5 and
6 to ! 5 = !6 = 0, and set

� :=

(
6 [1] 5 [1]

6 5

)
so that �′ =

(
B @

?−1 −B

)
� (2.17)

in the same way as above. Note that

det � = 5 6 [1] − 5 [1]6 =:  ( 5 , 6)
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is the Wronskian of 5 and 6. Because 5 and 6 solve ! 5 = !6 = 0, it is easy to see by a direct
computation that

(
 ( 5 , 6)

)′ ≡ 0. This Wronskian is therefore constant, and it is nonzero since 5
and 6 are chosen to be linearly independent.

Now, set D := �−1�. Because 0 = (�−1�)′ = (�−1)′� + �−1�′, we get (�−1)′ = −�−1�′�−1

and

D′ = (�−1)′� + �−1�′ = −�−1

(
B @

?−1 −B

)
� + �−1

(
B @ − IF
?−1 −B

)
� = �−1

(
0 −IF
0 0

)
�.

Substituting back � = �D, we find that D solves the canonical system

�D′ = −I�D on (0, 1) with � := F��−1

(
0 1
0 0

)
�. (2.18)

Conversely, given a solution D to this system, the steps can be taken in reverse to see that the second
entry of �D solves ! 5 = I 5 . In that sense, these two equations are equivalent.

The coefficient matrix obtained in (2.18) can easily be computed more explicitly in terms of the
two solutions 5 and 6. Indeed,

� =
F

 ( 5 , 6)

(
0 −1
1 0

) (
5 − 5 [1]

−6 6 [1]

) (
0 1
0 0

) (
6 [1] 5 [1]

6 5

)
=

F

 ( 5 , 6)

(
6 −6 [1]

5 − 5 [1]

) (
6 5

0 0

)
,

which gives

� =
F

 ( 5 , 6)

(
62 5 6

5 6 5 2

)
=

F

 ( 5 , 6) kk
∗ where k :=

(
6

5

)
. (2.19)

2.4.3 The associated !2 space

The factorization of the coefficient matrix � as a projector that we obtained in (2.19) yields an
interesting representation of the seminorm ‖·‖� . Indeed, if D : (0, 1) → ℂ2, then

‖D‖2
� =

∫ 1

0

D∗�D dℒ =
1

 ( 5 , 6)

∫ 1

0

D∗kk∗DF dℒ =
1

 ( 5 , 6)

∫ 1

0

|〈D, k〉|2F dℒ.

This yields an explicit relationship between the norms of the solutions to the canonical systems and
those of the eigenvalue equation for the original operator. Indeed, let ℎ denote the second entry of
the vector �D. Then

〈D, k〉 = k∗�−1�D =
1

 ( 5 , 6)

(
6 5

) (
5 − 5 [1]

−6 6 [1]

) (
·
ℎ

)
= ℎ,
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so in fact
‖D‖2

� =
1

 ( 5 , 6) ‖ℎ‖
2
F (2.20)

where ‖·‖F denotes the norm in the weighted !2 space !2 ((0, 1), F dℒ
)
.

In other words, the mapping between solutions of the generalized Sturm–Liouville operator,
which live in !2 ((0, 1), F dℒ

)
, and those of the canonical system, which live in !2

�
(0, 1), preserves

norms up to a factor of  ( 5 , 6).

2.5 Jacobi operators as canonical systems

Canonical systems can encode not only second-order differential operators, but also difference op-
erators. In this section, we describe how to make such a correspondence between a Jacobi operator
and a canonical system, essentially following the method outlined by Remling in [61, §5.3]. For
the general theory of Jacobi operators, we refer to Teschl’s book [68].

2.5.1 Jacobi operators and their matrix representations

Consider an = × = matrix

. :=

©­­­­­­­­«

11 + U 01

01 12 02

02 13
. . .

. . .
. . . 0=−1

0=−1 1= + l

ª®®®®®®®®¬
(2.21)

where 1 9 , U, l ∈ ℝ and either 0 9 > 0 for all 9 or 0 9 < 0 for all 9 . This matrix can be thought of as
a second-order difference operator g. Indeed, the operator g acting on a sequence ℎ ∈ ℂℕ0 as

(gℎ) 9 = 0 9−1ℎ 9−1 + 1 9ℎ 9 + 0 9ℎ 9+1 (2.22)

exactly reproduces the application of. on a vector ℎ ∈ ℂ=, at least for the entries 9 ∈ {2, . . . , =−1}.
This doesn’t directly extend to 9 = 1 and 9 = =, as these expressions involve the a priori undefined
components ℎ0 and ℎ=+1.

To complete the correspondence, g can be taken to act on a domainDg ⊂ ℂ1+=+1 which consists
of finite sequences that satisfy certain boundary conditions at both ends. Then g maps Dg → ℂ=

through the application of (2.22). To make this precise, add two values 00, 0= ∈ ℝ \ {0}, and let
ℎ̂ = (ℎ0, ℎ, ℎ=+1) ∈ ℂ1+=+1 where ℎ ∈ ℂ=—we think of this vector simply as ℎ to which two extra
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components are added at both ends to have gℎ̂ well-defined. Then .ℎ and gℎ̂ have the same first
entry if

(.ℎ)1 = (11 + U)ℎ1 + 01ℎ2 and (gℎ̂)1 = 00ℎ0 + 11ℎ1 + 01ℎ2

are equal, that is, if Uℎ1 = 00ℎ0. In the same way, the last entries of .ℎ and gℎ̂ are equal if

(.ℎ)= = 0=−1ℎ=−1 + (1= + l)ℎ= = 0=−1ℎ=−1 + 1=ℎ= + 0=ℎ=+1 = (gℎ̂)= ⇐⇒ lℎ= = 0=ℎ=+1.

The appropriate domain for g is therefore

Dg :=
{
ℎ̂ = (ℎ0, ℎ, ℎ=+1) ∈ ℂ1+=+1 : ℎ0 =

U

00
ℎ1, ℎ=+1 =

l

0=
ℎ=

}
, (2.23)

in the sense that now g : Dg → ℂ= exactly reproduces the action of . : ℂ= → ℂ=. In particular,
this makes the eigenvalue equations .ℎ = Iℎ and gℎ̂ = Iℎ completely equivalent if ℎ̂ ∈ Dg. For
the rest of the section, we will slightly abuse notation and use the same symbols for elements ofDg

and their restrictions to ℂ= obtained by removing the first and last entries.

2.5.2 Turning the eigenvalue equation into a canonical system

The eigenvalue equation .ℎ = Iℎ, or equivalently gℎ = Iℎ with ℎ ∈ Dg, can be turned into a
canonical system in a similar way as what we did in §2.4 for Sturm–Liouville operators. This is
done in two steps: first we build an equivalent discrete canonical system, and then we extend it to
an actual one.

2.5.2.1 Building an equivalent discrete canonical system

Suppose ℎ ∈ Dg solves gℎ = Iℎ, and set �9 := (ℎ 9+1,−0 9ℎ 9 ) for 9 ∈ {0, . . . , =}. Then for
9 ∈ {1, . . . , =},

�9 =

(
1
0 9

(
(I − 1 9 )ℎ 9 − 0 9−1ℎ 9−1

)
−0 9ℎ 9

)
=

(
I−1 9

0 9

1
0 9

−0 9 0

) (
ℎ 9

−0 9−1ℎ 9−1

)
,

which means that

�9 = (� 9 + I� 9 )�9−1 where � 9 :=

(
−1 9/0 9

1/0 9

−0 9 0

)
and � 9 :=

(
1/0 9 0
0 0

)
. (2.24)

Now, let 5 , 6 ∈ ℂ1+=+1 be two linearly independent solutions to g 5 = g6 = 0 (not necessarily in
Dg), and define

� 9 :=

(
6 9+1 5 9+1

−0 96 9 −0 9 5 9

)
so that � 9 = � 9 � 9−1 (2.25)
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for 9 ∈ {1, . . . , =}. Note that

det � 9 = 0 9 (6 9 5 9+1 − 5 96 9+1) =:  9 (6, 5 )

is the Wronskian of 6 and 5 . Because 5 and 6 solve g 5 = g6 = 0, it is easy to see by a direct
computation that this Wronskian is actually constant, so it is always nonzero since we chose 5 and
6 to be linearly independent.

Now, set D 9 := �−1
9
�9 for 9 ∈ {0, . . . , =}. Then for 9 ∈ {1, . . . , =},

D 9 = �−1
9−1�

−1
9 (� 9 + I� 9 )�9−1 = D 9−1 + I�−1

9−1�
−1
9 � 9 � 9−1D 9−1,

so
� (D 9 − D 9−1) = −I� 9D 9−1 with � 9 := −��−1

9−1�
−1
9 � 9 � 9−1. (2.26)

This can be understood as a discrete canonical system, and it is fully equivalent to the original
eigenvalue equation gℎ = Iℎ in the sense that given a solution {D 9 }=9=0 to (2.26), the steps can be
taken in reverse to see that a solution to gℎ = Iℎ can be extracted from the first entries of the � 9D 9 ’s.

The coefficient matrix obtained in (2.26) can be computed more explicitly in terms of 5 and 6.
Indeed, note that

�−1
9 � 9 =

(
0 −1/0 9

0 9 −1 9/0 9

) (
1/0 9 0
0 0

)
=

(
0 0
1 0

)
,

so

� 9 =
1

0(6, 5 )

(
0 1
−1 0

) (
−0 9−1 5 9−1 − 5 9
0 9−16 9−1 6 9

) (
0 0
1 0

) (
6 9 5 9

−0 9−1 5 9−1 −0 9−1 5 9−1

)
=

1
0(6, 5 )

(
0 9−16 9−1 6 9

0 9−1 5 9−1 5 9

) (
0 0
6 9 5 9

)
,

which gives

� 9 =
1

0(6, 5 )

(
62
9

5 96 9

5 96 9 5 2
9

)
=

1
0(6, 5 )

k 9k
∗
9 where k 9 :=

(
6 9

5 9

)
. (2.27)

2.5.2.2 Extending to an actual canonical system

To turn the discrete canonical system into an actual canonical system that runs in continuous time,
fix an increasing sequence {C 9 }=9=0, and define � : [C0, C=) → ℝ2×2 by setting

� ≡ 1
C 9 − C 9−1

� 9 on [C 9−1, C 9 ) (2.28)
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for each 9 ∈ {1, . . . , =}. This coefficient matrix yields a canonical system that is equivalent to the
discrete system from (2.26). Indeed, define D : [C0, C=) → ℂ2 as being continuous and given by

D(C) := D(C 9−1) + I
C − C 9−1

C 9 − C 9−1
�� 9D(C 9−1) for C ∈ [C 9−1, C 9 ), (2.29)

for each 9 ∈ {1, . . . , =}. The continuity of D requires that

�
(
D(C 9 ) − D(C 9−1)

)
= −I� 9D(C 9−1),

so we already see that {D(C 9 )}=9=0 solves the discrete system (2.26). Moreover, because � 9 is pro-
portional to k 9k∗

9
, then � 9 �� 9 = 0 since 〈�k 9 , k 9 〉 = 0. It follows that � 9D = � 9D(C 9−1) on

[C 9−1, C 9 ), so on that interval

�D′ = −I 1
C 9 − C 9−1

� 9D(C 9−1) = −I 1
C 9 − C 9−1

� 9D = −I�D

and D solves the canonical system on [C0, C=) with coefficient matrix �. By uniqueness, any so-
lution to the canonical system must have the form (2.29) for some D(C0), which means that any
solution contains a solution to the discrete canonical system, and therefore a solution to the original
eigenvalue equation gℎ = Iℎ.

2.5.2.3 Transferring the boundary conditions

When we introduced the operator g earlier, we restricted its domain Dg in (2.23) with boundary
conditions for the eigenvalue equation gℎ = Iℎ to be entirely equivalent to the eigenvalue equation
.ℎ = Iℎ of the original matrix (2.21). These boundary conditions translate to boundary condi-
tions for the canonical system with coefficient matrix (2.28), which is clearly limit circle at both
endpoints.

Take an ℎ ∈ Dg that satisfies gℎ = Iℎ, and let D be the associated canonical system solution.
In particular, {D(C 9 )}=9=0 solves the discrete canonical system, and D(C 9 ) = �−1

9
�9 where �9 =

(ℎ 9+1,−0 9ℎ 9 ). Then the left boundary condition 00ℎ0 = Uℎ1 implies that D must satisfy

D(C0) = �−1
0 �0 =

1
0(6, 5 )

(
−00 50 − 51
0060 61

) (
ℎ1

−Uℎ1

)
=

ℎ1
0(6, 5 )

(
−00 50 + U 51
0060 − U61

)
.

Likewise, the right boundary condition 0=ℎ=+1 = lℎ= implies that D must satisfy

D(C=) = �−1
= �= =

1
0(6, 5 )

(
−0= 5= − 5=+1

0=6= 6=+1

) (
lℎ=/0=
−0=ℎ=

)
=

ℎ=

0(6, 5 )

(
−l 5= + 0= 5=+1

l6= − 0=6=+1

)
.
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Conversely, if at both ends D is parallel to the prescribed vector, then because �0 and �= are invert-
ible, the solution ℎ obtained from D belongs to the domain Dg.

To summarize, solutions to gℎ = Iℎ with ℎ ∈ Dg can be extracted from canonical system
solutions that satisfy

u∗C0�D(C0) = u∗
C=
�D(C=) = 0 with uC0 :=

(
−00 50 + U 51
0060 − U61

)
, uC= :=

(
−l 5= + 0= 5=+1

l6= − 0=6=+1

)
. (2.30)

In particular, if U = 0 then the left boundary condition becomes 〈D(C0), k0〉 = 0, and if l = 0 then
the right boundary condition becomes 〈D(C=), k=+1〉 = 0.

2.5.3 The associated !2 space

In the same way as in the case of a Sturm–Liouville operator, the factorization of the coefficient
matrix as a projector yields a useful representation of the associated seminorm ‖·‖� . Indeed, if
D : (C0, C=) → ℂ2, then

‖D‖2
� =

∫ C=

C0

D∗�D dℒ =
=∑
9=1

1
C 9 − C 9−1

∫ C 9

C 9−1

D∗� 9D dℒ,

and with the expression (2.27) of � 9 , we get

‖D‖2
� =

1
0(6, 5 )

=∑
9=1

1
C 9 − C 9−1

∫ C 9

C 9−1

|〈D, k 9 〉|2 dℒ. (2.31)

This yields a relationship between the norms of the solutions of the canonical system and those
of the eigenvectors of the original tridiagonal matrix. Indeed, if D is a solution to the canonical
system, then it has the form (2.29) so 〈D, k 9 〉 = 〈D(C 9−1), k 9 〉 on [C 9−1, C 9 ). If ℎ is the associated
solution to gℎ = Iℎ, it then follows that

〈D, k 9 〉 = k∗
9 �

−1
9−1

(
ℎ 9

−0 9−1ℎ 9−1

)
=

1
 9−1(6, 5 )

(
6 9 5 9

) (
−0 9−1 5 9−1 − 5 9
0 9−16 9−1 6 9

) (
ℎ 9

−0 9−1ℎ 9−1

)
= ℎ 9 .

Therefore, the inner product 〈D, k 9 〉 is constant on [C 9−1, C 9 ), and the expression (2.31) simplifies to

‖D‖2
� =

1
0(6, 5 )

‖ℎ‖2
2 (2.32)

where ‖·‖2 is the usual Euclidean norm.



56 Chapter 2. Canonical systems theory

2.5.4 Embedding the right boundary condition into the system

An important reason why one would want to represent a Jacobi operator as a canonical system is
that such an operator can correspond to a discretization of a continuum operator, which could be for
example a differential operator. We will see examples of this in Chapter 3, when studying scaling
limits of tridiagonal randommatrix models for V-ensembles like those of the Hermite and Laguerre
V-ensembles.

In that context, the convergence of the Jacobi operator to the continuum one can be described
by taking a limit as the size = of the original matrix tends to infinity. To get a meaningful limit,
the canonical systems must then be set up so that their domains (C0, C=) at least converge to a well-
defined interval. In particular, one could take C0 := 0 and C= → ∞, which might be the natural thing
to do especially if the canonical system for the limit continuum operator is limit point at infinity.

In that case, it can be more natural to modify the systems in the sequence so that they all act
on (0,∞). This can be done by building the right boundary conditions directly into the coefficient
matrices, and effectively making the systems limit point on the right.

To make this precise, consider the same setting as before: we have a canonical system on (0, C=)
with coefficient matrix � given by (2.28), subject to the boundary conditions given in (2.30). Now,
extend the definition of � to the full interval (0,∞) by setting

� := −[′�uC=u∗C=� on [C=,∞) (2.33)

for some increasing absolutely continuous function [ : [C=,∞) → [0,∞) such that [′ is not inte-
grable. Note that this implies that the system is always limit point at infinity. Now, because � is
still a projector, the system’s solution on [C=,∞) has the same structure as the solution (2.29) on the
intervals [C 9−1, C 9 ). Indeed, a direct computation confirms that the solution for C ≥ C= is

D(C) = D(C=) + I
(
[(C) − [(C=)

)
uC=u

∗
C=
�D(C=) (2.34)

where the first term makes the solution continuous at C=. The norm on !2
�
(0,∞) from (2.31) is

extended for a general D : (0,∞) → ℂ2 to

‖D‖2
� =

1
0(6, 5 )

=∑
9=1

1
C 9 − C 9−1

∫ C 9

C 9−1

|〈D, k 9 〉|2 dℒ +
∫ ∞

C=

|〈D, �uC=〉|2[′ dℒ. (2.35)

If D solves the canonical system, then it has the form (2.34) on [C=,∞), and therefore 〈D, �uC=〉 =

〈D(C=), �uC=〉 on that interval. Because we chose [′ to be nonintegrable, it follows that the solu-
tion has finite !2

�
(0,∞) norm precisely when 〈D(C=), �uC=〉 = 0. This integrability condition thus

reproduces the boundary condition at C= from (2.30).



Chapter 3

The stochastic Airy, Bessel and sine opera-
tors as canonical systems

This chapter is devoted to presenting the canonical system representations of the stochastic Airy,
Bessel and sine operators mentioned in the introduction.

§3.1 and §3.2 are devoted to the stochastic Airy and Bessel operators, and follow similar struc-
tures. In both cases, the section is divided in three subsections. In the first one, we present the
precise definition of the operator and give some of its most important properties, along with a
canonical system representation. In the second one, we construct asymptotics of eigenfunctions
on the negative real line, which we will need to apply later in Chapter 4. Finally, in the third one,
we prove the convergence of suitably scaled tridiagonal random matrix models to the stochastic
operator, at the canonical system level. This proves Theorems 1.5 to 1.8 given in the introduction.
Then, §3.3 is devoted to the stochastic sine operator. Our goals in this case are more modest: we
only review the operator’s definition and some of its important properties in §3.3.1, and then we
briefly comment on the possibility of working out a canonical system convergence from tridiagonal
random matrix models in §3.3.2.

The properties of the stochastic Airy operator presented in §3.1.1 are mostly review from earlier
works, with a few exceptions. A few of those of the stochastic Bessel operator that are given in §3.2.1
are also review from earlier works, but in that case most of the section is in fact taken from [54]. The
asymptotics presented in §3.1.2 and §3.2.2 are original and taken respectively from [55] and [54].
The convergence results from tridiagonal random matrix models to the stochastic Airy and Bessel
operators presented in §3.1.3 and §3.2.3 are original and have not (at least to my knowledge) ap-
peared anywhere in this form before, but they are essentially reformulations, at the canonical system
level, of results from [7, 60] in the Airy case and from [58, 59] in the Bessel case. Finally, the ma-
terial of §3.3 is essentially review.

More specific references are given throughout the chapter.

57
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3.1 The stochastic Airy operator

This section is devoted to the stochastic Airy operator. In §3.1.1, we review a few of its important
properties. In §3.1.2, we derive asymptotics to solutions ofV 5 = 0 as C → −∞. Finally, in §3.1.3,
we prove the convergence of suitably scaled tridiagonal randommatrixmodels to the stochastic Airy
operator, at the canonical system level.

3.1.1 Basic properties of the stochastic Airy operator

A proper definition. Recall from (1.7) in §1.2 that the stochastic Airy operatorV, heuristically,
should be thought of as acting on a function 5 : [0,∞) → ℝ as

V 5 (C) = − 5 ′′(C) +
(
C + 2

√
V
�′(C)

)
5 (C) (1.7)

where � is a standard Brownian motion. The idea of this operator was introduced by Edelman and
Sutton in [30], and there are several ways to make its definition rigorous, as of course because of
the white noise in the potential, this is not yet a proper definition for V.

Originally, in order to give a precise definition, Edelman and Sutton rather defined a different
operator ̃V acting on functions 5 ∈ !2 ([0,∞), i2

V
(C) dC

)
where iV (C) := exp

( 2√
V

∫ C

0 �(B) dB
)
as

̃V 5 (C) = − 5 ′′(C) − 4
√
V
�(C) 5 ′(C) +

(
C − 4

V
�2(C)

)
5 (C).

Because the sample paths of Brownian motion are a.s. continuous, this operator is well defined
pathwise as a classical Sturm–Liouville operator. In particular, it is self-adjoint when given appro-
priate boundary conditions. Differentiating formally the expression iV̃V (i−1

V
5 ) (C) yields (1.7),

which motivated Edelman and Sutton to define the stochastic Airy operator asΦV ◦ ̃V ◦Φ−1
V
, with

ΦV : 5 ↦→ iV 5 . It can further be shown that ΦV : !2 ([0,∞), i2
V
(C) dC

)
→ !2 [0,∞) is actually an

isometry between Hilbert spaces [8, Appendix A], and because ̃V is a Sturm–Liouville operator
this could allow one to study the spectral theory of the stochastic Airy operator.

However, this definition is not completely satisfying, as it only defines V implicitly. The first
direct, rigorous definition of this operator was given by Ramírez, Rider and Virág in [60], who used
the theory of Schwartz distributions in order to have a well-defined white noise.

Here, we adopt yet another approach: we see the stochastic Airy operator as a generalized
Sturm–Liouville operator in the sense used by Eckhardt et al. [29] that we already saw in §2.4. The
fact that the stochastic Airy operator fits this framework was first pointed out by Minami in [52].
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Definition 3.1. Let V > 0 and let � be a standard Brownian motion. The stochastic Airy operator
V is the random generalized Sturm–Liouville operator defined pathwise by

V 5 (C) = −
(
5 ′ − 2

√
V
� 5

)′
(C) − 2

√
V
�(C)

(
5 ′ − 2

√
V
� 5

)
(C) +

(
C − 4

V
�2(C)

)
5 (C),

acting on functions 5 ∈ DV
:=

{
5 ∈ ACloc(0,∞) : 5 ′ − 2√

V
� 5 ∈ ACloc(0,∞)

}
.

Remark. This operator has the form (2.15) of a generalized Sturm–Liouville operator with ? ≡ 1,
@(C) := C − 4

V
�2(C), B := − 2√

V
� and F ≡ 1.

Like the distribution-based approach, this gives a direct definition of the stochastic Airy oper-
ator, in the sense that differentiating formally in the above, one retrieves the heuristic (1.7).

The spectrum of the stochastic Airy operator. When proposing to see the stochastic Airy op-
erator as a generalized Sturm–Liouville operator, Minami also proved the following.

Theorem 3.1 (Adapted from [52, Theorem 1]). The stochastic Airy operator is limit circle at 0
and limit point at infinity. With Dirichlet boundary condition 5 (0) = 0, it is a.s. self-adjoint and
a.s. has purely discrete spectrum.

Remark. That the spectrum of the operator is a.s. discrete was also proven by Ramírez, Rider and
Virág with their distribution-based characterization—see [60, Proposition 3.5].

The spectrum of the stochastic Airy operator under the Dirichlet boundary condition 5 (0) = 0,
which is the negative of the so-called AiryV point process, describes the soft edge scaling limit
of V-ensembles. We have seen an example of this in Theorem 1.1 (taken from [60, Theorems 1.1
and 1.4]), which shows that this spectrum is a scaling limit of theHermite and Laguerre V-ensembles.
It has also been shown that the spectrum of the stochastic Airy operator with a different boundary
condition is a scaling limit for a perturbed version of the Hermite and Laguerre V-ensembles [7, 8].
We will see a canonical system version of this in §3.1.3.

As mentioned in §1.2, the AiryV point process arises as a universal scaling limit in the soft
edge regime of V-ensembles for large classes of potentials, which go far beyond the Hermite and
Laguerre cases [6, 10, 48].

An SDE characterization of solutions to the eigenvalue equation. Since the stochastic Airy
operator is a random generalized Sturm–Liouville operator, a solution to its eigenvalue equation
V 5 = I 5 for some I ∈ ℂ can be defined pathwise. However, in order to understand the behavior
of 5 as a stochastic process, a different characterization can be obtained through Itô calculus when
the initial conditions 5 (0) and 5 ′(0) are independent of the Brownian motion � that drives V.
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Indeed, if 5 solves V 5 = I 5 , then its sample paths are absolutely continuous and have a
derivative 5 ′ a.e. such that 5 ′ − 2√

V
� 5 is absolutely continuous. As long as 5 (0) and 5 ′(0) are

independent of �, it follows that 5 is a semimartingale with finite variation. Itô’s formula therefore
shows that

d
(
5 ′ − 2

√
V
� 5

)
(C) = d 5 ′(C) − 2

√
V
5 (C) d�(C) − 2

√
V
�(C) 5 ′(C) dC.

But 5 ′ − 2√
V
� 5 is absolutely continuous, so its Itô differential is also equal to

(
5 ′ − 2√

V
� 5

)′(C) dC,
and thus it follows from the eigenvalue equation that

d
(
5 ′ − 2

√
V
� 5

)
(C) = − 2

√
V
�(C)

(
5 ′ − 2

√
V
� 5

)
(C) dC +

(
C − I − 4

V
�2(C)

)
5 (C) dC.

Comparing these two expressions for d
(
5 ′ − 2√

V
� 5

)
(C) shows that 5 solves

d 5 (C) = 5 ′(C) dC,

d 5 ′(C) = (C − I) 5 (C) dC + 2
√
V
5 (C) d�(C).

(3.1)

This stochastic differential equation, called the stochastic Airy equation, was studied in detail by
Lambert and Paquette in [49].

A translation property of solutions to the eigenvalue equation. We now point out a property
of the stochastic Airy operator that will be essential later in §4.4.

Proposition 3.2. Let V be defined on ℝ from a two-sided standard Brownian motion �, and set
V,� := 2

√
� (V − �) for some � > 0. Then 5 solves V,� 5 = I 5 for some I ∈ ℂ if and only

if 5̃ (C) := 5 (C + �) solves ̃V 5̃ = I

2
√
�
5̃ where ̃V has the law of V, but is defined from the

two-sided standard Brownian motion �(· + �) − �(�).

Proof. By definition, for all C ∈ ℝ,

1
2
√
�
V,� 5 (C + �) = −

(
5 ′ − 2

√
V
� 5

)′
(C + �) − 2

√
V
�(C + �) 5 ′(C + �) + C 5 (C + �)

= −
(
5 ′ − 2

√
V

(
� − �(�)

)
5

)′
(C + �)

− 2
√
V

(
�(C + �) − �(�)

)
5 ′(C + �) + C 5 (C + �),

since the extra �(�) terms cancel out. But this is precisely the expression of ̃V 5̃ (C), so ifV,� 5 =

I 5 then ̃V 5̃ (C) = 1
2
√
�
V,� 5 (C + �) = I

2
√
�
5 (C + �) = I

2
√
�
5̃ (C) for all C ∈ ℝ, and vice versa. �
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Canonical system representation. As a random generalized Sturm–Liouville operator, the sto-
chastic Airy operator can be associated with a random canonical system that is equivalent to its
eigenvalue equation, following the method detailed in §2.4. The equivalence can be made through
the matrix

�V :=

(
g[1]
V

f [1]
V

gV fV

)
=

(
g′
V
− 2√

V
�gV f′

V
− 2√

V
�fV

gV fV

)
(3.2)

where fV and gV are a pair of fundamental solutions to Vℎ = 0 with initial conditions gV (0) =

f′
V
(0) = 0 and g′

V
(0) = fV (0) = 1, and where we write ℎ[1] := ℎ′− 2√

V
�ℎ for quasi-derivatives. The

matrix �V thus solves

�′V (C) =
(
− 2√

V
�(C) C − 4

V
�2(C)

1 2√
V
�(C)

)
�V (C) with �V (0) = �2. (3.3)

The method from §2.4.2 shows that ℎ solves Vℎ = Iℎ if and only if D := �−1
V

(
ℎ[1]
ℎ

)
solves the

canonical system �D′ = −I�VD on (0,∞), where

�V := ��−1
V

(
0 1
0 0

)
�V =

(
g2
V

fVgV
fVgV f2

V

)
= kVk

∗
V where kV :=

(
gV
fV

)
. (3.4)

This canonical system is limit circle at 0, and it is limit point at infinity because V is. Hence,
the eigenvalue problem Vℎ = Iℎ with ℎ(0) = 0 corresponds to a self-adjoint realization of the
canonical system’s maximal relation obtained by restricting the maximal relation with the boundary
condition 4∗0�D(0) = 0.

As pointed out in §2.4.3, the norm of the associated !2
�V

(0,∞) space has a specific form in
terms of the solutions fV and gV. Indeed, if D : (0,∞) → ℂ2, then

‖D‖2
�V

=

∫ ∞

0

��〈D(C), kV (C)〉��2 dC. (3.5)

In particular, if D = �−1
V

(
ℎ[1]
ℎ

)
for some ℎ : (0,∞) → ℂ, then ‖D‖�V

= ‖ℎ‖2.

3.1.2 Asymptotics of solutions to the eigenvalue equation as C → −∞

In this section, we understand the stochastic Airy operator as being defined on the whole ofℝ from
a two-sided Brownian motion, and we derive asymptotics for solutions to the eigenvalue equation
V 5 = 0 as C → −∞. In addition to providing helpful insight into the behavior of these solutions
on the negative real line, these asymptotics will be crucial in our spectral analysis of the soft edge
to bulk transition later in §4.4.2.

The asymptotics we derive, which are essentially taken from [55, §7.1], are the following.
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Theorem 3.3 [55, Theorem 3]. Let V be defined on the full real line from a two-sided stan-
dard Brownian motion �. If 5 solves V 5 = 0 and if 5 (−1) and 5 ′(−1) are independent of the
restriction of � to (−∞,−1), then for C ≥ 1,

5 (−C) = � 5 C
−1/4+1/2V4- (C) cos bV (C) and 5 ′(−C) = � 5 C

1/4+1/2V4- (C) sin bV (C)

where�2
5

:= 5 2(−1)+ 5 ′2(−1), bV is a process that satisfies bV (C)−2c
⌊ bV (C)

2c
⌋
→ * ∼ Unif [0, 2c)

in law as C → ∞, and - is a process such that for any Y, X > 0, there is a � > 0 for which

ℙ

[
∀C ≥ 1, |- (C) | ≤ �

(
1 + (log C)1/2+X) ] ≥ 1 − Y.

Remark. These asymptotics complement the C → ∞ asymptotics for the same solutions that were
derived in [49].

The idea of the proof is to construct a pair of polar coordinates to describe the growth and
oscillation of 5 and 5 ′, and then to analyse their asymptotic behavior. So, our first step is the
following.

Proposition 3.4 [55, Proposition 23]. Let V be defined from a two-sided standard Brownian
motion �, and let ®�(C) := �(−C). If 5 solves V 5 = 0 and 5 (−1) and 5 ′(−1) are independent of
the restriction of ®� to (1,∞), then for C ≥ 1,

5 (−C) = C−1/44AV (C) cos bV (C) and 5 ′(−C) = −C1/44AV (C) sin bV (C)

where AV and bV solve the stochastic differential equations

dAV (C) =
1
C

(
1

2V
+

(1
4
+ 1
V

)
cos 2bV (C) +

1
2V

cos 4bV (C)
)

dC − 1
√
VC

sin 2bV (C) d ®�(C),

dbV (C) = −
√
C dC − 1

C

((1
4
+ 1
V

)
sin 2bV (C) +

1
2V

sin 4bV (C)
)

dC − 2
√
VC

cos2 bV (C) d ®�(C)

with AV (1) = 1
2 log

(
5 2(−1) + 5 ′2(−1)

)
and bV (1) = arctan

(
5 ′ (−1)/ 5 (−1)

)
.

Proof. Set H(C) := 5 (−C). Reversing time in the equation V 5 = 0 shows that

0 = −
(
H′ + 2

√
V

®�H
)′
(C) + 2

√
V

®�(C)
(
H′ + 2

√
V

®�H
)
(C) −

(
C + 4

V
®�2(C)

)
H(C),

and then applying Itô’s formula in the sameway aswe did to derive the stochastic Airy equation (3.1)
(which is justified by the independence of H(1) and H′(1) on the restriction of ®� to (1,∞)) shows
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that H′ satisfies

dH′(C) = −CH(C) dC − 2
√
V
H(C) d ®�(C).

Now, define the real-valued processes AV and bV so that 4AV (C)+8bV (C) = C1/4H(C) + 8C−1/4H′(C). By Itô’s
formula,

dAV (C) + 8 dbV (C) =
1

C1/4H(C) + 8C−1/4H′(C)

(
1
4
C
−3/4H(C) dC − 8

4
C
−5/4H′(C) dC + C1/4H′(C) dC + 8C−1/4 dH′(C)

)
+ 1

2
1(

C1/4H(C) + 8C−1/4H′(C)
)2 C

−1/2 d〈H′〉(C)

= 4−2AV (C)
((1

4
C
−1/2H2(C) − 1

4
C
−3/2H′2(C)

)
dC − 2

√
VC
H(C)H′(C) d ®�(C)

− 8
( 1
2C
H(C)H′(C) + H′2(C) + CH2(C)

)
dC − 28

√
V
H2(C) d ®�(C)

)
+ 2
V
4−4AV (C)C

−1/2H2(C)
(
C

1/2H2(C) − C−1/2H′2(C) − 28H(C)H′(C)
)

dC.

As 4AV (C) cos bV (C) = C1/4H(C) and 4AV (C) sin bV (C) = C−1/4H′(C), this simplifies to

dAV (C) + 8 dbV (C) =
1
4C

(
cos2 bV (C) − sin2 bV (C)

)
dC − 2

√
VC

cos bV (C) sin bV (C) d ®�(C)

− 8
( 1
2C

cos bV (C) sin bV (C) +
√
C

)
dC − 28

√
VC

cos2 bV (C) d ®�(C)

+ 2
V

(1
C

cos4 bV (C) −
1
C

cos2 bV (C) sin2 bV (C) −
28
C

cos3 bV (C) sin bV (C)
)

dC.

The announced stochastic differential equations then follow from taking the real and imaginary
parts in the above and simplifying with trigonometric identities. �

We now analyse the asymptotic behavior of these polar coordinates AV and bV. This is done in
Propositions 3.6 and 3.7 respectively, and Theorem 3.3 is a direct consequence of these two results.
Before proceeding, we need a simple preliminary result.

Lemma 3.5 [55, Lemma 24]. Let bV solve the SDE from Proposition 3.4. If : ≠ 0 and Y > 0,
there is a � > 0 such that

ℙ

[
sup
C≥1

���∫ C

1

4:8bV (B)

B
dB

��� > �]
< Y.

Proof. By Itô’s formula,

d
(
4:8bV

)
(B) = 4:8bV (B)

(
−:8

√
B dB − 3:2

4VB
dB − 1

B
': (B) dB − 2:8

√
VB

cos2 bV (B) d ®�(B)
)

(3.6)
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where
': := :8

(1
4
+ 1
V

)
sin 2bV +

:8

2V
sin 4bV +

:2

V
cos 2bV +

:2

4V
cos 4bV. (3.7)

Therefore,

4:8bV (B) dB =
8

:
√
B

d
(
4:8bV

)
(B) + 84

:8bV (B)

:
√
B

(3:2

4VB
dB + 1

B
': (B) dB + 2:8

√
VB

cos2 bV (B) d ®�(B)
)
,

and ∫ C

1

4:8bV (B)

B
dB =

8

:

∫ C

1

1
B3/2

d
(
4:8bV

)
(B) +

∫ C

1

(3:8
4V

+ 8

:
': (B)

) 4:8bV (B)
B5/2

dB

− 2
√
V

∫ C

1

4:8bV (B)

B2
cos2 bV (B) d ®�(B).

(3.8)

Integrating the first term by parts gives

8

:

∫ C

1

1
B3/2

d
(
4:8bV

)
(B) = 8

:

4:8bV (B)

B3/2

����C
1
+ 38

2:

∫ C

1

4:8bV (B)

B5/2
dB.

The first term is immediately bounded by 2/:, and since B ↦→ B
−5/2 is integrable on [1,∞), the

remaining integral is also bounded by a constant depending only on : . In the sameway, by definition
of ': , the second integral of (3.8) is bounded by a constant depending only on : and V. As to the
remaining stochastic integral in (3.8), its bracket is bounded by

4
V

∫ C

1

1
B4

cos4 bV (B) dB ≤ 4
3V
,

and thus Bernstein’s inequality for martingales (see e.g. [62, Exercise IV.3.16] for a general state-
ment of that inequality) shows that

ℙ

[
sup
C≥1

2
V

���∫ C

1

4:8bV (B)

B2
cos2 bV (B) d ®�(B)

��� > G] ≤ 4 exp
(
−3VG2

8

)
.

Since the first line of (3.8) is bounded by a constant�′ > 0, taking G so that 4 exp
(
−3VG2

8
)
< Y yields

the result with � := �′ + G. �

Proposition 3.6 [55, Proposition 25]. Let AV solve the SDE from Proposition 3.4. For all Y, X > 0,
there is a � > 0 such that

ℙ

[
∀C ≥ 1,

���AV (C) − AV (1) − 1
2V

log C
��� ≤ � (

1 + (log C)1/2+X) ] ≥ 1 − Y.

Proof. Recall from Proposition 3.4 that AV solves

dAV (C) =
1
C

(
1

2V
+

(1
4
+ 1
V

)
cos 2bV (C) +

1
2V

cos 4bV (C)
)

dC − 1
√
VC

sin 2bV (C) d ®�(C)
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where bV solves the other SDE in Proposition 3.4. By Lemma 3.5, given Y > 0, there are�2, �4 > 0
such that for : = 2 and : = 4,

ℙ

[
sup
C≥1

���∫ C

1

cos :bV (B)
B

��� > �: ] < Y

3
. (3.9)

Then, the martingale

" (C) :=
1
√
V

∫ 1+C

1

sin 2bV (B)√
B

d ®�(B) has 〈"〉(C) = 1
V

∫ 1+C

1

sin2 2bV (B)
B

dB ≤ 1
V

log(1 + C).

By properties of continuous martingales (e.g., Proposition A.1), it follows that for any X > 0 there
is a � > 0 such that

ℙ

[
sup
C≥1

|" (C − 1) |
1 + ( 1

V
log C)1/2+X

≥ �
]
<
Y

3
,

and the result follows by combining this event with those of (3.9). �

Proposition 3.7 [55, Proposition 26]. Let bV solve the SDE from Proposition 3.4. Then 48bV (C) →
* in law as C → ∞ where* ∼ Unif �1.

Proof. Recall that if * ∼ Unif �1, then �*< = 0 for any integer < ≠ 0. Hence, by density
of trigonometric polynomials in continuous functions on the unit circle, it suffices to prove that
� 4<8bV (C) → 0 as C → ∞ for all < ≠ 0. This means that it suffices to prove that i< (C) → 0 as
C → ∞ for all < ≠ 0 for i< := � -< with -< (C) := exp

(
<8(bV (C) + 2

3 C
3/2)

)
.

Now, from the expression (3.6) of the Itô differential of 4<8bV ,

d-< (B) = −-< (B)
(3<2

4VB
+ 1
B
'< (B)

)
dB − 2<8

√
VB
-< (B) cos2 bV (B) d ®�(B),

so
i< (C) = � -< (1) − �

∫ C

1
-< (B)

(3<2

4VB
+ 1
B
'< (B)

)
dB,

and it follows that
i′< (B) = −3<2

4VB
i< (B) −

1
B
� -< (B)'< (B).

To simplify notation, set ? := 3<2

4V . Multiplying by B? and integrating, we get another expression
for i<:

i< (C) = C−?i< (1) − � C−?
∫ C

1
B?−1-< (B)'< (B) dB.

As ? > 0, it is clear that the first term vanishes as C → ∞. Then, recall that '< was defined in (3.7)
as a linear combination of 4±28bV and 4±48bV . Therefore, in order to prove that i< (C) → 0, it suffices
to prove that

k<,: (C) :=
1
C ?

�

∫ C

1
B?−1-< (B)4:8bV (B) dB → 0 as C → ∞

for : = ±2 and : = ±4.
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Using again the expression (3.6) of the Itô differential of 4:8bV , we can write

k<,: (C) =
8

:C ?

(
�

∫ C

1
B?−

3/2-< (B) d
(
4:8bV

)
(B) + �

∫ C

1
B?−

5/2-< (B)4:8bV (B)
(3:2

4V
+ ': (B)

)
dB

)
.

Now, if .< (B) := B?−3/2-< (B), then

d.< (B) = −3
2
B?−

5/2-< (B) dB − B?−5/2-< (B)'< (B) dB − 2<8
√
V
B?−2-< (B) cos2 bV (B) d ®�(B),

so
d
〈
.<, 4

:8bV
〉
(B) = −4:<

V
B?−

5/2-< (B)4:8bV (B) cos4 bV (B) dB.

From this, we can integrate the first term of k<,: by parts:

�

∫ C

1
B?−

3/2-< (B) d
(
4:8bV

)
(B) = � B?−

3/2-< (B)4:8bV (B)
����C
1
+ 3

2
�

∫ C

1
B?−

5/2-< (B)4:8bV (B) dB

+ �

∫ C

1
B?−

5/2-< (B)'< (B)4:8bV (B) dB + 4:<
V

�

∫ C

1
B?−

5/2-< (B)4:8bV (B) cos4 bV (B) dB.

Finally, because -<, ': , '< and 4:8bV are all bounded processes, substituting the result of this
integration by parts in the expression of k<,: (C) shows that |k<,: (C) | ® C

−3/2, so that k<,: (C) → 0
as C → ∞, which completes the proof. �

3.1.3 Canonical system convergence from tridiagonal matrix models

In this section, we show convergence of tridiagonal random matrix models to the stochastic Airy
operator by representing both as canonical systems.

As mentioned in §1.2, the idea that tridiagonal random matrix models can, in the right scaling,
correspond to discrete-time approximations of the stochastic Airy operator comes from Edelman
and Sutton [30]. This was made rigorous for the first time by Ramírez, Rider and Virág in [60], who
showed that for any : ∈ ℕ, the first : eigenvalues of suitable tridiagonal random matrix models
converge jointly in law to the first : points of the AiryV point process. This was then extended
by Bloemendal and Virág in [7] to perturbed versions of these tridiagonal random matrix models,
whose eigenvalues converge (in the same sense) to those of the stochastic Airy operator with a
different boundary condition at the origin than the Dirichlet condition ℎ(0) = 0. Heuristically, the
perturbations act as boundary conditions for the tridiagonal matrixmodels, and they yield a different
boundary condition for the limit operator if they remain consistent as the matrix size grows.

Several results of this section can thus be seen as reformulations, at the canonical system level,
of some of the main results of [7, 60]. The advantage of the present formulation is to upgrade the
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results to the operator level, under a framework that can also be used to describe other scaling limits
of V-ensembles.

The section is organized as follows. We first introduce the randommatrix setup that we consider
in §3.1.3.1, where we give the main results as well. The proofs are given in §3.1.3.2, and the results
are applied to the Hermite and Laguerre V-ensembles in §3.1.3.3.

3.1.3.1 Setup and statement of the results

Tridiagonal random matrix model. Consider an = × = tridiagonal random matrix

"= +
U=

X2
=

�1�
T
1 :=

©­­­­­­«
1=,1 + U=/X2

= 0=,1

0=,1
. . .

. . .

. . .
. . . 0=,=−1

0=,=−1 1=,=

ª®®®®®®¬
(3.10)

where X= > 0 and 0=, 9 , 1=, 9 , U= ∈ ℝwith all 0=, 9 ’s of the same sign. We suppose that "= is scaled
at the soft edge of V-ensembles, meaning essentially that it should discretize the stochastic Airy
operator with time step X=. More specifically, what we assume is the following.

Hypothesis 3.1. The entries 0=, 9 , 1=, 9 of the random matrix "= in (3.10) have the form

0=, 9 = − 1
X2
=

+ 2
√
VX=

Δ/0=, 9 ++0=, 9 and 1=, 9 =
2
X2
=

+ 2
√
VX=

Δ/1=, 9 ++ 1=, 9

where
i) X= → 0 but =X= → ∞ as =→ ∞.
ii) for any g > 0, both �max1≤ 9≤g/X= |Δ/0=, 9 | → 0 and �max1≤ 9≤g/X= |Δ/1=, 9 | → 0 as = → ∞,

and the process = (C) := ∑bC/X=c
9=1 Δ/=, 9 with Δ/=, 9 := 2Δ/0

=, 9
+ Δ/1

=, 9
converges compactly

in law to a standard Brownian motion,
iii) for any g > 0, max1≤ 9≤g/X=

��+0
=, 9−1 ++

0
=, 9

++ 1
=, 9

− ( 9 − 1)X=
�� → 0 in law as =→ ∞ and both

{+0
=, 9

}bg/X=c
9=1 and {+ 1

=, 9
}bg/X=c
9=1 are tight.

These conditions ensure that the entries of "= are consistent with the soft edge scaling. As we
saw when building canonical systems out of Jacobi matrices in §2.5, the first entry of the matrix
is what fixes the left boundary condition of the associated canonical system. To ensure that the
boundary conditions for"=+ U=

X2
=
�1�

T
1 are consistent when = grows, we add the following hypothesis.

Hypothesis 3.2. X−1
= (1 + U=) → cot q in law as =→ ∞ for a deterministic q ∈ [0, c].

Remark. In particular, this is automatically satisfied with q = 0 if U= = 0 for all =.
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Canonical system representation. As a random Jacobi matrix,"= (or equivalently"=+ U=
X2
=
�1�

T
1 )

can be represented as a canonical system following the method from §2.5. To do so, we must fix
two extra entries 0=,0 := −1/X2

= and 0=,= := −1. Then, we introduce a pair fV,=, gV,= of fundamental
solutions to the three-term recurrence

Iℎ 9 = 0=, 9−1ℎ 9−1 + 1=, 9ℎ 9 + 0=, 9ℎ 9+1 for 9 ∈ {1, . . . , =} (3.11)

for I = 0, with initial conditions fV,=,0 = fV,=,1 = 1, gV,=,0 = 0 and gV,=,1 = X=. These initial condi-
tions are chosen to reproduce those of the solutions fV and gV from the stochastic Airy operator’s
coefficient matrix (3.4). Note that these solutions have Wronskian

0(gV,=, fV,=) = 00(gV,=,0fV,=,1 − gV,=,1fV,=,0) =
1
X=
.

As in §2.5, we can use these solutions to define a discrete canonical systemwhich can be extended to
continuous time by setting the coefficient matrix as being constant on chosen intervals. Taking the
time steps to be given by the sequence C 9 := 9X=, this results in a canonical system �D′ = −I�V,=D
on [0, C=) with coefficient matrix

�V,= ≡
(

g2
V,=, 9

fV,=, 9gV,=, 9
fV,=, 9gV,=, 9 f2

V,=, 9

)
on [C 9−1, C 9 ). (3.12a)

Note that under Hypothesis 3.1, C= → ∞. This canonical system is equivalent to the eigenvalue
equation (3.11) in the sense that a solution D : [0, C=) → ℂ2 must satisfy D(C 9 ) = �−1

V,=, 9
�9 for

�V,=, 9 :=

(
gV,=, 9+1 fV,=, 9+1

−0=, 9gV,=, 9 −0=, 9 fV,=, 9

)
and �9 :=

(
ℎ 9+1

−0=, 9ℎ 9

)
for an ℎ solving (3.11).

To make the canonical system fully equivalent to the eigenvalue equation for "= + U=
X2
=
�1�

T
1 , it

remains to implement the appropriate boundary conditions. Since the stochastic Airy operator is
defined on [0,∞) and is limit point at infinity, it is slightly more convenient to extend the above
canonical system’s domain to [0,∞) by embedding the boundary condition at C= into the system,
effectively making it limit point at infinity as well. Following the method from §2.5.4, we extend
the domain to [0,∞) by setting

�V,= ≡
(

g2
V,=,=+1 fV,=,=+1gV,=,=+1

fV,=,=+1gV,=,=+1 g2
V,=,=+1

)
on [C=,∞). (3.12b)

As seen in §2.5.4, this makes the system limit point at infinity, and the integrability condition on
solutions acts as a boundary condition that reproduces the action of the lower right corner of "= +
U=
X2
=
�1�

T
1 on its eigenvectors.
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At 0, the boundary condition that needs to be added is given by (2.30). The resulting boundary
condition can be written as

u∗=�D(0) = 0 for u= :=

(
1/X2

= + U=/X2
=

−U=/X=

)
=

1
X=

(
X−1
= (1 + U=)

1 − (1 + U=)

)
. (3.13)

Note that any scaling of the vector u= can also be used instead of u= itself without changing the
boundary condition. This will be convenient later to see how the boundary condition changes as =
grows. In fact, we immediately see that if U= satisfies Hypothesis 3.2, then X=u= → (cot q, 1) in
law if |cot q| < ∞ or X2

= (1 + U=)−1u= → (1, 0) in law if cot q = ±∞.
Thus, by construction, if an integrable solution D : [0,∞) → ℝ2 to the canonical system with

coefficient matrix (3.12) and spectral parameter I ∈ ℝ satisfies the left boundary condition (3.13),
then one can extract an eigenvector ℎ ∈ ℝ= of "= + U=

X2
=
�1�

T
1 from D by taking ℎ 9 to be the first entry

of �V,=, 9−1D(C 9−1) for each 9 ∈ {1, . . . , =}. By the computation from §2.5.3, the norms of D and ℎ
are related by ‖D‖2

�V,=
= X=‖ℎ‖2

2.

Convergence to the stochastic Airy operator. In this setup, we will show that the canonical
system for "= converges vaguely to that of the stochastic Airy operator.

Theorem 3.8. Suppose that the =× = tridiagonal random matrix "= from (3.10) satisfies Hypoth-
esis 3.1. Let �V,= denote the coefficient matrix (3.12) of the associated canonical system, and let
�V denote the coefficient matrix (3.4) of the stochastic Airy operator’s canonical system. Then
�V,=

law−−→ �V vaguely on [0,∞).

As a corollary of this result, we also obtain the following.

Corollary 3.8.1. In the setting of Theorem 3.8, let )�V,=
, )�V

: [0,∞) × ℂ → ℂ2×2 denote the
canonical systems’ transfer matrices. Then )�V,=

law−−→ )�V
compactly on [0,∞) × ℂ, jointly with

the convergence of coefficient matrices.

Under Hypothesis 3.2, the boundary conditions for "= + U=
X2
=
�1�

T
1 are consistent in the limit,

so this also extends to the Weyl–Titchmarsh functions and spectral measures of these canonical
systems.

Corollary 3.8.2. In the setting of Theorem 3.8, suppose additionally that Hypothesis 3.2 holds.
Let <u=

�V,=
, <

q

�V
: ℍ → ℍ∞ denote the Weyl–Titchmarsh functions of �V,= and �V with boundary

conditions u∗=�D(0) = 0 and 4∗
q
�D(0) = 0 respectively, with u= as in (3.13). Then <u=

�V,=

law−−→ <
q

�V

compactly on ℍ, jointly with both coefficient and transfer matrices. In particular, if `u=

�V,=
and

`
q

�V
are the spectral measures associated with <u=

�V,=
and <q

�V
, then `u=

�V,=

law−−→ `
q

�V
vaguely, also

jointly with coefficient and transfer matrices and Weyl–Titchmarsh functions.
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It should be noted that while these results do give an interesting operator level picture of tridi-
agonal random matrix models scaled at the soft edge, the convergence of the spectral measures
proven in Corollary 3.8.2 does not directly imply the convergence of the associated eigenvalues
point processes, and therefore it does not recover the results of [7, 60] mentioned earlier (in partic-
ular in Theorem 1.1). Indeed, as discussed in a general setting in §2.2.2.2, even though the spectral
measures `u=

�V,=
converge to the spectral measure `q

�V
of the Airy system, at this point nothing rules

out the possibility that atoms of `u=

�V,=
merge or that their spectral weights vanish in the limit. Being

able to deduce the point process convergence from Corollary 3.8.2 would require a more careful
analysis of the spectral weights, possibly along the lines of what we saw in Proposition 2.18 for
systems that are limit circle at both endpoints.

3.1.3.2 Proof of the canonical system convergence

In this section, we prove Theorem 3.8 and its corollaries. To do so, we actually prove that, under
an appropriate coupling, the solutions that appear in the coefficient matrix of the finite-= canonical
system converge compactly in probability to those of the limit canonical system. We prove this by
comparing the solutions at the discrete times where the solutions of the finite-= system jump.

To carry out this proof, we need to be able to control the growth of the solutions to Vℎ = 0 in
order to bound error terms easily. Thus, we start by proving the following lemma.

Lemma 3.9. Let ℎ solve Vℎ = 0. For any Y, X > 0, there is a � > 0 such that

ℙ

[
∀C ≥ 0, |ℎ(C) | ≤ exp

(
� (1 + C)3/2+X) ] ≥ 1 − Y

and

ℙ

[
∀C ≥ 0, |ℎ[1] (C) | ≤

√
1 + C exp

(
� (1 + C)3/2+X) ] ≥ 1 − Y.

Proof. Let ((C) := (1+C)1/4, and define two real-valued processes A and b such that 4A+8b = (ℎ+ 8ℎ[1]

(
.

Then (slightly abusing notation and writing C for the map C ↦→ C)

A′42A =
1
2

(
(2ℎ2 + ℎ[1]

2

(2

)′
= (′(ℎ2 + (2ℎ

(
ℎ[1] + 2

√
V
�ℎ

)
+ ℎ[1]

(2

(
− 2
√
V
�ℎ[1] +

(
C − 4

V
�2

)
ℎ

)
− (′ℎ[1]

2

(3

=

((′
(
+ 2
√
V
�

) (
(2ℎ2 − ℎ[1]

2

(2

)
+

(
(2 + C

(2 − 4
V(2�

2
)
ℎℎ[1] .

In the rightmost factors of these two terms, we recognize the expressions of 42A cos 2b and 1
24

2A sin 2b
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respectively. Expliciting the expression of (, this gives

A′(C) =
( 1
4(1 + C) +

2
√
V
�(C)

)
cos 2b (C) +

(1
2
√

1 + C − 1
2
√

1 + C
− 2
V
√

1 + C
�2(C)

)
sin 2b (C).

This allows us to get the desired control over ℎ from properties of Brownian motion. The property
that we need here, which follows from Proposition A.1, is that for any Y, X > 0, there is a � > 0
such that

ℙ

[
∀C ≥ 0, |�(C) | ≤ � (1 + C)1/2+X

]
≥ 1 − Y.

On that event, integrating the expression for A′(C) yields

A (C) ≤ A (0) + 1
4

log(1 + C) + � (1 + C)3/2+X

for a different � > 0. Since |ℎ | = (−14A and |ℎ[1] | = (4A , this implies the announced result. �

We now show that under Hypothesis 3.1, the solutions to the three-term recurrence (3.11) with
I = 0 converge to solutions to Vℎ = 0 with matching initial conditions. The canonical system
convergence will be a consequence of this result.

Lemma 3.10. Suppose that the matrices "= from (3.10) satisfy Hypothesis 3.1. Then, there is a
coupling of the matrices "= with the stochastic Airy operator V under which if ℎ= solves the
three-term recurrence (3.11) with deterministic initial conditions ℎ=,0, ℎ=,1 ∈ ℝ such that

h0 := lim
=→∞

ℎ=,0 and h′0 := lim
=→∞

ℎ=,1 − ℎ=,0
X=

both exist, then the function C ↦→ ℎ=,bC/X=c converges compactly in probability to the solution ℎ to
Vℎ = 0 with initial conditions ℎ(0) = h0, ℎ′(0) = h′0.

Remark. One might expect that it should not be hard to generalize this result to solutions to the
eigenvalue equations for nonzero spectral parameters and to possibly random initial conditions.
However, nothing would really be gained from doing so, as such generalizations will directly follow
from the compact convergence of transfer matrices in Corollary 3.8.1.

Proof. We start by introducing the coupling in question. By condition ii) of Hypothesis 3.1, the
process = (C) := ∑bC/X=c

9=1 Δ/=, 9 converges compactly in law to a Brownian motion. Hence, by Sko-
rokhod representation, there is a coupling of the =’s such that = → � compactly in probability.
Our goal is now to show that under this coupling, ℎ=,b·/X=c → ℎ compactly in probability.

Since ℎ is continuous and X= → 0, by definition of the functions ℎ=,b·/X=c it is clear that it suffices
to compare ℎ( 9X=) with ℎ=, 9 for 9 ≤ g/X= where g > 0 remains arbitrary. From this observation, the
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idea of the proof is simple: starting from recurrences for ℎ and ℎ=,b·/X=c at times 9X=, we obtain a
recurrence for the difference between them and use it to propagate the error throughout the interval
[0, g], corresponding to roughly g/X= iterations. From this, we show that the difference between the
two solutions vanishes uniformly on compacts as =→ ∞.

To facilitate the handling of error terms throughout the proof, we work on a good event on which
we can control the errors deterministically. To this end, let g, Y, X > 0. By Lemma 3.9, properties
of Brownian motion, and Hypothesis 3.1, there are �,�′ > 0 as well as Y= > 0 with Y= ↓ 0 such
that the event

�=,g,Y :=
{

sup
C∈[0,g]

(
|ℎ(C) | ∨ |ℎ[1] (C) |

)
≤ �

}
∩

{
sup

C,B∈[0,g]
|�(C) − �(B) | ≤ �′|C − B |1/2−X

}
∩

{
sup
C∈[0,g]

|= (C) − �(C) | ≤ Y=
}
∩

{
max

1≤ 9≤g/X=

(
|+0=, 9 | ∨ |+ 1=, 9 |

)
≤ �

}
∩

{
max

1≤ 9≤g/X=
|Δ/0=, 9 | ≤ Y=

}
∩

{
max

1≤ 9≤g/X=

��+0=, 9−1 ++
1
=, 9 ++0=, 9 − ( 9 − 1)X=

�� ≤ Y=}
(3.14)

has ℙ(�=,g,Y) ≥ 1−Y for all = large enough. Without loss of generality, we may assume that X= ≤ Y=
for all = large enough, since it is clear that the Y=’s could be replaced with a sequence that converges
more slowly to zero.

We start by finding recurrences for ℎ and ℎ[1] . To simplify notation, write C 9 := 9X=. Our
starting point is

ℎ(C 9 ) = ℎ(C 9−1) + X=ℎ′(C 9−1) +
∫ C 9

C 9−1

(
ℎ′(C) − ℎ′(C 9−1)

)
dC.

Since the quasi-derivative ℎ[1] = ℎ′ − 2√
V
�ℎ is absolutely continuous, we know that ℎ′ has mod-

ulus of continuity dominated by that of Brownian motion. Hence, on �=,g,Y, it is (1/2 − X)-Hölder
continuous, and it follows that for 9 ≤ g/X=,���∫ C 9

C 9−1

(
ℎ′(C) − ℎ′(C 9−1)

)
dC

��� ® ∫ C 9

C 9−1

(C − C 9−1)1/2−X dC ® X
3/2−X
=

where the implicit constants depend on g and Y. Thus, for all 9 ≤ g/X=,

ℎ(C 9 ) = ℎ(C 9−1) + X=
(
ℎ[1] (C 9−1) +

2
√
V
�(C 9−1)ℎ(C 9−1)

)
+$g,Y

(
X

3/2−X
=

)
. (3.15a)

We can obtain a similar recurrence for ℎ[1] using thatVℎ = 0, which gives an expression for ℎ[1]′.
Indeed, we can still write

ℎ[1] (C 9 ) = ℎ[1] (C 9−1) + X=ℎ[1]
′(C 9−1) +

∫ C 9

C 9−1

(
ℎ[1]

′(C) − ℎ[1]′(C 9−1)
)
dC,
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and because ℎ[1]′(C) = − 2√
V
�(C)ℎ[1] (C) +

(
C − 4

V
�2(C)

)
ℎ(C), the modulus of continuity of ℎ[1]′ is

dominated by that of Brownian motion. Hence, in the same way as above, the remaining integral is
again $g,Y (X

3/2−X
= ) on�=,g,Y, and it follows that for all 9 ≤ g/X=,

ℎ[1] (C 9 ) = ℎ[1] (C 9−1) − X=
(

2
√
V
�(C 9−1)ℎ[1] (C 9−1) −

(
C 9−1 −

4
V
�2(C 9−1)

)
ℎ(C 9−1)

)
+$g,Y

(
X

3/2−X
=

)
.

(3.15b)
We now want to find similar recurrences as (3.15), but for the discrete case. To do so, we

introduce a discrete analog of the quasi-derivative associated with the stochastic Airy operator,

ℎ
[1]
=, 9

:=
ℎ=, 9+1 − ℎ=, 9

X=
− 2
√
V
= (C 9 )ℎ=, 9 +

2
√
V
Δ/0=, 9ℎ=, 9 . (3.16)

The last term does not have a counterpart in the continuum setting, and is merely included here for
technical convenience. It corresponds to an error that would otherwise telescope out when summed,
but including it here lets us control it through our inductive argument.

On �=,g,Y and with 9 ≤ g/X=, the expression of the discrete analog of the quasi-derivative can
immediately be reversed into the recurrence

ℎ=, 9 = ℎ=, 9−1 + X=
(
ℎ
[1]
=, 9−1 +

2
√
V
�(C 9−1)ℎ=, 9−1

)
+$g,Y

(
X=Y=

)
ℎ=, 9−1. (3.17a)

Now, writing the coefficients 0=, 9 and 1=, 9 under the form of Hypothesis 3.1, the three-term
recurrence (3.11) for ℎ= with I = 0 becomes

0 = −
ℎ=, 9+1 − 2ℎ=, 9 + ℎ=, 9−1

X2
=

+ 2
√
VX=

(
Δ/0=, 9−1ℎ=, 9−1 + Δ/1=, 9ℎ=, 9 + Δ/0=, 9ℎ=, 9+1

)
++0=, 9−1ℎ=, 9−1 ++ 1=, 9ℎ=, 9 ++0=, 9ℎ=, 9+1

= −
ℎ
[1]
=, 9

− ℎ[1]
=, 9−1

X=
+ 2
√
VX=

(
Δ/0=, 9ℎ=, 9 + Δ/1=, 9ℎ=, 9 + Δ/0=, 9ℎ=, 9+1 −= (C 9 )ℎ=, 9 += (C 9−1)ℎ=, 9−1

)
++0=, 9−1ℎ=, 9−1 ++ 1=, 9ℎ=, 9 ++0=, 9ℎ=, 9+1.

Since = (C 9 )ℎ=, 9 −= (C 9−1)ℎ=, 9−1 = Δ/=, 9ℎ 9 += (C 9−1) (ℎ=, 9 − ℎ=, 9−1), this reduces to

0 = −
ℎ
[1]
=, 9

− ℎ[1]
=, 9−1

X=
− 2
√
V
= (C 9−1)ℎ[1]=, 9−1 −

4
V
2
= (C 9−1)ℎ=, 9−1 ++0=, 9−1ℎ=, 9−1 ++ 1=, 9ℎ=, 9 ++0=, 9ℎ=, 9+1

+ 2
√
VX=

Δ/0=, 9 (ℎ=, 9+1 − ℎ=, 9 ) +
4
V
Δ/0=, 9−1= (C 9−1)ℎ=, 9−1.

Using the recurrence (3.17a) for ℎ= to control the error terms, it follows that on�=,g,Y for 9 ≤ g/X=,

ℎ
[1]
=, 9

= ℎ
[1]
=, 9−1 − X=

(
2
√
V
�(C 9−1)ℎ[1]=, 9−1 −

(
C 9−1 −

4
V
�2(C 9−1)

)
ℎ=, 9−1

)
+$g,Y

(
X=Y=

)
ℎ
[1]
=, 9−1 +$g,Y

(
X=Y=

)
ℎ=, 9−1 +$g,Y

(
X=Y=

)
ℎ
[1]
=, 9

+$g,Y

(
X=Y=

)
ℎ=, 9 .

(3.17b)
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To compare the solutions ℎ= and ℎ, we set Δ=, 9 := ℎ(C 9 ) − ℎ=, 9 and Δ
[1]
=, 9

:= ℎ[1] (C 9 ) − ℎ[1]=, 9 , and
we take the differences of (3.15a) and (3.17a) and of (3.15b) and (3.17b) to get

Δ=, 9 = Δ=, 9−1 + X=
(
Δ
[1]
=, 9−1 +

2
√
V
�(C 9−1)Δ=, 9−1

)
+$g,Y (X=Y=)Δ=, 9−1 +$g,Y (X=Y=)

and

Δ
[1]
=, 9

= Δ
[1]
=, 9−1 − X=

(
2
√
V
�(C 9−1)Δ[1]

=, 9−1 −
(
C 9−1 −

4
V
�2(C 9−1)

)
Δ=, 9−1

)
+$g,Y (X=Y=)

+$g,Y (X=Y=)Δ[1]
=, 9−1 +$g,Y (X=Y=)Δ=, 9−1 +$g,Y (X=Y=)Δ[1]

=, 9
+$g,Y (X=Y=)Δ=, 9

where we are assuming that X3/2−X
= = $ (X=Y=), which we can certainly do by increasing Y= if nec-

essary. This means that if Δ̂=, 9 := max0≤:≤ 9
(
|Δ=,: | ∨ |Δ[1]

=,:
|
)
, then(

1 +$g,Y (X=Y=)
)
Δ̂=, 9 ≤

(
1 +$g,Y (X=)

)
Δ̂=, 9−1 +$g,Y (X=Y=),

and therefore there are constants �̂, �̂′ > 0 (depending on g and Y) such that on�=,g,Y for all 9 ≤ g/X=,

Δ̂=, 9 ≤ (1 + �̂X=)Δ̂=, 9−1 + �̂′X=Y=.

A simple inductive argument then shows that

Δ̂=, 9 ≤ (1 + �̂X=) 9 Δ̂=,0 + �̂′X=Y=
9−1∑
:=0

(1 + �̂X=): ≤ (1 + �̂X=) 9
(
Δ̂=,0 +

�̂′Y=

�̂

)
.

Taking 9 = bg/X=c, the prefactor remains bounded as = increases, so because Δ̂=,0 → 0 by the
hypothesis on the initial conditions, this shows that Δ̂=,bg/X=c → 0 in probability as = → ∞ and
completes the proof. �

The vague convergence of the canonical systems’ coefficient matrices announced in Theo-
rem 3.8 is really a consequence of this lemma.

Proof of Theorem 3.8. Recall from (3.4) and (3.12) that the coefficient matrices �V and �V,= asso-
ciated with V and "= are respectively given by

�V =

(
g2
V

fVgV
fVgV f2

V

)
and �V,= (C) =

(
g2
V,=,bC/X=c fV,=,bC/X=cgV,=,bC/X=c

fV,=,bC/X=cgV,=,bC/X=c f2
V,=,bC/X=c

)
for C ∈ [0, =X=), where fV and gV solve VfV = VgV = 0 with f′

V
(0) = gV (0) = 0 and fV (0) =

g′
V
(0) = 1, and where fV,= and gV,= solve the three-term recurrence (3.11) with I = 0 and initial
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conditions fV,=,0 = fV,=,1 = 1, gV,=,0 = 0 and gV,=,1 = X=. The initial conditions for these two pairs
of solutions match: fV,=,0 = fV (0) and gV,=,0 = gV (0), and

fV,=,1 − fV,=,0
X=

= f′V (0) and
gV,=,1 − gV,=,0

X=
= g′V (0).

Therefore, Lemma 3.10 shows that as = → ∞, fV,=,b·/X=c → fV and gV,=,b·/X=c → gV compactly in
probability with respect to the coupling from the lemma. Since =X= → ∞, any compact subset of
[0,∞) is eventually contained in the domain on which the above representation of �V,= is valid, and
it follows that �V,= → �V vaguely on [0,∞) in probability under this coupling. �

It is now easy to deduce the convergence of transfer matrices and Weyl–Titchmarsh functions.

Proof of Corollary 3.8.1. By Lemma 3.9, for any g, Y > 0 there is an 5g,Y ∈ !1 [0, g] such that
tr�V ≤ 5g,Y on [0, g] with probability at least 1 − Y. Working on the coupling from Lemma 3.10,
the lemma implies that tr�V,= → tr�V compactly in probability, so it is also true that for any
g, Y > 0, there is a 6g,Y ∈ !1 [0, g] such that tr�V,= ≤ 6g,Y on [0, g] with probability at least 1 − Y.
Hence, for any g > 0, �V,= → �V vaguely on [0, g] in probability, and the above control on the
traces implies that )�V,=

→ )�V
compactly on [0, g] × ℂ in probability by continuity of the map

from coefficient to transfer matrices on trace-dominated sets (i.e., Proposition 2.25). Because g is
arbitrary in (0,∞), it follows from Proposition 2.24 that )�V,=

→ )�V
compactly on [0,∞) × ℂ in

probability.
Since �V,= → �V and )�V,=

→ )�V
in probability under the same coupling, it follows that

�V,= → �V and )�V,=
→ )�V

jointly in law. �

Proof of Corollary 3.8.2. Suppose first that U= = 0 so that X2
=u= = 40. Then 40 can equivalently be

used to define the boundary condition at 0 for �V,=. Then by the continuity of the map from transfer
matrices to Weyl–Titchmarsh functions from Theorem 2.13, the convergence of transfer matrices
from Corollary 3.8.1 implies that <0

�V,=
→ <0

�V
in law.

Let’s return to the general case of Hypothesis 3.2. Write q= ∈ [0, c] for the (random) angle
such that 4q= = ±‖u=‖−1

2 u=, so that <q=
�V,=

= <
u=

�V,=
. Now, Hypothesis 3.2 implies that

4q= = ± u=

‖u=‖2
=

±1√
X−2
= (1 + U=)2 + U2

=

(
X−1
= (1 + U=)

−U=

)
law−−→ 4q.

Since the convergence is to a constant, it holds jointly with the convergence <0
�V,=

→ <0
�V

proven
above. Since <q=

�V,=
= '−q=<

0
�V,=

and <q

�V
= '−q<0

�V
where '\ denotes the rotation matrix with

columns 4\ and �4\ (see the remark below Definition 2.11), it follows that <q=
�V,=

→ <
q

�V
in law.

The convergence of the spectral measures is then a consequence of the continuity of the Herglotz
representation of the Weyl–Titchmarsh functions.
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To conclude the proof, note that as we have seen in the proofs of Theorem 3.8 and Corol-
lary 3.8.1, the convergence of coefficient and transfer matrices holds in probability under the cou-
pling from Lemma 3.10. Under this coupling, the above argument actually shows that the conver-
gence of Weyl–Titchmarsh functions and spectral measures holds in probability, and thus all of the
distributional convergences hold jointly. �

3.1.3.3 Application to the Hermite and Laguerre #-ensembles

The results of §3.1.3.1 can easily be applied to specific random matrix models for V-ensembles by
checking whether they satisfy Hypotheses 3.1 and 3.2. In order to verify condition ii) of Hypothe-
sis 3.1 in practice, one method is to verify that the increments of  are independent and centered
with appropriate higher moments, and use a martingale central limit theorem to deduce the con-
vergence of the process. As this can work in several cases—and in particular for the Hermite and
Laguerre V-ensembles—we state this as a separate result.

Lemma 3.11. In the notation of Hypothesis 3.1, the process = converges compactly in law to a
standard Brownian motion whenever its increments can be decomposed as Δ/=, 9 =: Δ/̂=, 9 +Δ/̌=, 9
so that theΔ/̂=, 9 ’s are independent with�Δ/̂=, 9 = 0, �Δ/̂2

=, 9
= X=+>g (X=) and�Δ/̂4

=, 9
= >g (X=)

for all 9 ≤ g/X= with any g > 0, and so that the process ̌= (C) := ∑bC/X=c
9=1 Δ/̌=, 9 converges compactly

to 0 in law.

Proof. Since ̌= → 0 compactly in law, it suffices to show that the other part of =, namely the
process ̂= (C) := ∑bC/X=c

9=1 Δ/̂=, 9 , converges compactly in law to a standard Brownian motion.
Because the increments Δ/̂=, 9 are independent with �Δ/̂=, 9 = 0 and finite variance, ̂= is

a martingale, and by definition it is càdlàg. By the martingale central limit theorem (the precise
formulation we use here is that from Ethier and Kurtz [32, Theorem 7.1.4]) together with Lévy’s
characterization of Brownian motion, it suffices to show that 〈̂=〉(C) → C in probability for all
C ≥ 0 and that for all g > 0, �max1≤ 9≤g/X= Δ/̂

2
=, 9

→ 0.
The predictible quadratic variation of ̂= is directly seen to be 〈̂=〉(C) =

∑bC/X=c
9=1 �Δ/̂2

=, 9
from

its discrete structure. Thus, the secondmoment assumption on its increments implies that 〈̂=〉(C) =
C + >g (1) for any g > 0.

We can then check that �max1≤ 9≤g/X= Δ/̂
2
=, 9

→ 0 for all g > 0 using Markov’s inequality.
Indeed, for any G > 0,

� max
1≤ 9≤g/X=

Δ/̂2
=, 9 ≤ G +

bg/X=c∑
9=1

∫ ∞

G

ℙ[Δ/̂2
=, 9 > H] dH ≤ G +

bg/X=c∑
9=1

�Δ/̂4
=, 9

G
.

By the fourth moment assumption, there is an Y= = >g (X=) such that �Δ/̂4
=, 9

≤ Y= for all 9 ≤ g/X=.
Taking G = ( gY=

X=
)1/2, the above is bounded by 2( gY=

X=
)1/2 → 0. �
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Application to the Hermite #-ensemble. As we have seen in the introduction, the Hermite V-
ensemble is the point process with density given by (1.1) for the potential + (_) = _4/4, and it can
be realized as the eigenvalue point process of the tridiagonal random matrix

HV,= :=
1
√
V

©­­­­­­«

√
2b=,1 -=,1

-=,1
. . .

. . .

. . .
. . . -=,=−1

-=,=−1
√

2b=,=

ª®®®®®®¬
where

b=, 9 ∼  (0, 1)
-=, 9 ∼ j(=− 9)V,

with all b=, 9 ’s and -=, 9 ’s independent [24]. Here, we consider a perturbed version of this tridiagonal
model: HV,= − U=

√
=�1�

T
1 for a perturbation parameter U= ∈ ℝ. From [30, 60], we know that

=
1/6 (2√= − HV,= + U=

√
=�1�

T
1
)

(3.18)

has a soft edge scaling with time step X= := =−1/3, that is, it should be a discrete-time approximation
of the stochastic Airy operator with this time step. This matrix model has a canonical system
representation with coefficient matrix of the form (3.12), which has the same spectrum as the matrix
when given the boundary condition (3.13) at 0.

It is easy to verify that this matrix model satisfies Hypothesis 3.1, and that Hypothesis 3.2 is
satisfied as well when the perturbation U= has the right form.

Proposition 3.12. The matrix =1/6
(
2
√
=−HV,=+U=

√
=�1�

T
1
)
satisfies Hypothesis 3.1 with X= = =−1/3.

Moreover, if =1/3(1 + U=) → cot q in law for some (deterministic) q ∈ [0, c], then Hypothesis 3.2
is satisfied as well.

It directly follows from Proposition 3.12 and Theorem 3.8 that the associated canonical system
converges vaguely on [0,∞) in law to the canonical system for the stochastic Airy operator, and
then from Corollary 3.8.1 that the canonical systems’ transfer matrices converge compactly on
[0,∞)×ℂ in law. When the perturbation U= has the right form, it also follows from Corollary 3.8.2
that theWeyl–Titchmarsh functions converge compactly onℍ in law, and that the spectral measures
converge vaguely in law. In particular, this proves the parts of Theorems 1.5 and 1.7 about the
Hermite V-ensemble.

To prove Proposition 3.12, we use Lemma 3.11, which reduces most of the problem to com-
puting moments of the matrix entries. Thus, we need expressions for the moments of j random
variables. The following result is elementary, and can easily be proven using basic properties of the
Gamma function together with Stirling’s approximation.
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Proposition 3.13. Let - be a j: -distributed random variable for a : ∈ ℕ. Then

� - =
√
: − 1

4
√
:
+$ (:−3/2),

and � -2ℓ =
∏ℓ−1
<=0(: + 2<) and � -2ℓ+1 = � -

∏ℓ−1
<=0(: + 2< + 1) for ℓ ∈ ℕ.

We now turn to the proof of Proposition 3.12.

Proof of Proposition 3.12. Note that the condition on U= is just the condition of Hypothesis 3.2
with X= = =−1/3, so only Hypothesis 3.1 really needs to be verified.

The matrix entries are 0=, 9 = − 1√
V
=

1/6-=, 9 and 1=, 9 = 2=2/3 −
√

2
V
=

1/6b=, 9 , which can be written
as in Hypothesis 3.1 with X= = =−1/3,

0=, 9 = −=2/3 + 2
√
V
=

1/3Δ/0=, 9 ++0=, 9 and 1=, 9 = 2=2/3 + 2
√
V
=

1/3Δ/1=, 9 ++ 1=, 9

for
Δ/0=, 9 = −1

2
=
−1/6(-=, 9 − � -=, 9 ), Δ/1=, 9 = − 1

√
2
=
−1/6b=, 9 ,

+0=, 9 = =
2/3 − =

1/6

√
V
� -=, 9 + 1=, 9 = 0.

Out of the three conditions of Hypothesis 3.1, i) is obvious. To verify iii), note that by Proposi-
tion 3.13, if g > 0 and 9 ≤ g=1/3 then � -=, 9 =

√
(= − 9)V +$g (=−1/2) =

√
=V (1− 9/2=) +$g (=−1/2).

Hence,+0
=, 9

= 1
2 9=

−1/3+$g (=−1/3), which implies both that {+0
=, 9

}bg/X=c
9=1 is tight and that+0

=, 9−1++
0
=, 9

=

( 9 − 1)=−1/3 +$g (=−1/3) so that iii) holds.
To verify ii), we use Lemma 3.11. Write Δ/̂=, 9 := Δ/=, 9 = 2Δ/0

=, 9
+ Δ/1

=, 9
(so that in the

notation of Lemma 3.11, ̌= ≡ 0). Then indeed �Δ/̂=, 9 = 0, and if 9 ≤ g=
1/3 for a g > 0, then

Var -=, 9 = 1/2 +$g (1/=) by Proposition 3.13 so

�Δ/̂2
=, 9 = =

−1/3 Var -=, 9 +
1
2
=
−1/3 Var b=, 9 = =

−1/3 +$g (=−4/3).

Moreover, �|Δ/1
=, 9

|4 = 3
4=

−2/3 and one can easily verify from Proposition 3.13 that �|Δ/0
=, 9

|4 =

$g (=−2/3) for 9 ≤ g=
−1/3, so �Δ/̂4

=, 9
≤ 8(16�|Δ/0

=, 9
|4 + �|Δ/1

=, 9
|4) = $g (=−2/3) by Young’s in-

equality. All of the conditions are thus satisfied for Lemma 3.11 to show that = converges in law
to a standard Brownian motion. To finish to check that condition ii) holds, it only remains to show
that �max1≤ 9≤g/X= |Δ/0=, 9 | → 0 and �max1≤ 9≤g/X= |Δ/1=, 9 | → 0, and this follows from Markov’s
inequality together with the bounds �|Δ/0

=, 9
|4 = $g (=−2/3) and �|Δ/1

=, 9
|4 = $g (=−2/3), in a similar

way as in the proof of Lemma 3.11. �
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Application to the Laguerre #-ensemble. As we have seen in the introduction, the Laguerre V-
ensemble is the point process with density (1.1) with+ (_) = _

2−(
<−=+1

2 − 1
V
) log_where< > =−1 is

another parameter that is implicitly a function of =. It can be realized as the eigenvalue point process
of the tridiagonal random matrix LV,=LT

V,=
with LV,= as in (1.4) [24]. Here, to allow for a little more

generality, we rather consider the spiked model LV,=,ℓ=LT
V,=,ℓ=

for a perturbation parameter ℓ= > 0
that we have seen before in (1.6), where

LV,=,ℓ= :=
1
√
V

©­­­­­­«

√
ℓ= .=,1 -=,1

. . .
. . .

. . . -=,=−1

.=,=

ª®®®®®®¬
and

.=, 9 ∼ j(<− 9+1)V

-=, 9 ∼ j(=− 9)V

with all -=, 9 ’s and .=, 9 ’s independent. This reduces to the usual unspiked model when ℓ= = 1.
From [30, 60], we know that

X=
√
=< − 1

X2
=

√
=<

LV,=,ℓ=L
T
V,=,ℓ=

where X= :=
(
√
= +

√
< )2/3

=1/3<1/3
=

( 1
√
=
+ 1
√
<

)2/3

has a soft edge scaling with time step X=. As in the Hermite case, this matrix model has a canonical
system representation with coefficient matrix of the form (3.12), which has the same spectrum as
the matrix itself when given the boundary condition (3.13) at 0.

This matrix satisfies Hypothesis 3.1, and it satisfies Hypothesis 3.2 as well when the spike
parameter ℓ= has the right asymptotic behavior.

Proposition 3.14. The matrix X=
√
=< − (X2

=

√
=< )−1LV,=,ℓ=LT

V,=,ℓ=
satisfies Hypothesis 3.1 with

X= = (=−1/2 + <−1/2)2/3 and U= = (V
√
=< )−1(ℓ= − 1).2

=,1. Moreover, if the spike parameter ℓ=
is independent of .=,1 with �(ℓ= − 1)2 = >(=1/3) and is such that X−1

=

(
1 +

√
</= (ℓ= − 1)

)
→ cot q

in law for some (deterministic) q ∈ [0, c], then Hypothesis 3.2 is satisfied as well.

As in the Hermite case, Proposition 3.14 and Theorem 3.8 imply that the associated canonical
system converges vaguely on [0,∞) in law to the canonical system for the stochastic Airy operator,
and the convergence extends to transfer matrices by Corollary 3.8.1. When ℓ= has the right form for
Hypothesis 3.2 to be satisfied, the convergence further extends to Weyl–Titchmarsh functions and
spectral measures by Corollary 3.8.2. In particular, this proves the parts of Theorems 1.5 and 1.7
about the Laguerre V-ensemble.

Proof. Recall that< > =−1 so that =−1/3 < X= ≤ 2=−1/3, which in particular implies that condition i)
of Hypothesis 3.1 is satisfied. Moreover,

1 + U=
X=

=
1
X=

(
1 + (ℓ= − 1)

√
<

=

(
.2
=,1 − <V
<V

+ 1
))
.
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When the hypotheses on ℓ= are satisfied, the term X−1
= (ℓ= − 1) (V

√
=< )−1 (.2

=,1 − �.2
=,1

)
has mean

zero and its variance vanishes as = → ∞ since �(ℓ= − 1)2 = >(=1/3), so it converges to zero in
probability by Markov’s inequality. The other condition on ℓ= is then exactly what is needed for the
other term to converge to cot q so Hypothesis 3.2 holds.

Now, for 9 ≤ = − 1, the matrix entries are

0=, 9 = − 1
VX2

=

√
=<

-=, 9.=, 9+1 and 1=, 9 = X=
√
=< − 1

VX2
=

√
=<

(-2
=, 9 + .2

=, 9 ),

and they can be decomposed under the form of Hypothesis 3.1 with

Δ/0=, 9 = −
-=, 9.=, 9+1 − � -=, 9.=, 9+1

2X=
√
V=<

, Δ/1=, 9 = −
-2
=, 9

+ .2
=, 9

− �(-2
=, 9

+ .2
=, 9
)

2X=
√
V=<

,

+0=, 9 =
1
X2
=

−
� -=, 9.=, 9+1

VX2
=

√
=<

, + 1=, 9 = X=
√
=< − 2

X2
=

−
�(-2

=, 9
+ .2

=, 9
)

VX2
=

√
=<

.

By Proposition 3.13, � -2
=, 9

= (=− 9)V and�.2
=, 9

= (<− 9 +1)V, so because X3
==< = (

√
= +

√
< )2,

+ 1=, 9 =
1

X2
=

√
=<

(
X3
==< − 2

√
=< − = − < + 2 9 − 1

)
=

2 9 − 1
X2
=

√
=<

.

Then � -=, 9.=, 9+1 = V
√
(= − 9) (< − 9) +$

(
(= − 9)−1/2

)
, so if g > 0 then for all 9 ≤ g/X=,

+0=, 9 =
1

X2
=

√
=<

(√
=< −

√
=<

(
1 − 9

2=
− 9

2<

)
+$g (=−1/2)

)
=

9

2X2
=

(1
=
+ 1
<

)
+$g (=−1/3).

Therefore, both {+0
=, 9

}bg/X=c
9=1 and {+ 1

=, 9
}bg/X=c
9=1 are tight, and for all 9 ≤ g/X=,

+0=, 9−1 ++
0
=, 9 ++ 1=, 9 =

9 − 1
X2
=

(1
=
+ 1
<

+ 2
√
=<

)
+$g (=−1/3) = ( 9 − 1)X= +$g (=−1/3),

so condition iii) of Hypothesis 3.1 holds.
To check that condition ii) holds, we use Lemma 3.11 to show the convergence of = to a

Brownian motion. While checking the conditions for the lemma, we will also verify that �|Δ/0
=, 9

|4

and �|Δ/1
=, 9

|4 are both $g (=−2/3) for 9 ≤ g/X=, which implies that �max1≤ 9≤g/X= |Δ/0=, 9 | → 0 and
�max1≤ 9≤g/X= |Δ/1=, 9 | → 0 by Markov’s inequality, as in the proof of Lemma 3.11. Now, to use the
lemma, we split the increments Δ/=, 9 := 2Δ/0

=, 9
+ Δ/1

=, 9
as Δ/=, 9 = Δ/̂=, 9 + Δ/̌=, 9 where

Δ/̂=, 9 := −
(-=, 9 + .=, 9+1)2 − �(-=, 9 + .=, 9+1)2

2X=
√
V=<

and Δ/̌=, 9 :=
.2
=, 9+1 − .

2
=, 9

− �(.2
=, 9+1 − .

2
=, 9
)

2X=
√
V=<

.
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This decomposition ensures that # ↦→ ∑#
9=1 Δ/̂=, 9 is a martingale with independent increments.

For Lemma 3.11 to apply, we need to show that �Δ/̂2
=, 9

= X= + >g (X=) and �Δ/̂4
=, 9

= >g (X=) for
all 9 ≤ g/X= with g > 0. Now,

�
(
(-=, 9 + .=, 9+1)2 − �(-=, 9 + .=, 9+1)2)2

= 4�
(
-=, 9.=, 9+1 − � -=, 9.=, 9+1

)2

+ �
(
-2
=, 9 − � -2

=, 9

)2 + 4�
[ (
-2
=, 9 − � -2

=, 9

) (
-=, 9.=, 9+1 − � -=, 9.=, 9+1

) ]
+ �

(
.2
=, 9+1 − �.2

=, 9+1
)2 + 4�

[ (
.2
=, 9+1 − �.2

=, 9+1
) (
-=, 9.=, 9+1 − � -=, 9.=, 9+1

) ]
.

By Proposition 3.13, a j: -distributed random variable - satisfies � -2 = : , � -4 = : (: + 2) and
� -3 = (: + 1) � - . In particular, the variances of -2

=, 9
and .2

=, 9+1 are 2(= − 9)V and 2(< − 9)V,
and the covariances between -2

=, 9
and -=, 9.=, 9+1 and between .2

=, 9+1 and -=, 9.=, 9+1 are both equal
to � -=, 9.=, 9+1. Hence,

�
(
(-=, 9 + .=, 9+1)2 − �(-=, 9 + .=, 9+1)2)2

= 2V(= − 9) + 2V(< − 9) + 4V2(= − 9) (< − 9) − 4
(
� -=, 9.=, 9+1

)2 + 8� -=, 9.=, 9+1.

Then

� -=, 9.=, 9+1 = V
√
(= − 9) (< − 9) − 1

4

√
= − 9

< − 9
− 1

4

√
< − 9

= − 9
+$

(
(< − 9)1/2(= − 9)−3/2) , (3.19)

so finally

1
V
�

(
(-=, 9 + .=, 9+1)2 − �(-=, 9 + .=, 9+1)2)2

= 4
(√
= − 9 +

√
< − 9

)2
+$

(
(< − 9) (= − 9)−1) .

If g > 0, then with 9 ≤ g/X=, the 9’s can be dropped at the cost of adding an error term of
$g (<1/2=

−1/6), and this gives

�Δ/̂2
=, 9 =

(√
= +

√
<

)2

X2
==<

+$g

(
=
−4/3) +$g

(
<

−1/2=
−1/2) = X= + >g (X=).

To check that �Δ/̂4
=, 9

= >g (X=), we first use Young’s inequality to bound

�Δ/̂4
=, 9 ≤

1
2V2X4

==
2<2

(
�

(
-2
=, 9 + .2

=, 9+1 − �[-2
=, 9 − .2

=, 9+1]
)4

+ 16�
(
-=, 9.=, 9+1 − � -=, 9.=, 9+1

)4
)
.

Because -=, 9 and .=, 9+1 are independent, the first term is proportional to the fourth central moment
of a j2

(=+<−2 9)V, which is equal to 12(=+<−2 9)2V2+48(=+<−2 9)V. Hence, that term is$g (=−2/3)
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for 9 ≤ g/X=. Expanding the fourth central moment of -=, 9.=, 9+1 and using the basic properties of
j random variables that we used earlier, we get

�

(
-=, 9.=, 9+1 − � -=, 9.=, 9+1

)4
= (= − 9) (< − 9)V2 ((= − 9)V + 2

) (
(< − 9)V + 2

)
+

(
2(= − 9) (< − 9)V2 − 4(= − 9)V − 4(< − 9)V − 4

) (
� -=, 9.=, 9+1

)2 − 3
(
� -=, 9.=, 9+1

)4
.

From the expansion (3.19) of the first moment, it is now immediate to see that the terms of order
4 and 3 in = − 9 and < − 9 cancel out. Hence, this fourth central moment is $

(
(< − 9)2) , and

�Δ/̂4
=, 9

= $g (=−2/3) for 9 ≤ g/X=. We note in passing that the same arguments also show that
�|Δ/0

=, 9
|4 = $g (=−2/3) and �|Δ/1

=, 9
|4 = $g (=−2/3).

It remains to see that the other part of , namely ̌(C) := ∑bC/X=c
9=1 Δ/̌=, 9 , converges compactly

to 0 in probability. Because of its telescoping structure, for any : ,

:∑
9=1

Δ/̌=, 9 =
1

2X=
√
V=<

(
.2
=,:+1 − �.2

=,:+1 − .
2
=,1 + �.2

=,1
)
,

and it follows that for : ≤ g/X=,

�

( :∑
9=1

Δ/̌=, 9

)4
≤ 1

2V2X4
==

2<2

(
�

(
.2
=,:+1 − �.2

=,:+1
)4 + �

(
.2
=,1 − �.2

=,1
)4

)
= $g (=−2/3).

Hence, if Y ∈ (0, 1/12) then ℙ
[
max1≤:≤g/X=

��∑:
9=1 Δ/̌=, 9

�� > =
−1/12+Y] = $g (=−4Y) by Markov’s in-

equality, and ̌ → 0 uniformly on [0, g] in probability. This finishes to check the conditions on ̂
and ̌, and thus by Lemma 3.11, condition ii) of Hypothesis 3.1 is satisfied. �

3.2 The stochastic Bessel operator

This section is devoted to the stochastic Bessel operator. In §3.2.1, we review a few of its important
properties. In §3.2.2, we derive asymptotics to solutions of GV,0 5 = _ 5 as C → −∞ for _ > 0.
Finally, in §3.2.3, we prove the convergence of suitably scaled tridiagonal random matrix models
to the stochastic Bessel operator, at the canonical system level.

3.2.1 Basic properties of the stochastic Bessel operator

Recall fromDefinition 1.1 that the stochastic Bessel operatorGV,0, whichwas introduced byRamírez
and Rider in [58], is the random operator acting on a function 5 : [0,∞) → ℝ by sending it to

GV,0 5 = − 1
FV,0

(
?V,0 5

′)′
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where

?V,0 (C) := exp
(
−0C − 2

√
V
�(C)

)
and FV,0 (C) := exp

(
−(0 + 1)C − 2

√
V
�(C)

)
for two parameters V > 0 and 0 > −1, and where � is a standard Brownian motion. The idea from
this operator comes again from the work of Edelman and Sutton [30], although the formulation they
used was a bit different.

The stochastic Bessel operator is a generalized Sturm–Liouville operator of the form (2.15)
that we saw in §2.4—in fact, it is even a Sturm–Liouville operator in the classical sense. It has
parameters ? = ?V,0, F = FV,0 and @ = B = 0, so in particular the associated quasi-derivative
is 5 [1] := ?V,0 5

′, and it is well defined on the domain DGV,0
:=

{
5 ∈ ACloc(0,∞) : ?V,0 5 ∈

ACloc(0,∞)
}
.

Characterization of the kernel of the stochastic Bessel operator. An important property of
the stochastic Bessel operator is that its kernel can be computed explicitly. Indeed, a function
5 ∈ ACloc(0,∞) solves GV,0 5 = 0 if and only if (?V,0 5 ′)′ = 0, so the solutions are exactly the
functions 5 that make ?V,0 5 ′ constant. If that constant is zero, then 5 itself must be constant, and
otherwise 5 must be a constant plus a multiple of

sV,0 (C) :=
∫ C

0

1
?V,0 (B)

dB =
∫ C

0
exp

(
0B + 2

√
V
�(B)

)
dB. (3.20)

Hence, 1 and sV,0 are a pair of fundamental solutions to GV,0 5 = 0, and the general solution to
that equation is 5 = 5 (0) + 5 ′(0)sV,0.

Having explicit expressions for these solutions simplifies the analysis of this operator in some
aspects, at least from the canonical system point of view. In particular, we will see that it yields an
explicit representation of the equivalent canonical system’s coefficient matrix (3.24), as opposed to
the usual implicit representation of the form (2.19) one has for the coefficient matrix of a canonical
system equivalent to general Sturm–Liouville operator.

The spectrum of the stochastic Bessel operator and the Weyl alternative. The BesselV,0 point
process, which is defined to be the spectrum of the stochastic Bessel operator for boundary con-
ditions 5 (0) = 0 and limC→∞ ?V,0 (C) 5 ′(C) = 0, corresponds to the hard edge scaling limit of V-
ensembles. We have seen an example of this in Theorem 1.2 (taken from [58, Theorem 1]), which
shows that this spectrum is a scaling limit of the Laguerre V-ensemble, and this has been general-
ized to a wider class of potentials [63]. Moreover, when changing the boundary condition at 0, the
spectrum of the stochastic Bessel operator corresponds to the scaling limit of spiked versions of the
Laguerre V-ensemble [59].
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It is clear from the definition that the stochastic Bessel operator is always limit circle at 0.
However, as the following result shows, it is limit circle at infinity only if |0 | < 1. Hence, the
theory of generalized Sturm–Liouville operator shows that the boundary condition at infinity is not
necessary when 0 ≥ 1, as the operator is already self-adjoint. This is the content of the following
result.

Proposition 3.15 [54, Proposition 4]. GV,0 is a.s. limit circle at infinity if |0 | < 1, and a.s. limit
point at infinity if 0 ≥ 1.

Proof. By theWeyl alternative, it suffices to check the behavior of solutions toGV,0 5 = I 5 at a sin-
gle value of I ∈ ℂ. For simplicity, we take I = 0. As pointed out above, 1 andsV,0 are a pair of fun-
damental solutions to GV,0 5 = 0, and by definition of FV,0 it is clear that 1 ∈ !2 ((0,∞), FV,0 dℒ

)
a.s. in any case. Therefore, GV,0 is a.s. limit circle at infinity if sV,0 ∈ !2 ((0,∞), FV,0 dℒ

)
a.s.,

and it is a.s. limit point at infinity if sV,0 ∈ !2 ((0,∞), FV,0 dℒ
)
a.s.

We can analyse the behavior of sV,0 using the following property of Brownian motion (which
follows from Proposition A.1): for any Y > 0, there is a � > 0 such that

ℙ

[
∀C ≥ 0,

2
√
V
|�(C) | < � (1 + C3/4)

]
≥ 1 − Y. (3.21)

Moreover, for any X > 0 there is a ) > 0 such that � (1 + C3/4) ≤ XC for all C ≥ ) .
On the event from (3.21), if C ≥ ) with ) as above,

sV,0 (C) ≤
∫ )

0
40B+� (1+B

3/4) dB +
∫ C

)

4(0+X)B dB = �) +
4(0+X)C

0 + X

where

�) :=
∫ )

0
40B+� (1+B

3/4) dB − 4(0+X))

0 + X .

Therefore

‖sV,0‖2
FV,0

=

∫ ∞

0
s2
V,0 (C)FV,0 (C) dC

≤
∫ )

0

(∫ C

0
40B+� (1+B

3/4) dB
)2
4−(0+1)C+� (1+C3/4) dC +

∫ ∞

)

(
�) +

4(0+X)C

0 + X

)2
4−(0+1−X)C dC

≤ �′
) + 2�2

)

∫ ∞

)

4−(0+1−X)C dC + 2
(0 + X)2

∫ ∞

)

4−(1−0−3X)C dC

where�′
)
is the first term of the second line, and where the third line follows from Young’s inequal-

ity. If |0 | < 1 and X ∈ (0, 1−0
3 ), then this is finite, so ‖sV,0‖FV,0

< ∞ with probability at least 1 − Y
for any Y > 0. It follows that ‖sV,0‖FV,0

< ∞ a.s., which shows that GV,0 is a.s. limit circle at
infinity.
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With 0 > 1 and X ∈ (0, 0−1
3 ), essentially the same argument as above shows that GV,0 is a.s.

limit point at infinity. Indeed, on the event from (3.21), we now have for C ≥ ) that

sV,0 (C) ≥ �̃) +
4(0−X)C

0 − X where �̃) :=
∫ )

0
40B−� (1+B

3/4) dB − 4(0−X))

0 − X ,

and therefore

‖sV,0‖2
FV,0

≥
∫ ∞

)

(
�̃) +

4(0−X)C

0 − X

)2
4−(0+1+X)C dC

= �̃2
)

∫ ∞

)

4−(0+1+X)C dC + 2�̃)
0 − X

∫ ∞

)

4−(1+2X)C dC + 1
(0 − X)2

∫ ∞

)

4(0−1−3X)C dC,

which is infinite because the last integral diverges while the first two converge. It follows that
‖sV,0‖FV,0

= ∞ a.s., so that GV,0 is a.s. limit point at infinity.
This only leaves out the case 0 = 1, which is more delicate as in that case the bound on the

Brownian motion from (3.21) is not strong enough to allow us to conclude. To replace it, we
define a sequence of stopping times by setting g0 := inf{C ≥ 1 : �(C) = 0} and then recursively
g= := inf{C ≥ g=−1 + 2 : �(C) = 0} for = ∈ ℕ. Then, let �= := {∀C ∈ [g=, g= + 1], |�(C) | ≤ 1}. By
the strong Markov property of Brownian motion, the �=’s are independent, and for every =,

ℙ(�=) = ℙ

[
sup

C∈[g=,g=+1]
|�(C) | ≤ 1

]
= ℙ

[
sup
C∈[0,1]

|�(C) | ≤ 1
]
≥ 1 − 2ℙ

[
sup
C∈[0,1]

�(C) > 1
]
.

The reflection principle shows that ℙ[supC∈[0,1] �(C) > 1] = 2ℙ[�(1) > 1] = 1 − erf (1/√2), so
ℙ(�=) ≥ 2 erf (1/√2) − 1. This number is strictly positive, so the second Borel–Cantelli lemma
implies that ℙ

(⋂
=∈ℕ

⋃
:≥= �:

)
= 1. On that event, there is always a subsequence {�=: }:∈ℕ in

which each event occurs, and this gives us a sequence of intervals of length 1 onwhich the Brownian
motion is bounded by 1. We can use this to estimate the norm of sV,0:

‖sV,0‖2
FV,0

=

∫ ∞

0

(∫ C

0
4
B+ 2√

V
�(B) dB

)2
4
−2C− 2√

V
�(C) dC ≥

∞∑
:=1

∫ g=:+1

g=:+1/2

(∫ g=:+1/2

g=:

4
B− 2√

V dB
)2
4
−2C− 2√

V dC

≥ 1
2
4
−6/√V

∞∑
:=1

(
4g=:+

1/2 − 4g=:
)2 (
4−2(g=:+1/2) − 4−2(g=:+1) )

All factors of 4g=: in the right-hand side cancel out, so the summand is a positive constant and the
series diverges. Therefore, ‖sV,0‖FV,0

= ∞ a.s. when 0 = 1, which shows that GV,0 is a.s. limit
point at infinity and concludes the proof. �

We record here for future reference the following result, which is essentially a more explicit
version of something we have seen in the proof of the last proposition.
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Lemma 3.16 [54, Lemma 5]. For any Y, X > 0, there is a �Y,X > 0 such that

ℙ
[
∀C ≥ 0, FV,0 (C)

(
1 +s2

V,0 (C)
)
≤ �Y,X4−(1−|0 |−X)C

]
≥ 1 − Y.

Remark. In particular, if |0 | < 1 then we can choose X < 1 − |0 | and the upper bound is integrable.

Proof. Recall the good event from (3.21), and take ) > 0 such that � (1 + C3/4) ≤ XC for C ≥ ) . On
that event, the bound � (1+ C3/4) on the Brownian motion is itself bounded on the compact [0, )] by
a deterministic constant, so by definition, FV,0 andsV,0 are also bounded on [0, )] by deterministic
constants. Now, for C ≥ ) , on the good event it also holds that FV,0 (C) ≤ 4−(1+0−X)C , and therefore
there is a�′ > 0 such thatFV,0 (C) ≤ �′4−(1+0−X)C for all C ≥ 0. Similarly, we have seen in the proof of
Proposition 3.15 that on the event from (3.21), there is a�) ∈ ℝ such thatsV,0 (C) ≤ �)+ 1

0+X 4
(0+X)C

for C ≥ ) , meaning that there is a�′′ > 0 such thatsV,0 (C) ≤ �′′4(0+X)C for all C ≥ 0. Combining the
bounds on FV,0 andsV,0 shows thats2

V,0
(C)FV,0 (C) ≤ �′�′′24−(1−0−3X)C for all C ≥ 0, and summing

up the bounds on FV,0 and s2
V,0
FV,0 completes the proof. �

SDE characterization of solutions to the eigenvalue equation. Let 5 ∈ DGV,0
solve the eigen-

value equation GV,0 5 = I 5 for some I ∈ ℂ. This solution is always defined pathwise, but it can
be useful to have a characterization of 5 as a stochastic process, which can be obtained through Itô
calculus when the initial conditions 5 (0) and 5 ′(0) are independent of the Brownian motion � that
drives GV,0. Indeed, if 5 solves GV,0 5 = I 5 , then by definition ?V,0 5 ′ is absolutely continuous, so

d
(
?V,0 5

′)′(C) = (
?V,0 5

′)′(C) dC = −IFV,0 (C) 5 (C) dC.

As long as 5 (0) and 5 ′(0) are independent of �, Itô’s formula also yields

d
(
?V,0 5

′)′(C) = 5 ′(C) d?V,0 (C) + ?V,0 (C) d 5 ′(C) + d〈?V,0, 5 ′〉(C).

Comparing the two expressions for d(?V,0 5 ′), we get

d 5 ′(C) = − 1
?V,0 (C)

(
IFV,0 (C) 5 (C) dC + 5 ′(C) d?V,0 (C) + d〈?V,0, 5 ′〉(C)

)
.

The Itô differential of ?V,0 is

d?V,0 (C) = −
(
0 − 2

V

)
?V,0 (C) dC − 2

√
V
?V,0 (C) d�(C) so d〈?V,0, 5 ′〉(C) = −4

V
?V,0 (C) 5 ′(C) dC,

and it follows that 5 solves

d 5 (C) = 5 ′(C) dC,

d 5 ′(C) = −I4−C 5 (C) dC +
(
0 + 2

V

)
5 ′(C) dC + 2

√
V
5 ′(C) d�(C).

(3.22)

This SDE first appeared in [58].
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A translation property of solutions to the eigenvalue equation. We now point out a property
of the stochastic Bessel operator that will be essential later in §4.4. The following result and its
proof are taken from [54].

Proposition 3.17 [54, Proposition 6]. Let GV,0 be defined from a two-sided standard Brownian
motion �, and set GV,0,� := 2√

�
(GV,0 − �) for some � > 0. Then 5 solves GV,0,� 5 = I 5 for some

I ∈ ℂ if and only if 5̃ (C) := 5 (C + log �) solves G̃V,0 5̃ =
(
1 + I

2
√
�

)
5̃ where G̃V,0 has the law of

GV,0, but is defined from the two-sided standard Brownian motion �(· + log �) − �(log �).

Proof. By definition, G̃V,0 is the stochastic Bessel operator defined from the Brownian motion
�(· + log �) − �(log �). More explicitly, G̃V,0 5 = − 1

F̃V,0
( ?̃V,0 5 ′)′ where

?̃V,0 (C) = exp
(
−0C − 2

√
V

(
�(C + log �) − �(log �)

)
= �04

2√
V
�(log �)

?V,0 (C + log �)

and likewise F̃V,0 (C) = �0+14
2√
V
�(log �)

FV,0 (C + log �). Therefore, if C ∈ ℝ, then

G̃V,0 5̃ (C) = − 1
F̃V,0 (C)

(
?̃V,0 5̃

′)′(C) = − 1
�FV,0 (C + log �)

(
?V,0 5

′)′(C+ log �) = 1
�
GV,0 5 (C+ log �).

But if 5 solves GV,0,� 5 = I 5 , then by definition of GV,0,� it also solves GV,0 5 = (� + I
√
�

2 ) 5 , and
combining with the above we see that G̃V,0 5̃ (C) = (1 + I

2
√
�
) 5̃ (C) for all C ∈ ℝ. Taking these last

steps in reverse yields the other implication. �

Canonical system representation. The stochastic Bessel operator can naturally be associated
with a random canonical system that is equivalent to its eigenvalue equation, following the method
detailed in §2.4. As the equivalence is made from a pair of fundamental solutions toGV,0 5 = 0, we
can choose to work with the solutions 1 and sV,0 and build the mapping between solutions from
the matrix

�V,0 :=

(
1 0

sV,0 1

)
. (3.23)

By definition, this matrix solves

�′V,0 =

(
0 0
?−1
V,0

0

)
�V,0 with �V,0 (0) = �2.

The method from §2.4.2 shows that 5 solves GV,0 5 = I 5 if and only if D := �−1
V,0

(
5 [1]

5

)
solves the

canonical system �D′ = −I�V,0D on (0,∞), where

�V,0 := FV,0��−1
V,0

(
0 1
0 0

)
�V,0 = FV,0

(
s2
V,0

sV,0

sV,0 1

)
= FV,0kV,0k

∗
V,0 . (3.24)
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and kV,0 := (sV,0, 1). This canonical system is limit circle at 0, and it is limit circle at infinity when
|0 | < 1 or limit point at infinity when 0 ≥ 1 by Proposition 3.15. Moreover, because �V,0 (0) = �2,
the Dirichlet boundary condition 5 (0) = 0 at zero maps to the boundary condition 4∗0�D(0) = 0 for
the canonical system. In the same way, because the second column of �V,0 is always equal to 4c/2,
the Neumann boundary condition at infinity limC→∞ 5 [1] (C) = 0 maps to the boundary condition
4∗
c/2
�D(∞) = 0.
As pointed out in §2.4.3, the norm of the associated !2

�V,0
(0,∞) space has a specific form in

terms on sV,0. Indeed, if D : (0,∞) → ℂ2, then

‖D‖2
�V,0

=

∫ ∞

0

��〈D(C), kV,0 (C)〉��2FV,0 (C) dC =
∫ ∞

0

��D1(C)sV,0 (C) + D2(C)
��2FV,0 (C) dC. (3.25)

In particular, if D = �−1
V,0

(
ℎ[1]
ℎ

)
for an ℎ : (0,∞) → ℂ, then ‖D‖�V,0

= ‖ℎ‖FV,0
.

3.2.2 Asymptotics of solutions to the eigenvalue equation as C → −∞

In this section, we understand the stochastic Bessel operator as being defined on the whole ofℝ from
a two-sided Brownian motion, and we derive asymptotics for solutions to the eigenvalue equation
GV,0 5 = _ 5 as C → −∞ when _ > 0. In addition to providing helpful insight into the behavior of
these solutions on the negative real line, these asymptotics will be crucial in our spectral analysis
of the hard edge to bulk transition later in §4.4.3.

The asymptotics we derive, which are essentially taken from [54, §5.3.1], are the following.

Theorem 3.18 [54, Theorem 3]. Let GV,0 be defined on the full real line from a two-sided Brow-
nian motion. If 5 solves GV,0 5 = _ 5 for _ > 0 and if 5 (0) and 5 ′(0) are independent of the
restriction of � to (−∞, 0), then for C ≥ 0,

5 (−C) = � 5_
−1/44

( 1
2V−

0
2 −

1
4 )C+- (C) cos bV,0 (C) and 5 ′(−C) = � 5_

1/44
( 1

2V−
0
2 +

1
4 )C+- (C) sin bV,0 (C)

where �2
5

:= 5 2(0) + 5 ′2(0), bV,0 is a process such that bV,0 (C) − 2c
⌊ bV,0 (C)

2c
⌋
→ * ∼ Unif [0, 2c)

in law as C → ∞, and - is a process such that for any Y, X > 0, there is a � > 0 for which

ℙ

[
∀C ≥ 0, |- (C) | ≤ �

(
1 + C1/2+X) ] ≥ 1 − Y.

We follow the same proof method that we used in §3.1.2 to derive the analog asymptotics for
the stochastic Airy operator: we construct a pair of polar coordinates to describe the growth and
oscllations of 5 and 5 ′, and then we analyse their asymptotic behavior.

The first step is to construct the polar coordinates.
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Proposition 3.19 [54, Proposition 18]. Let GV,0 be defined from a two-sided standard Brownian
motion �, and write ®�(C) := �(−C). If 5 solves GV,0 5 = _ 5 with _ > 0 and if 5 (0) and 5 ′(0) are
independent of the restriction of ®� to (0,∞), then for C ≥ 0,

5 (−C) = _−1/44
−C/4+AV,0 (C) cos bV,0 (C) and 5 ′(−C) = −_1/44

C/4+AV,0 (C) sin bV,0 (C)

where AV,0 and bV,0 solve

dAV,0 (C) =
( 1
2V

− 0

2

)
dC +

((1
4
+ 0

2

)
cos 2bV,0 (C) −

1
2V

cos 4bV,0 (C)
)

dC + 2
√
V

sin2 bV,0 (C) d ®�(C),

dbV,0 (C) = −
√
_4

C/2 dC −
((1

4
+ 0

2

)
sin 2bV,0 (C) −

1
2V

sin 4bV,0 (C)
)

dC + 1
√
V

sin 2bV,0 (C) d ®�(C)

with AV,0 (0) = 1
2 log

(
5 2(0) + 5 ′2(0)

)
and bV,0 (0) = arctan

(
5 ′ (0)/ 5 (0)

)
.

Proof. Let H(C) := 5 (−C). Reversing time in the equationGV,0 5 = _ 5 yields − 1
®FV,0 (C)

(
®?V,0H′

)′(C) =
_H(C) where ®?V,0 (C) := ?V,0 (−C) = exp

(
0C − 2√

V
®�(C)

)
and ®FV,0 (C) := FV,0 (−C) = 4C ®?V,0 (C). Note

that d ®?V,0 (C) = (0 + 2
V
) ®?V,0 (C) − 2√

V
®?V,0 (C) d ®�(C), so applying Itô’s formula in the same way as we

did earlier to obtain the SDE (3.22) for 5 ′, we get

dH′(C) = −_4CH(C) dC −
(
0 − 2

V

)
H′(C) dC + 2

√
V
H′(C) d ®�(C).

Now, set A and b as real processes that satisfy 4A+8b = (H+ 8H′/( where ((C) := _1/44
C/4. Then by Itô’s

formula, omitting the explicit time dependencies to simplify notation,

dA + 8 db = 1
(H + 8H′/(

(
(′H dC + (H′ dC + 8

(
dH′ − 8(

′

(2 H
′ dC

)
+ 1

2((H + 8H′/()2
1
(2 d〈H′〉

= 4−2A
((
((′H2 + (2HH′ − (′H′2

(3

)
dC + H′

(2 dH′ − 8
(2(′HH′

(
+ H′2

)
dC + 8H dH′

)
+ 4−4A

2(2

(
(2H2 − H′2

(2 − 28HH′
)

d〈H′〉

= 4−2A
((
((′H2 + (2HH′ − (′H′2

(3 − _4
CHH′

(2 −
(
0 − 2

V

) H′2
(2

)
dC + 2

√
V

H′2

(2 d ®�

− 8
(2(′HH′

(
+ H′2 + _4CH2 +

(
0 − 2

V

)
HH′

)
dC + 28

√
V
HH′ d ®�

)
+ 2
V
4−4A

(
H2H′2 − H′4

(4 − 28HH′3

(2

)
dC.

With ((C) = _
1/44

C/4, the second and fourth terms on the first line cancel out, and the second line
simplifies with H′2 + _4CH2 = (242A . This also gives (′(C) = 1

4((C), so that taking the real and



90 Chapter 3. The stochastic Airy, Bessel and sine operators as canonical systems

imaginary parts in the above while substituting (H = 4A cos b and H′/( = 4A sin b yields

dA =
(1
4

cos2 b −
(1
4
+ 0 − 2

V

)
sin2 b + 2

V
sin2 b (cos2 b − sin2 b)

)
dC + 2

√
V

sin2 b d ®�

and

db = −
√
_4

C/2 dC −
((1

2
+ 0 − 2

V

)
cos b sin b + 4

V
cos b sin3 b

)
dC + 2

√
V

cos b sin b d ®�.

Simplifying with trigonometric identities shows that AV,0 := A and bV,0 := b solve the announced
SDEs. The representations for 5 and 5 ′ are then recovered using that 5 (−C) = 1

((C) 4
AV,0 (C) cos bV,0 (C)

and that 5 ′(−C) = −((C)4AV,0 (C) sin bV,0 (C). �

We now analyse the asymptotic behavior of these polar coordinates AV,0 and bV,0. The results
are given in Proposition 3.21 and 3.22, of which Theorem 3.18 is a direct consequence. Before
proceeding, we need a simple preliminary result.

Lemma 3.20. Let bV,0 solve the SDE from Proposition 3.19. For any : ≠ 0 and Y > 0, there is a
� > 0 such that

ℙ

[
sup
C≥0

���∫ C

0
4:8bV,0 (B) dB

��� > �]
< Y.

Proof. By Itô’s formula, 4:8bV,0 satisfies on [0,∞) the SDE

d
(
4:8bV,0

)
(B) = 4:8bV,0,� (B)

(
−:8

√
_4

B/2 dB + ': (B) dB + :8
√
V

sin 2bV,0,� (B) d ®�(B)
)

(3.26)

where
': := − :

2

4V
− :8

(1
4
+ 0

2

)
sin 2bV,0,� + :8

2V
sin 4bV,0,� + :2

4V
cos 4bV,0,� . (3.27)

Hence,

:8
√
_

∫ C

0
4:8bV,0 (B) dB = −

∫ C

0
4
−B/2 d

(
4:8bV,0

)
(B) +

∫ C

0
': (B)4:8bV,0 (B)−B/2 dB

+ :8
√
V

∫ C

0
4:8bV,0 (B)−

B/2 sin 2bV,0 (B) d ®�(B).

Integrating by parts the first term yields∫ C

0
4
−B/2 d(4:8bV,0 (B)) (B) = 4:8bV,0 (B)−B/2

���C
0
+ 1

2

∫ C

0
4:8bV,0 (B)−

B/2 dB.

Since ': is bounded, it follows that���∫ C

0
4:8bV,0 (B) dB

��� ≤ 1
|: |

√
_

(
2 +

(
‖': ‖∞ + 1

2

) ∫ C

0
4
−B/2 dB

+ |: |
√
V

���∫ C

0
4:8bV,0 (B)−

B/2 sin 2bV,0 (B) d ®�(B)
���) .
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All terms on the first line are clearly bounded. As to the remaining stochastic integral, its real
and imaginary parts both have quadratic variations bounded by 1

V_

∫ C

0 4
−B dB = 1

V_
, so Bernstein’s

inequality for martingales shows that for all G > 0,

ℙ

[
sup
C≥0

1
√
V_

���∫ C

0
4:8bV,0 (B)−

B/2 sin 2bV,0 (B) d ®�(B)
��� > G] ≤ 4 exp

(
− V_G

2

2

)
.

Taking G large enough so that this exponential tail bound is less than Y completes the proof. �

Proposition 3.21 [54, Proposition 19]. Let AV,0 solve the SDE from Proposition 3.19. For any
Y, X > 0, there is a � > 0 such that

ℙ

[
∀C ≥ 0,

���AV,0 (C) − AV,0 (1) − ( 1
2V

− 0

2

)
C

��� ≤ � (1 + C1/2+X)
]
≥ 1 − Y.

Proof. Recall from Proposition 3.19 that AV,0 solves

dAV,0 (C) =
( 1
2V

− 0

2

)
dC +

((1
4
+ 0

2

)
cos 2bV,0 (C) −

1
2V

cos 4bV,0 (C)
)

dC + 2
√
V

sin2 bV,0 (C) d ®�(C)

where bV,0 solves the other SDE in Proposition 3.19. By Lemma 3.20, given Y > 0, there are
�2, �4 > 0 such that for : = 2 and : = 4,

ℙ

[
sup
C≥0

���∫ C

0
4:8bV,0 (B) dB

��� > �: ] < Y

3
. (3.28)

Then, the martingale

" (C) :=
2
√
V

∫ C

0
sin2 bV,0 (B) d ®�(B) has 〈"〉(C) = 4

V

∫ C

0
sin4 bV,0 (B) dB ≤ 4C

V
.

By properties of continuous martingales (e.g., Proposition A.1), it follows that for any X > 0 there
is a � > 0 such that

ℙ

[
sup
C≥0

|" (C) |
1 + (4C/V)1/2+X ≥ �

]
≤ Y

3
,

and the result follows by combining this event with those of (3.28). �

Proposition 3.22 [54, Proposition 20]. Let bV,0 solve the SDE from Proposition 3.19. Then
48bV,0 (C) → * in law where* ∼ Unif �1.

Proof. In the same way as in the proof of Proposition 3.7, it suffices to prove that i< (C) → 0 as
C → ∞ for all < ∈ ℤ \ {0} where i< (C) := � -< (C) for -< (C) := exp

(
<8bV,0 (C) + 2<8

√
_4

C/2
)
.

Using the expression (3.26) of the differential of 4<8bV,0 , we see that

d-< (B) = '< (B)-< (B) dB + :8
√
V
-< (B) sin 2bV,0 (B) d ®�(B).
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This shows that i< (C) = i< (0) + �
∫ C

0 '< (B)-< (B) dB, so that

i′< (C) = � '< (C)-< (C) = −<
2

4V
i< (C) + � -< (C)

(
'< (C) +

<2

4V

)
,

which integrates to

i< (C) = 4−
<2C
4V i< (0) + 4−

<2C
4V �

∫ C

0
4

<2B
4V

(
'< (B) +

<2

4V

)
-< (B) dB.

It is clear that the first term vanishes as C → ∞, so by definition (3.27) of '<, it suffices to show
that

4
−<2C

4V �

∫ C

0
4

<2B
4V -< (B)4:8bV,0 (B) dB → 0 as C → ∞

for : = 2 and : = 4. This can be proven through integration by parts, reusing the expression (3.26)
of the differential of 4:8bV,0 . Indeed, we get from (3.26) that

4
−<2C

4V �

∫ C

0
4

<2B
4V -< (B)4:8bV,0 (B) dB =

1
:8
√
_
4
−<2C

4V �

∫ C

0
4
:8bV,0 (B)+( <

2
4V −

1
2 )B': (B)-< (B) dB

− 1
:8
√
_
4
−<2C

4V �

∫ C

0
4
( <2

4V −
1
2 )B-< (B) d

(
4:8bV,0

)
(B).

Because -< and ': are bounded, the first term is bounded by a constant times 4−C/2, which vanishes
as C → ∞. Integrating by parts the second term, we get

4
−<2C

4V �

∫ C

0
4
( <2

4V −
1
2 )B-< (B) d

(
4:8bV,0

)
(B) = 4−

<2C
4V � 4

:8bV,0 (B)+( <
2

4V −
1
2 )B-< (B)

����C
0

− 4−
<2C
4V �

∫ C

0
4
:8bV,0 (B)+( <

2
4V −

1
2 )B

(
'< (B) +

<2

4V
− 1

2
− :2

V
sin2 2bV,0 (B)

)
-< (B) dB.

Again, because -< and '< are bounded, this is bounded by a constant times 4−C/2. This finishes to
prove that i< (C) → 0 as C → ∞ and therefore completes the proof. �

3.2.3 Canonical system convergence from tridiagonal matrix models

In this section, we show convergence of tridiagonal random matrix models to the stochastic Bessel
operator, at the canonical system level.

As mentioned in §1.2, the idea that the stochastic Bessel operator should be the scaling limit
of appropriate tridiagonal random matrix models comes from Edelman and Sutton [30]. This was
made rigorous by Ramírez and Rider [58], who showed that for any : ∈ ℕ, the first : points of
the Laguerre V-ensemble, scaled by a factor of =, converge jointly in law to the first : points of the
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BesselV,0 point process, which is the spectrum of the stochastic Bessel operator with left boundary
condition 5 (0) = 0. They later extended this result to spiked versions of the Laguerre V-ensemble,
which converge in a similar sense to the spectrum of the stochastic Bessel operator with a different
left boundary condition when the spiking parameter is suitably scaled [59].

The results of this section thus reformulate some of the main results [58, 59] at the canonical
system level. In the same way as in §3.1.3 for the case of the stochastic Airy operator, the advantage
of this new formulation is to upgrade everything to the operator level, under the unifying framework
of canonical systems theory.

3.2.3.1 Setup and statement of the results

Tridiagonal random matrix model. Let != be an = × = random matrix of the form

!= :=

©­­­­­­«

√
ℓ= H=,1 G=,1

. . .
. . .

. . . G=,=−1

H=,=

ª®®®®®®¬
, (3.29a)

where H=, 9 , G=, 9 > 0 for all 9 and ℓ= > 0, and consider the matrix

!=!
T
= =

©­­­­­­­­­«

G2
=,1 + ℓ=H

2
=,1 G=,1H=,2

G=,1H=,2 G2
=,2 + H

2
=,2

. . .

. . .
. . .

. . .

. . . G2
=,=−1 + H

2
=,=−1 G=,=−1H=,=

G=,=−1H=,= H2
=,=

ª®®®®®®®®®¬
. (3.29b)

Our goal is to have the matrix =!=!T
= scaled at the hard edge of V-ensembles. To this end, we

assume the following.

Hypothesis 3.3. The entries G=, 9 and H=, 9 of the matrix != in (3.29) are all independent. Moreover,
their logarithms have means

� log G2
=, 9 = log(= − 9) + X1(=, 9)

= − 9
+ XG (=, 9)

(= − 9)1+W

and

� log H2
=, 9+1 = log(= + 0 − 9) + X1(=, 9)

= − 9
+

XH (=, 9)
(= − 9)1+W
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for some W ∈ (0, 1] and where X1, XG , XH : ℕ2 → ℝ are bounded, and their second and fourth
central moments satisfy

�

(
log

G2
=, 9

H2
=, 9+1

− � log
G2
=, 9

H2
=, 9+1

)2
=

4
V

1
= − 9

+ X2(=, 9)
(= − 9)1+W ,

�

(
log

G2
=, 9

H2
=, 9+1

− � log
G2
=, 9

H2
=, 9+1

)4
≤ X4(=, 9)

(= − 9)1+W

where X2, X4 : ℕ2 → ℝ are also bounded.

These conditions ensure that the matrix is scaled at the hard edge of V-ensembles (they are in
fact somewhat modeled after the Laguerre V-ensemble). The canonical system that we will build
from the matrix has a left boundary condition determined by the spike parameter ℓ=. Thus, we need
an additional hypothesis to make sure that these boundary conditions remain consistent as = grows.

Hypothesis 3.4. =ℓ= → cot q in law as =→ ∞ for a deterministic q ∈ [0, c].

Remark. In particular, this is automatically satisfied with q = 0 if ℓ= = 1 for all =.

Canonical system representation. =!=!
T
= is a random Jacobi matrix, so it has an associated

second-order difference operator which can be represented as a canonical system following the
method from §2.5. The associated three-term recurrence with which we work is

I

=
ℎ 9 = G=, 9−1H=, 9ℎ 9−1 + (G2

=, 9 + H2
=, 9 )ℎ 9 + G=, 9 H=, 9+1ℎ 9+1 for 9 ∈ {1, . . . , =}. (3.30)

To have this well defined, we need to set values for G=,0, G=,= and H=,=+1, which are undefined at
this point. To match the orders of magnitude of the other matrix entries near each end, we set
G=,0 :=

√
= , G=,= := 1 and H=,=+1 := 1. Note that this recurrence is different from the eigenvalue

equation =!=!T
= ℎ = Iℎ not only in that we have added the usual extra terms for ℎ0 and ℎ=+1 at both

ends, but also in that the above corresponds to the case ℓ= = 1 and that we added an extra term of
G2
=,= to the =, = entry of the matrix. The reason to do so is that it makes the form of the recurrence

consistent for all 9 . It will not prevent the canonical system to reproduce the spectral data of =!=!T
= :

as we will see later, we will revert both the effect of having set ℓ= = 1 and the addition of the extra
G2
=,= term through the canonical system’s boundary conditions.

To build the canonical system, we need two linearly independent solutions fV,0,= and gV,0,=
of (3.30) with I = 0. Taking the time steps to be given by 9/=, these solutions yield a canonical
system �D′ = −I�̃V,0,=D on [0, 1) with coefficient matrix

�̃V,0,= ≡
=

0(gV,0,=, fV,0,=)

(
g2
V,0,=, 9

fV,0,=, 9gV,0,=, 9
fV,0,=, 9gV,0,=, 9 f2

V,0,=, 9

)
on

[ 9 − 1
=

,
9

=

)
. (3.31)
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This canonical system is equivalent to (3.30) in the sense that a solution D : [0, 1) → ℂ2 must satisfy
D( 9/=) = �−1

V,0,=, 9
�9 for

�V,0,=, 9 :=

(
gV,0,=, 9+1 fV,0,=, 9+1

−=G=, 9 H=, 9+1gV,0,=, 9 −=G=, 9 H=, 9+1fV,0,=, 9

)
and �9 :=

(
ℎ 9+1

−=G=, 9 H=, 9+1ℎ 9

)
for an ℎ solving (3.30). Of course, to have a fully specified system, we need to fully specify fV,0,=
and gV,0,=. We could do this as usual by choosing initial conditions, but here instead we exploit an
interesting property of the recurrence (3.30): it can be solved explicitly when I = 0. This makes
our canonical system construction analogous to the one carried out earlier for the stochastic Bessel
operator, and in fact the process of solving the discrete system gives a lot of intuition on the way
the discrete system approximates the continuous one.

Notice that the recurrence (3.30) can be written as
I

=
ℎ 9 = G

2
=, 9

( H=, 9+1

G=, 9
ℎ 9+1 + ℎ 9

)
+ G=, 9−1H=, 9

( H=, 9
G=, 9−1

ℎ 9 + ℎ 9−1

)
.

For 9 ∈ {0, . . . , =}, define

? 9 :=
9−1∏
:=0

G2
:

H2
:+1

, (3.32)

understanding that ?0 := 1. Setting ℎ̃ 9 := (−1) 9 ?−1/2
9
ℎ 9 , the recurrence becomes

I

=
?

1/2
9
ℎ̃ 9 = −G2

=, 9

( H=, 9+1

G=, 9
?

1/2
9+1 ℎ̃ 9+1 − ?

1/2
9
ℎ̃ 9

)
+ G=, 9−1H=, 9

( H=, 9
G=, 9−1

?
1/2
9
ℎ̃ 9 − ?

1/2
9−1 ℎ̃ 9−1

)
= −G2

=, 9 ?
1/2
9
( ℎ̃ 9+1 − ℎ̃ 9 ) + G=, 9−1H=, 9 ?

1/2
9−1( ℎ̃ 9 − ℎ̃ 9−1).

Multiplying by ?1/2
9
=

G=, 9−1
H=, 9

?
1/2
9−1 then yields

I

=
? 9 ℎ̃ 9 = −G2

=, 9 ? 9 ( ℎ̃ 9+1 − ℎ̃ 9 ) + G2
=, 9−1? 9−1( ℎ̃ 9 − ℎ̃ 9−1). (3.33)

This recurrence now essentially has the structure of the eigenvalue equation for the stochastic Bessel
operator (although the time embedding, which is logarithmic, is not necessarily obvious). When
I = 0, it is explicitly solvable, as it forces the sequence G2

=, 9−1? 9−1( ℎ̃ 9 − ℎ̃ 9−1) to be constant. If the
constant is zero, then ℎ̃ itself is constant. The solution for ℎ̃ ≡ 1 is what we choose to define fV,0,=,
which yields

fV,0,=, 9 = (−1) 9 ?1/2
9
. (3.34)

The alternative is to have the sequence G2
=, 9−1? 9−1( ℎ̃ 9 − ℎ̃ 9−1) equal to another constant. We call s

the solution starting at s0 = 0 for which this constant is 1. By induction, we directly obtain that

s 9 =

9−1∑
:=0

1
?:G

2
=,:

. (3.35)
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This is the solution we take to define gV,0,=, so that

gV,0,=, 9 = (−1) 9 ?1/2
9
s 9 . (3.36)

Now, our two solutions have fV,0,=,0 = 1, fV,0,=,1 = − G=,0
H=,1

, gV,0,=,0 = 0 and gV,0,=,1 = − 1
G=,0H=,1

,
which means that 0(gV,0,=, fV,0,=) = =. Hence, the coefficient matrix (3.31) becomes

�̃V,0,= ≡ ? 9

(
s2
9
s 9

s 9 1

)
on

[ 9 − 1
=

,
9

=

)
. (3.37)

This canonical system is defined on [0, 1), unlike the system (3.24) for the stochastic Bessel oper-
ator, which is defined on [0,∞). Thus, we introduce a time change [ : [0,∞) → [0, 1) given by
[(C) := 1−4−C , which is a smooth bijection with [−1(C) = − log(1− C). From this, we build a canon-
ical system on [0,∞) with coefficient matrix �V,0,= := [′(�̃V,0,= ◦ [). This new coefficient matrix
is therefore proportional to the matrix in (3.37) on the interval [C 9−1, C 9 ) where C 9 := − log(1− 9/=).
Because 9−1

=
≤ [(C) < 9

=
if and only if b=[(C)c = 9 − 1, it follows that

�V,0,= (C) = ? b=[(C)c+14
−C

(
s2

b=[(C)c+1 sb=[(C)c+1

sb=[(C)c+1 1

)
. (3.38)

It should be noted that the time change is not arbitrarily chosen as any bijection [0,∞) → [0, 1).
This is not obvious to see at this point, but the reason to choose specifically [(C) = 1−4−C is that (as
wewill see in Lemma 3.26) themap C ↦→ ? b=Cc+1 converges to ?V,0◦[−1, where ?V,0 is the coefficient
that appears in the definition of the stochastic Bessel operator. Hence, with this time change, the
prefactor ? b=[(C)c+14

−C discretizes the weight factor FV,0 (C) of the stochastic Bessel operator.
To make this canonical system fully equivalent to the eigenvalue equation for =!=!T

= , it re-
mains to add the appropriate boundary conditions. Following the general method of §2.5, at both
endpoints, the boundary conditions that must be added have the form given by (2.30). To implement
the appropriate boundary condition at 0, we need to account for the fact that we replaced the factor
of ℓ= with 1 when writing the recurrence (3.30). In other words, in the notation of §2.5, we took
11 = =(G2

=,1 + H
2
=,1) and U = =(ℓ= − 1)H2

=,1. Hence, the left boundary condition is

u∗=,0�D(0) = 0 for u=,0 :=

(
−=G=,0H=,1 − =(ℓ= − 1)H2

=,1 ·
G=,0
H=,1

=(ℓ= − 1)H2
=,1 ·

1
G=,0H=,1

)
= −=H=,1

G=,0

(
=ℓ=

1 − ℓ=

)
(3.39a)

where we used that G2
=,0 = =. In particular, if Hypothesis 3.4 holds and =ℓ= → cot q, then

− G=,0
=H=,1

u=,0 → (cot q, 1). Then, for the boundary condition at infinity, we need to account for the
extra term of G2

=,= that we added to the step 9 = = of the recurrence (3.30). In the notation of §2.5,
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this now corresponds to having taken 1= = =(G2
=,= + H2

=,=) and l = −=G2
=,=. Following (2.30), this

yields a boundary condition given by the vector

u=,∞ :=

(
=G2

=,= (−1)=?1/2
= + =G=,=H=,=+1(−1)=+1?

1/2
=+1

−=G2
=,= (−1)=?1/2

= s= − =G=,=H=,=+1(−1)=+1?
1/2
=+1s=+1

)
Recall that by definition, H=,=+1?

1/2
=+1 = G=,=?

1/2
= , and therefore the first entry cancels out. The second

entry simplifies to =(−1)=G2
=,=?

1/2
= (s=+1 − s=) = =(−1)=?−1/2

= , which is always nonzero. Hence,
u=,∞ is always parallel to 4c/2, and the right boundary condition is simply

4c/2�D(∞) = 0. (3.39b)

To summarize, by construction, if an integrable solution D : [0,∞) → ℝ2 to the canonical
systemwith coefficient matrix (3.24) and spectral parameter I ∈ ℝ satisfies the boundary conditions
from (3.39), then one can extract from D an eigenvector ℎ ∈ ℝ= of =!=!T

= with eigenvalue I by taking
ℎ 9 to be the first entry of �V,0,=, 9−1D(C 9−1) for each 9 ∈ {1, . . . , =}. By the computation from §2.5.3,
the norms of the two solutions are related by ‖D‖2

�V,0,=
= 1

=
‖ℎ‖2

2.

Convergence to the stochastic Bessel operator. The canonical system for =!=!T
= converges to

the stochastic Bessel canonical system in the following sense.

Theorem 3.23. Suppose that the = × = tridiagonal random matrix !=!T
= from (3.29) satisfies

Hypothesis 3.3. Let �V,0,= denote the coefficient matrix (3.38) of the canonical system for =!=!T
= ,

and let �V,0 denote the coefficient matrix (3.24) of the stochastic Bessel operator’s canonical
system. Let 0 := [0,∞) when 0 ≥ 1 and 0 := [0,∞] when |0 | < 1. Then �V,0,=

law−−→ �V,0

vaguely on 0 as =→ ∞.

As a corollary of this result, we also obtain the following.

Corollary 3.23.1. In the setting of Theorem 3.23, let )�V,0,=
, )�V,0

: 0 × ℂ → ℂ2×2 denote the
canonical systems’ transfer matrices. Then )�V,0,=

law−−→ )�V,0
compactly on 0 × ℂ, jointly with

the convergence of coefficient matrices.

Under Hypothesis 3.4, the boundary conditions remain consistent as = grows, so the conver-
gence also transfers to the Weyl–Titchmarsh functions and spectral measures.

Corollary 3.23.2. In the setting of Theorem 3.23, suppose additionally that Hypothesis 3.4 holds.
Let <u=,0

�V,0,=
, <

q

�V,0
: ℍ → ℍ∞ denote the Weyl–Titchmarsh functions of �V,0,= and �V,0 with left

boundary conditions u∗
=,0�D(0) = 0 and 4∗

q
�D(0) = 0 respectively, with u=,0 as in (3.39a), and

with right boundary condition 4∗
c/2
�D(∞) = 0. Then <u=,0

�V,0,=

law−−→ <
q

�V,0
compactly on ℍ, jointly
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with both coefficient and transfer matrices. In particular, if `u=,0
�V,0,=

and `q
�V,0

are the spectral

measures associated with <u=,0
�V,0,=

and <q

�V,0
, then `u=,0

�V,0,=

law−−→ `
q

�V,0
vaguely, also jointly with

coefficient and transfer matrices and Weyl–Titchmarsh functions.

In the sameway as in the case of the stochastic Airy operator (as discussed at the end of §3.1.3.1),
the convergence of the spectral measures from Corollary 3.23.2 is unfortunately not strong enough
to imply the convergence of the associated eigenvalue point processes, so it does not recover the
results from [58, 59] mentioned earlier (in particular in Theorem 1.2).

However, combining Corollary 3.23.2 with results fromDumitriu and Edelman [24] leads to the
following conjecture about the distribution of the spectral weights of the stochastic Bessel operator.

Conjecture 3.1. Let `0
�V,0

be the spectral measure of the stochastic Bessel canonical system with
boundary conditions 4∗0�D(0) = 4

∗
c/2
�D(∞) = 0 (the latter being imposed only when 0 ≥ 1). Then

the spectral weight at _ ∈ supp `0
�V,0

is `0
�V,0

(
{_}

)
= _Γ_ where {Γ_}_∈supp `0

�V,0

is a collection
of independent Γ(V/2, 2/V) random variables, also independent of the eigenvalues.

We motivate this in §3.2.3.3 from the application of Theorem 3.23 to the Laguerre case.

3.2.3.2 Proof of the canonical system convergence

We now turn to the proofs of Theorem 3.23 and its corollaries. The proof of the convergence
relies mainly on the analysis of the sequences {? 9 }=9=0 and {s 9 }=9=0 introduced in (3.32) and (3.35).
Indeed, we show in Lemma 3.26 that ? b=[c+1 → ?V,0 and sb=[c+1 → sV,0 compactly in law as
= → ∞. This is enough to deduce the vague convergence on [0,∞) from Theorem 3.23 for 0 ≥ 1,
as the Bessel canonical system is limit point at infinity. However, it is limit circle at infinity when
|0 | < 1, and in that case to complete the proof of Theorem 3.23 we need to upgrade the vague
convergence to [0,∞]. To do so, it suffices to show that the trace of the coefficient matrix �V,0,= is
dominated by an integrable function independent of =, which we do in Lemma 3.28. Having proven
Theorem 3.23, it is then easy to deduce the convergence of transfer matrices and Weyl–Titchmarsh
functions in Corollaries 3.23.1 and 3.23.2 using general results from canonical systems theory.

Our starting point is the identification of the randomwalk that converges to the Brownianmotion
that drives the limiting stochastic Bessel operator.

Lemma 3.24. Set

= (C) := −
√
V

2

b=[(C)c∑
:=0

(
log

G2
=,:

H2
=,:+1

− � log
G2
=,:

H2
=,:+1

)
,

where the entries G=,: and H=,: satisfy Hypothesis 3.3. Then = converges in law to a standard
Brownian motion under the Skorokhod topology.
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The proof of this result relies on the following observation, which is used repeatedly in the
sequel.

Claim 3.25. With [(C) := 1 − 4−C , for all = ∈ ℕ and all C ≥ 0,

C − log
(
1 + 4C

=

)
≤

b=[(C)c∑
:=0

1
= − : ≤ C + 1

= − b=[(C)c .

In particular, if g > 0, then any C ∈ [0, g] satisfies
��C − ∑b=[(C)c

:=0
1
=−:

�� ≤ 4g/=.

Proof. Note that

b=[(C)c−1∑
:=0

1
= − : =

b=[(C)c−1∑
:=0

1
1 − :/=

∫ (:+1)/=

:/=
dB ≤

b=[(C)c−1∑
:=0

∫ (:+1)/=

:/=

dB
1 − B

=

∫ 1
=
b=[(C)c

0

dB
1 − B ≤

∫ [(C)

0

dB
1 − B = − log

(
1 − [(C)

)
= C,

which proves the upper bound. Similarly,

b=[(C)c∑
:=0

1
= − : ≥

b=[(C)c∑
:=1

1
1 − :/=

∫ :/=

(:−1)/=
dB ≥

b=[(C)c∑
:=1

∫ :/=

(:−1)/=

dB
1 − B =

∫ 1
=
b=[(C)c

0

dB
1 − B

= − log
(
1 − b=[(C)c

=

)
≥ − log

(
1 − [(C) + 1

=

)
= C − log

(
1 + 4C

=

)
,

which proves the lower bound. The last conclusion then follows from noticing that if g > 0, then
for C ∈ [0, g], log(1 + 4C/=) ≤ 4g/= and = − b=[(C)c ≥ = − =[(g) = =4−g. �

We now prove the convergence of the random walk = to a Brownian motion.

Proof of Lemma 3.24. The proof relies essentially on a standard martingale central limit theorem.
The specific formulation we use is that from Ethier and Kurtz [32, Theorem 7.1.4].

Because the G=,: ’s and H=,: ’s are independent,= is a càdlàgmartingalewith predictible quadratic
variation

〈=〉(C) =
V

4

b=[(C)c∑
:=0

�

(
log

G2
=,:

H2
=,:+1

− � log
G2
=,:

H2
=,:+1

)2
=

b=[(C)c∑
:=0

1
= − : + V

4

b=[(C)c∑
:=0

X2(=, :)
(= − :)1+W , (3.40)

where the second equality simply follows from using the variance formula from Hypothesis 3.3.
Now, for any g > 0, if : ≤ b=[(C)c then = − : ≥ = − =[(g) = =4−g, so the second term of (3.40) is
bounded by V

4 ‖X2‖∞4(1+W)g=−W for all C ∈ [0, g]. Combining this with the last part of Claim 3.25,
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we see that 〈=〉(C) → C uniformly on [0, g]. From [32, Theorem 7.1.4], the convergence of = to
a Brownian motion follows if we show that

� sup
C∈[0,g]

��= (C) −= (C−)
��2 =

V

4
� max

0≤:≤b=[(g)c

(
log

G2
=,:

H2
=,:+1

− � log
G2
=,:

H2
=,:+1

)2
→ 0 as =→ ∞.

To show this, we use a layer cake decomposition. For D > 0,

� max
0≤:≤b=[(g)c

(
log

G2
=,:

H2
=,:+1

− � log
G2
=,:

H2
=,:+1

)2
≤ D +

b=[(g)c∑
:=0

∫ ∞

D

ℙ

[(
log

G2
=,:

H2
=,:+1

− � log
G2
=,:

H2
=,:+1

)2
≥ E

]
dE

≤ D +
b=[(g)c∑
:=0

�

(
log

G2
=,:

H2
=,:+1

− � log
G2
=,:

H2
=,:+1

)4 ∫ ∞

D

dE
E2 ,

by Markov’s inequality. By the fourth moment assumption in Hypothesis 3.3, if : ≤ b=[(g)c then

�

(
log

G2
=,:

H2
=,:+1

− � log
G2
=,:

H2
=,:+1

)4
≤ X4(=, :)

(= − :)1+W ≤ ‖X4‖∞4(1+W)g
=1+W ,

so

� max
0≤:≤b=[(g)c

(
log

G2
=,:

H2
=,:+1

− � log
G2
=,:

H2
=,:+1

)2
≤ D + ‖X4‖∞4(1+W)g

D=W
(3.41)

and the right-hand side vanishes as =→ ∞ if we take D := =−W/2. As noted above, it follows from [32,
Theorem 7.1.4] that = converges to a standard Brownian motion in the Skorokhod topology. �

Lemma 3.24 can be used to prove the convergence of the sequences {? 9 }=9=0 and {s 9 }=9=0, in a
suitable continuous-time embedding, to the functions ?V,0 and sV,0.

Lemma 3.26. Suppose that Hypothesis 3.3 is satisfied, and for 9 ∈ {0, . . . , =}, let ? 9 and s 9

be defined as in (3.32) and (3.35). Then with ?V,0 as in Definition 1.1 and sV,0 as in (3.20),
? b=[c+1 → ?V,0 and sb=[c+1 → sV,0 compactly and jointly in law as =→ ∞.

Proof. By Lemma 3.24,= converges in law to a Brownian motion. By Skorokhod representation,
there is a coupling of the=’s and a Brownianmotion � such that= → � compactly in probability.
In this setting, we show that with ?V,0 defined from � andsV,0 (C) :=

∫ C

0 ?
−1
V,0

(B) dB, ? b=[c+1 → ?V,0

and sb=[c+1 → sV,0 compactly in probability, which implies the result.
By definition,

log ? b=[c+1 =

b=[c∑
:=0

log
G2
=,:

H2
=,:+1

=

b=[c∑
:=0

� log
G2
=,:

H2
=,:+1

+ 2
√
V
=.
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By Hypothesis 3.3, for each : ,

� log
G2
=,:

H2
=,:+1

= − log
(
1 + 0

= − :

)
+
XG (=, :) − XH (=, :)

(= − :)1+W .

Now, it is easy to verify that if b0 > −1, then there is a � > 0 such that − log(1+ b) ≤ −b +�b2 for
all b ≥ b0. Here, either 0

=−: ≥ 0 for all : or 0
=−: ≥ 0 > −1 depending on the sign of 0, so we can

also write

� log
G2
=,:

H2
=,:+1

= − 0

= − : + XΣ (=, :)
(= − :)1+W

with XΣ := XG − XH + X0 and X0 : ℕ2 → ℝ bounded. Thus,

log ? b=[(C)c+1 = −0
b=[(C)c∑
:=0

1
= − : +

b=[(C)c∑
:=0

XΣ (=, :)
(= − :)1+W + 2

√
V
= (C). (3.42)

If g > 0 and C ∈ [0, g], then Claim 3.25 implies that the first term converges to −0C, uniformly in
C ∈ [0, g]. The second term is bounded by ‖XΣ‖∞4(1+W)g=−W → 0, and the third term converges in
probability to 2√

V
�(C) uniformly in C ∈ [0, g]. Hence, log ? b=[(C)c+1 → log ?V,0 (C) in probability,

uniformly in C ∈ [0, g].
Then, by definition,

sb=[(C)c+1 =

b=[(C)c∑
:=0

1
?:G

2
=,:

=
1
=
+

b=[(C)c∑
:=1

=

?:G
2
=,:

∫ :/=

(:−1)/=
dD =

1
=
+

b=[(C)c∑
:=1

∫ :/=

(:−1)/=

=

? b=Dc+1G
2
=,b=Dc+1

dD

=
1
=
+

∫ 1
=
b=[(C)c

0

=

? b=Dc+1G
2
=,b=Dc+1

dD =
1
=
+

∫ [−1 ( 1
=
b=[(C)c)

0

=4−B

? b=[(B)c+1G
2
=,b=[(B)c+1

dB. (3.43)

As we have seen in (3.41) in the proof of Lemma 3.24, �max0≤:≤b=[(g)c
��log G2

=,:
−� log G2

=,:

�� → 0
for any fixed g > 0, so this maximum converges to zero in probability by Markov’s inequality.
From the expression of� log G2

=,:
in Hypothesis 3.3, we deduce that for any : ≤ b=[(g)c, log G2

=,:
=

� log G2
=,:

+>ℙ,g (1) = log(=−:)+>ℙ,g (1) where the error terms >ℙ,g (1) converge to 0 in probability,
uniformly for : ≤ b=[(g)c. It follows that

=

G2
b=[(B)c+1

= >ℙ,g (1)
=

= − b=[(B)c − 1
=

>ℙ,g (1)
4−B + >g (1)

so
=4−B

G2
=,b=[(B)c+1

ℙ−→ 1,

uniformly in B ∈ [0, g]. Since ? b=[(C)c+1 = ?V,0 (C) + >ℙ,g (1) by the first part of the proof, it follows
that

sb=[(C)c+1 =

∫ [−1 ( 1
=
b=[(C)c)

0

( 1
?V,0 (B)

+ >ℙ,g (1)
)

dB =
∫ C

0

dB
?V,0 (B)

+ >ℙ,g (1),

and sb=[(C)c+1 → sV,0 (C) in probability, uniformly in C ∈ [0, g]. �
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Our next step, as announced at the beginning of this section, is to obtain a growth bound on the
traces of the coefficient matrices. To obtain such a bound, we start by extending the control we have
on the martingale =.

Lemma 3.27. Let = be as in Lemma 3.24. For any Y, X > 0, there is a � > 0 which does not
depend on = such that ℙ

[
∀C ≥ 0, |= (C) | ≤ � (1 + C1/2+X)

]
≥ 1 − Y.

Proof. To simplify notation in the proof, write /0 := 0 and define

/ 9 :=
9∑

:=1
Δ/: for Δ/:−1 := log

G2
=,:

H2
=,:+1

− � log
G2
=,:

H2
=,:+1

,

so that / 9 = = (C 9−1). To control = at large times, we embed the discrete martingale / into a
Brownian motion using a Skorokhod embedding [44, Theorem 22.16]. More precisely, there is a
Brownian motion � and a sequence of stopping times g9 such that a.s., / 9 = �g9 , �

[
Δg9 |ℱ/,g

9−1
]
=

�
[
(Δ/ 9 )2 |ℱ/

9−1
]
and �

[
(Δg9 )2 |ℱ/,g

9−1
]
≤ 4�

[
(Δ/ 9 )4 |ℱ/

9−1
]
, where {ℱ/

9
}=
9=1 and {ℱ/,g

9
}=
9=1 are

the filtrations generated by / and (/, g) respectively, and where we write Δg9 := g9 − g9−1. Fixing
Y > 0, by basic properties of Brownian motion (see e.g. Proposition A.1) there is a � > 0 such that

ℙ

[
∀C ≥ 0, |�(C) | ≤ � (1 + C1/2+X)

]
≥ 1 − Y

2
. (3.44)

Hence, in order to finish the proof we mainly need to control the growth of the stopping times g9 .
The increments Δ/ 9 are independent, and this implies the independence of the time differences

Δg9 as well. Indeed, Δ/2 = /2 − /1 = �g2 − �g1 , whose law depends only on Δg2 by the strong
Markov property of Brownian motion. Because Δ/2 is independent of /1, it follows that Δg2 is
independent of g1. Inductively, the same idea shows that all Δg9 ’s are independent, and in particular
the relationships between moments reduce to �Δg9 = �(Δ/ 9 )2 and �(Δg9 )2 ≤ 4�(Δ/ 9 )4.

Set "0 := 0 and " 9 := ∑ 9

:=1
(
Δg: − �Δg:

)
. Then there is a �′ > 0 such that for all 9 ≤ =,

g9 =

9∑
:=1

Δg: =

9∑
:=1

�Δg: +" 9 =

9∑
:=1

�(Δ/: )2 +" 9 = 〈=〉(C 9−1) +" 9 ≤ C 9−1 +�′+" 9 (3.45)

where the inequality follows from Claim 3.25. Because the Δg: ’s are independent,

�"2
= =

=∑
:=1

�
(
Δg: − �Δg:

)2 ≤
=∑
:=1

�(Δg: )2 ≤ 4
=∑
:=1

�(Δ/: )4 ≤ 4
=−1∑
:=0

X4(=, :)
(= − :)1+W .

Now, " is a martingale, so it follows from Doob’s submartingale inequality [44, Theorem 9.16]
that for any �̃ > 0,

ℙ

[
sup

1≤ 9≤=
|" 9 | > �̃

]
≤

�"2
=

�̃2
≤ 4‖X4‖∞

�̃2

∞∑
:=1

1
:1+W .
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Picking �̃ large enough so that the right-hand side is less than Y/2, we see from (3.45) that with
probability at least 1 − Y/2, g9 ≤ C 9−1 + �′ + �̃ for all 9 ∈ {1, . . . , =}. Since �g9 = / 9 = = (C 9−1),
combining with the event in (3.44), we see that

ℙ

[
∀ 9 ∈ {1, . . . , =}, |= (C 9−1) | ≤ �

(
1 + (C 9−1 + �′ + �̃)1/2+X) ] ≥ 1 − Y.

This extends to all times since = (C) = = (C 9−1) for all C ∈ [C 9−1, C 9 ). Because �, �′ and �̃ do not
depend on =, this completes the proof. �

From the control on the martingale= that we proved in Lemma 3.27, we deduce the following
uniform bound on the trace of the coefficient matrices (3.38).

Lemma 3.28. Suppose that Hypothesis 3.3 holds and that |0 | < 1. If Y > 0 and X ∈ (0, 1 − |0 |),
then there is a � > 0 independent of = such that

ℙ

[
∀C ≥ 0, 4−C ? b=[(C)c+1

(
1 +s2

b=[(C)c+1
)
≤ �4−(1−|0 |−X)C

]
≥ 1 − Y.

Proof. Note that it suffices to show the desired inequality for C ∈ [0, log =]. Indeed, suppose that

ℙ

[
∀C ∈ [0, log =], 4−C ? b=[(C)c+1

(
1 +s2

b=[(C)c+1
)
≤ �4−(1−|0 |−X)C

]
≥ 1 − Y. (3.46)

By definition of [, if C ≥ log = then [(C) = 1 − 4−C ≥ 1 − 1/=, so b=[(C)c = = − 1. This shows that
? b=[(C)c+1

(
1 + s2

b=[(C)c+1
)
is constant for C ≥ log =. Hence, it also holds on the same event that for

C ≥ log =,

? b=[(C)c+1
(
1 +s2

b=[(C)c+1
)
= ? b=[(log =)c+1

(
1 +s2

b=[(log =)c+1
)
≤ �4( |0 |+X) log = ≤ �4( |0 |+X)C ,

which proves the result.
Now, to prove (3.46), recall from (3.42) that

log ? b=[(C)c+1 = −0
b=[(C)c∑
:=0

1
= − : +

b=[(C)c∑
:=0

XΣ (=, :)
(= − :)1+W + 2

√
V
= (C).

Because XΣ is bounded, the second term is bounded by a constant independent of =. Moreover, the
third term is controlled by Lemma 3.27, which implies that there is a �′ > 0 such that on an event
of probability at least 1− Y/2, 2√

V
|= | ≤ �′(1+ C3/4) for all C ≥ 0. This upper bound is itself bounded

by �′′ + XC for all C ≥ 0, for another constant �′′ > 0 still independent of =. Hence, for all C ≥ 0,���log ? b=[(C)c+1 + 0
b=[(C)c∑
:=0

1
= − :

��� ≤ � + XC



104 Chapter 3. The stochastic Airy, Bessel and sine operators as canonical systems

for a � > 0. Claim 3.25 shows that supC∈[0,log =]
��C − ∑b=[(C)c

:=0
1
=−:

�� ≤ 1. From this, we conclude that
on the event of probability at least 1 − Y/2, for all C ∈ [0, log =],

2′4−(0+X)C ≤ ? b=[(C)c+1 ≤ �′4−(0−X)C (3.47)

for constants �′, 2′ > 0 independent of =.
To deduce a bound on sb=[c+1, recall from (3.43) that

sb=[(C)c+1 =
1
=
+

∫ [−1 ( 1
=
b=[(C)c)

0

=4−B

? b=[(B)c+1G
2
=,b=[(B)c+1

dB.

To bound this, we are really only missing a uniform control on the G=,: ’s. By Markov’s inequality
and Hypothesis 3.3, if �̃ > 0 then

ℙ

[
max

0≤:≤=−1

��log G2
=,: − � log G2

=,:

�� > �̃]
≤
=−1∑
:=0

ℙ

[��log G2
=,: − � log G2

=,:

��4 > �̃4
]

≤ 1
�̃4

=−1∑
:=0

�

(
log G2

=,: − � log G2
=,:

)4
≤ 1
�̃4

=−1∑
:=0

X4(=, :)
(= − :)1+W ≤ ‖X4‖∞

�̃4

∞∑
:=0

1
:1+W .

The right-hand side is then bounded by Y/2 for �̃ large enough, which can be chosen independently
of =. Since � log G2

=,:
− log(= − :) is bounded by a constant independent of =, it follows that,

enlarging �̃ if needed,

=

G2
=,:

≤ =4� log G2
=,:

+�̃ ≤ =4− log(=−:)+2�̃ =
42�̃

1 − :/= .

If : = b=[(B)c + 1 ≤ = − 1, then :−1
=

≤ [(B) so

4−B = 1 − [(B) ≤ 1 − : − 1
=

=

(
1 − :

=

) 1 − (:−1)/=
1 − :/= =

(
1 − :

=

) (
1 + 1

= − :

)
≤ 2

(
1 − :

=

)
,

and therefore
=

G2
=,b=[(B)c+1

≤ 242�̃+B .

This is in fact valid for all B ∈ [0, log =], since when b=[(B)c + 1 = =, G2
=,b=[(B)c+1 = = by definition.

Combining this with our expression for sb=[c+1, we find

sb=[(C)c+1 ≤ 1 + 242�̃
∫ [−1 ( 1

=
b=[(C)c)

0

1
? b=[(B)c+1

dB.
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Using the lower bound on ? b=[c+1 from (3.47), we find that for all C ∈ [0, log =],

sb=[(C)c+1 ≤ 1 + 242�̃

2′

∫ C

0
4(0+X)B dB = 1 + 242�̃

2′
4(0+X)C − 1
0 + X .

Combining this with the upper bound on ? b=[c+1, we get that

? b=[(C)c+1s
2
b=[(C)c+1 ≤ �̃′4−(0−X)C + �̃′′4(0+3X)C (3.48)

for two other constants �̃′, �̃′′ > 0, still independent of =. This holds for all C ∈ [0, log =], with
probability at least 1 − Y.

Summing up the upper bounds on ? b=[c+1 and ? b=[c+1s
2
b=[c+1 from (3.47) and (3.48), which

hold on an event of probability at least 1 − Y, yields the desired bound (3.46). �

We are now ready to prove Theorem 3.23 and its corollaries.

Proof of Theorem 3.23. Recall from (3.38) and (3.24) that

�V,0,= (C) = 4−C ? b=[(C)c+1

(
s2

b=[(C)c+1 sb=[(C)c+1

sb=[(C)c+1 1

)
and �V,0 = FV,0

(
s2
V,0

sV,0

sV,0 1

)
.

Our goal is to show that �V,0,= → �V,0 in law, vaguely on 0 as =→ ∞, where 0 := [0,∞) when
0 ≥ 1 but 0 := [0,∞] when |0 | < 1.

By Lemma 3.26, ? b=[c+1 → ?V,0 and sb=[c+1 → sV,0 compactly and jointly in law as =→ ∞.
Hence, by Skorokhod representation, there is a coupling of the systems such that these convergences
hold in probability. By Proposition 2.23, this reduces the problem to showing that for all i ∈
�2 (0,ℂ2), ∫

0

i∗(�V,0,= − �V,0)i dℒ ℙ−−−−→
=→∞

0.

Fix i ∈ �2 (0,ℂ2), and for g > 0, write∫
0

i∗(�V,0,= −�V,0)i dℒ =

∫ g

0
i∗(�V,0,= −�V,0)i dℒ +

∫ ∞

g

i∗(�V,0,= −�V,0)i dℒ. (3.49)

If 0 ≥ 1, then we can choose g large enough so that i is supported on [0, g], and then the second
integral in (3.49) is zero. Then, because ? b=[c+1 → ?V,0 and sb=[c+1 → sV,0 compactly in prob-
ability, by definition �V,0,= → �V,0 compactly in probability, so the first term of (3.49) converges
to 0 in probability as =→ ∞.

If |0 | < 1, then no g can be chosen in the same way, since i could be supported on all of [0,∞].
However, by Lemma 3.28, for any Y > 0 and X ∈ (0, 1− |0 |) there is a � > 0 independent of = such
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that tr�V,0,= (C) ≤ �4−(1−|0 |−X)C for all C ≥ 0 with probability at least 1 − Y/3. A bound of the same
form also holds on tr�V,0 by Lemma 3.16, so���∫ ∞

g

i∗(�V,0,= − �V,0)i dℒ
��� ≤ 2�‖i‖2

∞

∫ ∞

g

4−(1−|0 |−X)C dC

with probability at least 1− 2Y/3. Fixing Z > 0, we can choose g large enough so that the right-hand
side is bounded by Z/2. For this choice of g, since �V,0,= → �V,0 compactly in probability, the first
term of (3.49) is bounded by Z/2 with probability at least 1− Y/3 for all = large enough, and it follows
that

∫
0
i∗(�V,0,= − �V,0)i dℒ → 0 in probability as =→ ∞. �

Proof of Corollary 3.23.1. Take the coupling from the proof of Theorem 3.23, under which the
vague convergence �V,0,= → �V,0 holds in probability.

When |0 | < 1, then the high-probability dominating functions on the traces of �V,0,= and �V,0

from Lemmas 3.28 and 3.16 are integrable, so the vague convergence in probability of coefficient
matrices on [0,∞] implies the compact convergence in probability of the associated transfer matri-
ces on [0,∞] ×ℂ by continuity of the map from coefficient to transfer matrices on trace-dominated
sets (i.e., Proposition 2.25).

When 0 ≥ 1, Lemma 3.16 still gives a high-probability dominating function on the trace of
�V,0, and because the coefficient matrices actually converge compactly by Lemma 3.26, this is
enough for Proposition 2.25 to imply the compact convergence in probability of transfer matrices
on [0,∞) × ℂ, exactly in the same way as in the proof of Corollary 3.8.1.

Because the coefficient and transfer matrices converge in probability under the same coupling,
they converge jointly in law. �

Proof of Corollary 3.23.2. Suppose first that ℓ= = 1 so that the boundary condition u=,0 at 0 from
(3.39a) is parallel to 40. Then by the continuity of the maps from transfer matrices to Weyl–
Titchmarsh functions from Theorems 2.13 and 2.14, the convergence of the transfer matrices im-
plies that <0

�V,0,=
→ <0

�V,0
in law, since when |0 | < 1 the boundary conditions at infinity of both

systems are 4c/2.
To prove the result in the general case of Hypothesis 3.4, write q= ∈ [0, c] for the angle such

that 4q= = ±‖u=,0‖−1
2 u=,0, so that <q=

�V,0,=
= <

u=,0
�V,0,=

. Then Hypothesis 3.4 implies that

4q= = ± u=,0

‖u=,0‖2
=

±1√
=2ℓ2

= + (1 − ℓ=)2

(
=ℓ=

1 − ℓ=

)
law−−→ 4q.

This holds jointly with the convergence <0
�V,0,=

→ <0
�V,0

. Writing '\ for the rotation matrix with
columns 4\ and �4\ , it then follows from the representations <q=

�V,0,=
= '−q=<

0
�V,0,=

and <q

�V,0
=
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'−q<0
�V,0

of the Weyl–Titchmarsh functions that <q=
�V,0,=

→ <
q

�V,0
in law. The convergence of

spectral measures then follows from the continuity of the Herglotz representation.
This holds jointly with the convergence of coefficient and transfer matrices, since these conver-

gences all hold in probability under a coupling such that the compact convergence fromLemma 3.26
holds in probability (i.e., the coupling used in the proof of Theorem 3.23 and Corollary 3.23.1). �

3.2.3.3 Application to the Laguerre #-ensemble

We now apply the convergence results of §3.2.3.1 to the Laguerre V-ensemble. To do so, it suffices
to check that it satisfies Hypothesis 3.3. Then, based on these results we motivate Conjecture 3.1.

Recall from (1.6) in the introduction that the tridiagonal model LV,=,ℓ=LT
V,=,ℓ=

for the spiked
Laguerre V-ensemble is built from the random bidiagonal matrix

LV,=,ℓ= :=
1
√
V

©­­­­­­«

√
ℓ= .=,1 -=,1

. . .
. . .

. . . -=,=−1

.=,=

ª®®®®®®¬
and

.=, 9 ∼ j(<− 9+1)V

-=, 9 ∼ j(=− 9)V

with all -=, 9 ’s and.=, 9 ’s independent. From [58, 59], we know that if< = =+0, then =LV,=,ℓ=LT
V,=,ℓ=

has a hard edge scaling.
The matrix LV,=,ℓ= has exactly the form that we took in (3.29) with G=, 9 := 1√

V
-=, 9 and H=, 9 :=

1√
V
.=, 9 , so it has a canonical system representation of the form we built in §3.2.3.1. A computation

of the moments of the logarithms of its entries easily shows that this matrix satisfies Hypothesis 3.3.

Proposition 3.29. The matrix LV,=,ℓ= from (1.6) with < = = + 0 satisfies Hypothesis 3.3.

Together with Theorem 3.23, this result implies that the associated canonical system converges
vaguely to the canonical system for the stochastic Bessel operator, and the convergence extends
to transfer matrices by Corollary 3.23.1. When the spike parameter ℓ= satisfies Hypothesis 3.4,
the convergence further extends to Weyl–Titchmarsh functions and spectral measures by Corol-
lary 3.23.2. In particular, this proves Theorems 1.6 and 1.8.

Proof. Since H2
=, 9+1 = 1

V
.=, 9+1 with .=, 9+1 ∼ j2

=+0− 9 , H
2
=, 9+1 ∼ Γ

( (=+0− 9)V
2 , 2

V

)
where Γ(U, \) is a Γ

distribution with shape and scale parameters U and \. In the same way, G2
=, 9

∼ Γ
( (=− 9)V

2 , 2
V

)
. By

definition, the cumulant generating function of log H2
=, 9+1 is given by  9+1(C) := log� H2C

=, 9+1. The
formula for the Cth moment of a Γ(U, \) random variable then yields

 9+1(C) = C log
2
V
+ log Γ

( (= + 0 − 9)V
2

+ C
)
− log Γ

( (= + 0 − 9)V
2

)
.



108 Chapter 3. The stochastic Airy, Bessel and sine operators as canonical systems

This allows us to compute the cumulants ^: (log H2
=, 9+1) =  

(:)
9+1(0) of log H2

=, 9+1. Recall that by
basic properties of cumulants, � log H2

=, 9+1 = ^1(log H2
=, 9+1), and writing `: (log H2

=, 9+1) for the :th
central moment of log H2

=, 9+1, `2(log H2
=, 9+1) = ^2(log H2

=, 9+1) and `4(log H2
=, 9+1) = ^4(log H2

=, 9+1) −
3`2

2(log H2
=, 9+1). We deduce that

� log H2
=, 9+1 = log

2
V
+ k (0)

( (= + 0 − 9)V
2

)
, `2(log H2

=, 9+1) = k
(1)

( (= + 0 − 9)V
2

)
,

and

`4(log H2
=, 9+1) = k

(3)
( (= + 0 − 9)V

2

)
+ 3k (1)

( (= + 0 − 9)V
2

)2
,

wherek (:) is the polygamma function of order : . These functions are known to satisfy the following
inequalities for all C > 0 (see e.g. [39, Theorems 4 and 5] and [2, Theorem 9]):

0 < k (0) (C) − log C + 1
2C

+ 1
12C2

<
1

120C4
,

− 1
30C5

< k (1) (C) − 1
C
− 1

2C2
− 1

6C3
< 0, 0 < k (3) (C) − 2

C3
− 3
C4
<

2
C5
.

Hence,
� log H2

=, 9+1 = log(= + 0 − 9) − 1
(= + 0 − 9)V +

X=, 9

(= + 0 − 9)2 ,

`2(log H2
=, 9+1) =

2
(= + 0 − 9)V +

X′
=, 9

(= + 0 − 9)2 ,

`4(log H2
=, 9+1) =

X′′
=, 9

(= + 0 − 9)2

for some numbers X=, 9 , X′=, 9 , X
′′
=, 9

∈ ℝ, which are bounded in both = and 9 since 0 > −1 and =− 9 ≥ 1.
Now,

1
= + 0 − 9

− 1
= − 9

=
0

(= − 9)2

(
1 + 0

= − 9

)−1
,

and because the factor
(
1 + 0

=− 9
)−1 is bounded for = − 9 ≥ 1, we can remove the 0’s from the

denominators in these expressions for the moments at the only cost of redefining X=, 9 , X′=, 9 and X
′′
=, 9

.
Note that because G2

=, 9
∼ Γ

( (=− 9)V
2 , 2

V

)
, the corresponding moments of log G2

=, 9
are given by the

same expressions, but without the 0’s. The result thus follows from combining the moments of
log G2

=, 9
and log H2

=, 9+1 using their independence. �

To conclude this section, we motivate Conjecture 3.1. Indeed, the canonical system represen-
tation of =LV,=LT

V,=
gives information from which we can guess what the spectral weights of the

stochastic Bessel canonical system should be.
Take != := LV,= = LV,=,ℓ= for ℓ= = 1 in the canonical system setting of §3.2.3.1. This matrix

satisfies Hypothesis 3.3 by Proposition 3.29 and ℓ= = 1 satisfies Hypothesis 3.4 with q = 0, so the
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results from Theorem 3.23 and its corollaries apply. Note that in this case, the boundary condition
u=,0 from (3.39a) can be replaced with 40, since these two vectors are parallel.

Because the canonical system has discrete spectrum with only eigenvalues, by Theorem 2.8, an
eigenvalue _ has spectral weight `0

�V,0,=
({_}) equal to ‖D_‖−2

�V,0,=
where D_ solves �D′_ = −_�V,0,=D_

with D_ (0) = 40. By construction of the canonical system, ‖D_‖2
�V,0,=

= 1
=
‖ℎ_‖2

2 where ℎ_ is an
eigenvector of =LV,=LT

V,=
with eigenvalue _. The initial condition D_ (0) = 40 also forces that

ℎ_,1 =
(
�V,0,=,0D(0)

)
1 = −?1/2

1 s1 = −-=,0
.=,1

V

?0-
2
=,0

= −
√
V

√
=.=,1

.

Now, because ℎ_ is an eigenvector of =LV,=LT
V,=

, the vector LT
V,=
ℎ_ is an eigenvector of =LT

V,=
LV,=.

Hence, writing {_ 9 }=9=1 for the set of eigenvalues of =LV,=L
T
V,=

, we know from theDumitriu–Edelman
theorem1 [24, Theorem 3.4] that the vector

{
−‖LT

V,=
ℎ_ 9

‖−1
2 (LT

V,=
ℎ_ 9

)1
}=
9=1 can be written as ‖@‖−1

2 @

where @ 9 ∼ jV are independent of each other and of the eigenvalues. This means that the spectral
weights for our problem are

`0
�V,0,=

(
{_ 9 }

)
=

1
‖D_ 9

‖2
�V,0,=

=
=

‖ℎ_ 9
‖2

2
=

=

(LT
V,=
ℎ_ 9

)2
1

@2
_ 9

‖@‖2
2

‖LT
V,=
ℎ_ 9

‖2
2

‖ℎ_ 9
‖2

2
.

The definition of LV,= gives (LT
V,=
ℎ_ 9

)1 = 1√
V
.=,1ℎ_ 9 ,1 = −1/√= . Moreover, since ℎ_ 9

satisfies

=LV,=LT
V,=
ℎ_ 9

= _ 9ℎ_ 9
, we get ‖LT

V,=
ℎ_ 9

‖2
2 = 〈LT

V,=
ℎ_ 9
,LT

V,=
ℎ_ 9

〉 = 〈ℎ_ 9
,LV,=LT

V,=
ℎ_ 9

〉 =
_ 9

=
‖ℎ_ 9

‖2
2.

This gives the formula

`0
�V,0,=

(
{_ 9 }

)
=
=_ 9@

2
_ 9

‖@‖2
2

=
=V

‖@‖2
2
_ 9

@2
_ 9

V
(3.50)

for the spectral weights. This almost gives an asymptotic description of these spectral weights,
since 1

=V
‖@‖2

2
a.s.−−→ 1 by the strong law of large numbers and the 1

V
@2
_ 9
’s are Γ(V/2, 2/V)-distributed

and independent of each other and of the eigenvalues. So, assuming that we knew beforehand that
the eigenvalue point process converged jointly with the spectral measures, we would see that the
spectral weights (3.50) converge to the points of the BesselV,0 point process multiplied by inde-
pendent Γ(V/2, 2/V) random variables also independent of the eigenvalues. Since the limits of the
spectral weights (3.50) would have to be the spectral weights of the spectral measure `0

�V,0
of the

stochastic Bessel canonical system, this is what motivates Conjecture 3.1.
A way to turn this idea into a proof would be to prove first the joint convergence of the spectral

measures and the eigenvalue point processes. It is possible that this could be done through a more
careful analysis of the spectral weights: using the idea from Proposition 2.17, the eigenvalue point

1The correspondence between their notation and ours is that < and 0, in their notation, become = and V

2 (= + 0) >
V

2 (= − 1) in ours, so their matrix �V is our LT
V,=

.
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processes should converge jointly with the spectral measures if the spectral weights of `0
�V,0

can be
proven to be limits of those of `0

�V,0,=
and if the spectral weights of the `0

�V,0,=
’s are shown not to

vanish in the limit in a suitable sense. Note in particular that when |0 | < 1, the former criterion is
automatically satisfied (by Proposition 2.18) since the canonical systems are all limit circle at both
endpoints.

3.3 The stochastic sine operator

This short section is devoted to the stochastic sine operator. In §3.3.1, we review a few of its
important properties. Then, in §3.3.2, we make a few comments about the possibility of proving
the convergence of tridiagonal randommatrix models to the stochastic sine operator at the canonical
system level, and about the way the framework used in §3.1.3 and §3.2.3 should be expected to adapt
to this case.

3.3.1 Basic properties of the stochastic sine operator

Hyperbolic Brownian motion. The stochastic sine operator is defined in terms of a complex-
valued stochastic process called a hyperbolic Brownian motion. We start by reviewing some basic
properties of this process. For more background, we refer to [36].

Definition 3.2. A hyperbolic Brownian motion with variance f2 > 0 started at a point I ∈ ℍ, in
the upper half-plane model of the hyperbolic plane, is the strong solution to the SDE

d(C) = f Im(C) d, (C) with (0) = I,

where, is a standard complex Brownian motion, with independent standard real Brownian mo-
tions as its real and imaginary parts.

This complex SDE immediately splits into two real SDEs by taking the real and imaginary parts.
The simplest one is that for the imaginary part

dIm(C) = f Im(C) dIm, (C).

Indeed, this can immediately be recognized as the equation for a geometric Brownianmotion, which
can be solved explicitly using Itô’s formula. The solution is

Im(C) = Im(0) exp
(
f Im, (C) − f2C

2

)
.
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The real part of the hyperbolic Brownian motion is thus given by the integral of this process against
the independent real standard Brownian motion Re, .

An important property of a hyperbolic Brownian motion is that it converges to a boundary point
of the hyperbolic plane as C → ∞ [36, Proposition 7.6.7.3]. Since we use the upper half-plane as a
model of the hyperbolic plane, this means that (∞) is a well-defined real random variable.

The stochastic sine operator. For V > 0, let V be a hyperbolic Brownian motion with variance
4/V started at 8 in the upper half-plane, and let

'V :=
1

2 det -V
(-V)T-V with -V :=

(
1 −Re -V
0 Im -V

)
.

Recall from Definition 1.2 in the introduction that the stochastic sine operator is the operator acting
on functions D : (0, 1) → ℂ2 as D ↦→ ('−1

V
◦ h)�D′ where h(C) := − log(1 − C). This operator was

introduced by Valkó and Virág in [76].
It should be noted that, in constrast with the stochastic Airy and Bessel operators, the stochastic

sine operator is not a random generalized Sturm–Liouville operator. It is rather a random Dirac
operator, that is, a random canonical system whose coefficient matrix (here 'V ◦ h) is invertible at
all times.

The spectrum of the stochastic sine operator and the Weyl alternative. When given the bound-
ary conditions

4∗0�D(0) = 0 and u∗1�D(1) = 0 where u1 :=

(
ReV (∞)

1

)
, (3.51)

with the boundary condition at 1 being enforced only when V > 2, the stochastic sine canonical
system has a discrete spectrum called the sineV point process. This was shown by Valkó and Virág
in [76], building on their earlier work [72]. As stated in the introduction, the sineV point process
describes the bulk scaling limit of V-ensembles—we have seen an example of this in Theorem 1.3
(that is, [76, Theorem 1]), which describes precisely the scaling limit from the Hermite V-ensemble.

The reason the right boundary condition in (3.51) is not neededwhen V ≤ 2 is, of course, that the
canonical system is limit point at 1 in that case. This result was proven by Valkó and Virág in [76,
Theorem 25]. It is also a consequence of the following bound on the trace of the sine system’s
coefficient matrix, which we will need later. We give a full proof for the sake of completeness, but
it should be noted that this is also contained in the proof of [76, Theorem 25].
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Lemma 3.30. For any Y > 0 and X ∈ (0, 2/V), there is a �Y,X > 0 such that

ℙ

[
∀C ∈ [0, 1), tr 'V ◦ h(C) ≤

�Y,X

(1 − C)2/V+X

]
≥ 1 − Y.

Remark. In particular, if V > 2 then we can choose X < 2/V − 1 and the upper bound is integrable.

Proof. By definition,
tr 'V ◦ h =

1
2 ImV ◦ h

(
1 + |V ◦ h |2

)
.

Let , denote the complex Brownian motion that drives the hyperbolic Brownian motion V. By
properties of Brownian motion (for instance, applying Proposition A.1), for any Y > 0 there is a
�̃ > 0 such that with probability at least 1 − Y/2, |Im, ◦ h(C) | ≤ �̃

(
1 + h(C)3/4

)
for all C ∈ [0, 1).

Therefore, for any X > 0, there is also a � > 0 such that on the same event, for all C ∈ [0, 1),

1
�
(1 − C)2/V+X ≤ ImV ◦ h(C) ≤ � (1 − C)2/V−X .

If ImV ◦ h is bounded in that way, then for X < 2/V,

〈ReV ◦ h〉(C) ≤
4�2

V

∫ C

0
(1 − B)2/V−X d〈Re, ◦ h〉(B) = 4�2

V

∫ C

0
(1 − B)2/V−X−1 dB ≤ 4�2

2 − VX .

Hence, Bernstein’s inequality for martingales shows that for any G > 0,

ℙ

({
|Im, ◦ h(C) | ≤ �̃

(
1 + h(C)3/4)} ∩ {

sup
C∈[0,1)

|ReV ◦ h(C) | ≥ G
})

≤ 2 exp
(
− (2 − VX)G2

8�2

)
,

and this bound can be made smaller than Y/2 by taking G large enough. Combining the bounds on
the real and imaginary parts of V yields the result with �Y,X := �

2 (1 + �2 + G2). �

3.3.2 Remarks on the convergence from tridiagonal matrix models

When building the stochastic sine operator, Valkó and Virág also built in [76] a framework to de-
scribe a family of Dirac operators that are parametrized by a path in the upper half-plane, from
which a coefficient matrix can be defined, and two boundary points which serve as boundary con-
ditions. In addition to using this framework to build the stochastic sine operator, they also used it
in [73] to embed circular V-ensembles as Dirac operators, and showed that under a suitable cou-
pling, their inverses converge a.s. to the inverse of the stochastic sine operator in Hilbert–Schmidt
norm.

In a similar way, it should also be possible to obtain the stochastic sine canonical system as
the limit of canonical systems built from appropriate tridiagonal random matrix models, like for
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example those for the Hermite and Laguerre V-ensembles scaled in the bulk. This would upgrade
to the canonical system level the results that are known for the associated eigenvalue point processes,
of which we saw an example in Theorem 1.3 in the introduction.

Although we won’t tackle this problem here, we point out that it could be studied using the
framework we used in §3.1.3 and §3.2.3 to show convergence of tridiagonal random matrix mod-
els to the stochastic Airy and Bessel operators. However, there is an important difference between
this case and the other two. Indeed, in the cases of the stochastic Airy and Bessel operators, Lem-
mas 3.10 and 3.26 essentially imply that the coefficient matrices of the discrete models converge
compactly to the coefficient matrices of the continuum ones. In the case of the stochastic sine op-
erator, this would certainly not be possible, because the coefficient matrices of the discrete models
have a projector structure that they cannot retain in the limit, since the coefficient matrix of the sine
system is invertible. Therefore, a part of the coefficient matrices must vanish in the vague limit.

A possible way to work out this convergence would be to represent the solutions that appear in
the coefficient matrix of the discrete systems using pairs of polar coordinates—something similar
to the so-called Prüfer variables used in the theory of Jacobi operators [68, §4.1]—and analyse
the behavior of these polar coordinates. Having such representations of these solutions could help
to split them into an “oscillating” part that would vanish in the vague limit and an “average” part
that would survive in the limit. We will use a change of variables built using this kind of idea in
Chapter 4 to analyse canonical system level transitions from the stochastic Airy or Bessel operator
to the stochastic sine operator.
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Chapter 4

Edge to bulk transitions in #-ensembles

4.1 Introduction

The point processes that describe scaling limits of V-ensembles should be expected to be related
to each other. For example, one could expect that it is possible to retrieve the sineV point process
as a scaling limit of the AiryV point process. The reason for this is that the sineV point process
describes an infinite number of points which are, on average, equally spaced on the real line, while
the AiryV point process describes a sequence of points that are spaced with increasing density on
the half line. Because these two points processes are scaling limits of the same V-ensembles, one
could expect that starting from the AiryV point process and zooming in the direction with infinitely
many points while rescaling the space in the right way, the randomness remains consistent so that
the sineV point process is retrieved. Intuitively, the idea here is that we start from the edge of the
semicircle in Figure 1.1, and we zoom back into the bulk.

As mentioned in Theorem 1.4 in the introduction, this does happen: Valkó and Virág have
shown that 2

√
� (AiryV + �) → sineV vaguely in law as � → ∞ [72, Corollary 3]. The same

phenomenon also happens when starting from the hard edge instead of the soft edge (although the
scaling is different)—a version of this was proven by Holcomb in [41, Theorem 1.1]. Because the
AiryV, BesselV,0 and sineV point processes are the spectra of random differential operators, one
should expect these edge to bulk transitions to hold not only at the level of the spectra, but also
at the level of the operators themselves. The goal of this section is to describe such operator level
transitions, using canonical systems theory.

The material of this chapter is mostly taken from [54, 55], although some of the arguments are
reformulated in a generalized setting in order to combine the results of the two papers.

Canonical system representations and main results. The point process transition from the soft
edge to the bulk is described by the vague limit 2

√
� (AiryV + �) → sineV. Since the AiryV point

115
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process is the negative of the spectrum of the stochastic Airy operatorV and since the sineV point
process is symmetric, one can expect from this point process transition that

V,� := 2
√
� (V − �) (4.1)

converges to the stochastic sine operator as � → ∞. Similarly, the spacing between the eigenvalues
of the stochastic Bessel operator GV,0 in the deterministic case V = ∞ can be estimated from
asymptotics of Bessel functions, and this leads to expect that the rescaled operator

GV,0,� :=
2

√
�
(GV,0 − �) (4.2)

should converge to the stochastic sine operator as � → ∞.
Now, sinceV,� andGV,0,� are generalized Sturm–Liouville while the stochastic sine operator

is Dirac, we need a common framework under which to represent all three operators, and for this
we use (of course) canonical systems. As we will see in detail in §4.2, the general method of §2.4
yields canonical systems on (0,∞) for the operators V,� and GV,0,� , with coefficient matrices

�V,� :=
1

2
√
�

(√
� g2

V,�
fV,�gV,�

fV,�gV,� 1√
�

f2
V,�

)
and �V,0,� :=

FV,0
√
�

2

( √
� g2

V,0,�
fV,0,�gV,0,�

fV,0,�gV,0,� 1√
�

f2
V,0,�

)
(4.3)

where fV,� , gV,� and fV,0,� , gV,0,� are pairs of fundamental solutions toV,�ℎ = 0 andGV,0,�ℎ = 0
respectively, with initial conditions

gV,� (0) = f′V,� (0) = 0, g′V,� (0) = fV,� (0) = 1,

gV,0,� (0) = f′V,0,� (0) = 0, g′V,0,� (0) = fV,0,� (0) = 1.

We will then show that these canonical systems converge to the canonical system corresponding to
the stochastic sine operator.

We will start by proving the vague convergence of the canonical systems, as stated in the intro-
duction.

Theorem 1.9 [54, 55, Theorems 1]. Let V := [0, 1) if V ≤ 2 and V := [0, 1] if V > 2. For any
diverging sequence {�=}=∈ℕ ⊂ (0,∞), there are �

1 bijections [A,�=
: [0, 1 + YA,�=

) → [0,∞)
where YA,�=

→ 0 such that

�̃V,�=
:= [′A,�=

(�V,�=
◦ [A,�=

) law−−−−→
=→∞

'̃V := 'V ◦ h

vaguely on V, where 'V and h are as in Definition 1.2. Likewise, there are �
1 bijections
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[B,�=
: [0, 1 + YB,�=

) → [0,∞) where YB,�=
→ 0 such that

�̃V,0,�=
:= [′B,�=

(�V,0,�=
◦ [B,�=

) law−−−−→
=→∞

'̃V

vaguely on V.

Remark. The numbers YA,� and YB,� appear here for technical reasons related to the possible dis-
crepancy between the behavior of the Airy or Bessel system and that of the sine system near the
right endpoint. They will always vanish as � → ∞ (and in fact we will take them to be exactly zero
in some range of values of V and 0), and at this point [A,� and [B,� should essentially be thought of
as time changes between (0, 1) and (0,∞). The precise definitions of [A,� and [B,� will be given
in (4.11) and (4.18) respectively.

As a corollary, we will also show the convergence of the canonical systems’ transfer matrices.

Corollary 1.9.1 [54, 55, Corollaries 1.1]. Let {�=}=∈ℕ be a diverging sequence, and let
)�̃V,�=

, )�̃V,0,�=
, )'̃V

: V × ℂ → ℂ2×2 be the transfer matrices of the shifted and scaled Airy and
Bessel systems and of the sine system. Then

)�̃V,�=

law−−−−→
=→∞

)'̃V
and )�̃V,0,�=

law−−−−→
=→∞

)'̃V

compactly on V × ℂ, jointly with the respective coefficient matrices.

Having proven the vague convergence of coefficient matrices and the compact convergence of
transfer matrices, our next goal will be to show the convergence of the Weyl–Titchmarsh functions,
in order to deduce the convergence of the associated spectral measures. To do so, at this point it
will mostly remain to prove the convergence of the systems’ boundary conditions, and this will lead
us to the following.

Theorem 1.10 [54, 55, Theorems 2]. Let {�=}=∈ℕ ⊂ (0,∞) be a diverging sequence, and let
<�̃V,�=

, <�̃V,0,�=
, < '̃V

: ℍ → ℍ∞ be the Weyl–Titchmarsh functions of the shifted and scaled Airy
and Bessel systems and of the sine system. Then

<�̃V,�=

law−−−−→
=→∞

< '̃V
and <�̃V,0,�=

law−−−−→
=→∞

< '̃V

compactly on ℍ, jointly with the respective coefficient and transfer matrices. In particular, the
associated spectral measures converge vaguely in law, also jointly with the other objects.

The spectral measures of the Airy, Bessel and sine systems are all pure point with positive
masses precisely at the (simple) eigenvalues of the corresponding operators. In general, the vague
convergence of spectral measures is not strong enough to guarantee the vague convergence of the
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associated eigenvalue point processes: in principle, it would be possible for spectral masses to
vanish or merge with others in the limit � → ∞.

However, the spectral weights of the sine operator are known to be independent Γ(V/2, 4/V) ran-
dom variables that are also independent of the eigenvalues [74, Proposition 3], and the same also
holds for the shifted Airy operatorV,� [55, Corollary D.2]. Because the spectral weights ofV,�

and of the stochastic sine operator have the same distributions and are independent of the eigenval-
ues, in this case the point process convergence 2

√
� (AiryV + �)

law−−→ sineV actually does follow
from the convergence of the corresponding spectral measures, and Theorem 1.10 recovers Valkó
and Virág’s result (Theorem 1.4).

The spectral weights of the shifted Bessel operatorGV,0,� are not known, but they can be easily
related to those of the usual Bessel operator GV,0. Their description given in Conjecture 3.1 then
suggests that the spectral weights of GV,0,� converge to independent Γ(V/2, 4/V) random variables
that are also independent of the eigenvalues, and this would yield the convergence of the eigenvalue
point processes. We will come back to this in more detail in §4.4.4.

Related work on operator convergence. As mentioned earlier, the two edge to bulk transitions
studied here have already been studied at the point process level. Indeed, Valkó and Virág have
proven in [72, Corollary 3] that 2

√
� (AiryV+�) → sineV vaguely in law as � → ∞, and Holcomb

proved in [41, Theorem 1.1] that for any 0 > 0, if BessV,0 denotes the square root of the BesselV,0
point process, then 1

4 (BessV,0 − �) → sineV vaguely in law as � → ∞.
These two edge to bulk transitions are not the only possible transitions between these point

processes. Another important example is a transition from the hard edge to the soft edge, which
occurs when taking 0 → ∞. In that case, because both the stochastic Airy and Bessel operators
are random generalized Sturm–Liouville operators, one can exploit their resolvents to describe the
transition. This was done by Dumaz, Li and Valkó in [22], where it is shown that the transition
occurs at the operator level, in the norm resolvent sense (see [69, §6.6] for the definition of this type
of convergence).

For comparison with this type of result, note that if �̃V,�
, �̃V,0,�

and '̃V
denote the self-

adjoint realizations of the corresponding canonical system’s relations for the appopriate boundary
conditions, then Theorems 1.9 and 1.10 immediately imply (by general results from canonical sys-
tems theory, see §2.2.2.3) that for any i ∈ �2 (,ℂ2),

(�̃V,�
− I)−1i

law−−−−→
=→∞

('̃V
− I)−1i and (�̃V,0,�

− I)−1i
law−−−−→
=→∞

('̃V
− I)−1i,

both compactly in I. As explained in §2.2.2.3, this might extend to a strong resolvent convergence
in a generalized sense where the Hilbert space on which the resolvent acts (here !2

�̃V,�
(0, 1) or

!2
�̃V,0,�

(0, 1)) is allowed to change along the sequence, but it is not obvious to do so.
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Related work in the soft edge case. In [49], the authors give an analytic construction of the
stochastic Airy function SAi_, which is a random !2(0,∞) function, entire with respect to the
parameter _ ∈ ℂ, that satisfiesV SAi_ = −_ SAi_ with explicit almost sure asymptotics for SAi_ (C)
as C → ∞. The Weyl–Titchmarsh function <V

of the stochastic Airy canonical system admits a
representation in terms of this function, namely

<V
(I) =

SAi′
_� (I) (0)√

� SAi_� (I) (0)
with _� (I) := −� − I

2
√
�
,

where the prime denotes a derivative with respect to time. Similarly, theWeyl–Titchmarsh function
of the stochastic sine system can be written in terms of a random entire function ZV called the
stochastic zeta function, which was introduced in [75]. Hence, Theorem 1.10 gives the following.

Corollary 1.10.1 [55, Corollary 2.1]. There is another random analytic function b : ℍ → ℂ

such that for any diverging sequence {�=}=∈ℕ ⊂ (0,∞) and any I ∈ ℍ,

SAi′
_�= (I)

(0)
√
�= SAi_�= (I) (0)

law−−−−→
=→∞

√
@2 + 1

b (I)
ZV (−I)

where @ is a standard Cauchy random variable independent of b and ZV. Moreover, b can be
written in terms of @ and of an independent solution to the eigenvalue equation for a differential
operator gV that is unitarily equivalent to the stochastic sine operator.

From Theorem 1.10, the proof of this result only amounts to unraveling definitions, so we skip
it in the main text. For the sake of completeness, we still provide it in Appendix A.3.

In [4, Theorem 11], an independent construction of the stochastic Airy function is given via
canonical systems. The author defines the regularized Fredholm determinant for I ∈ ℍ as

p(I) := det2(id−I−1
V ) = lim

C→∞
4It(C)

(
)V

(C, I)
)
11

where t(C) is the trace of−1
V

restricted to [0, C]. The function p can be explicitly related to SAi_ (0).
Finally, we mention that there also exists an independent approach from [38, 40], which con-

structs the semigroup of the stochastic Airy operator 4)V . We do not know if there is an explicit
relationship between this semigroup and the canonical system representation.

Organization of the chapter. The rest of the chapter is divided into three main sections.
First, §4.2.1 and §4.2.2 are devoted to the description of the canonical system setups for the

soft edge to bulk and hard edge to bulk problems, including the construction of the time changes
[A,� and [B,� that appear in Theorem 1.9 and that allow the two systems to act on (0, 1) instead
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of (0,∞). Now, to prove the vague convergences from Theorem 1.9, we must analyse the behavior
of the solutions that appear in the coefficient matrices (4.3) of the Airy and Bessel systems. To do
so, in Propositions 4.1 and 4.2, we change variables and write the (time-changed) solutions using
pairs of polar coordinates. It turns out that the expressions of the coefficient matrices �V,� and
�V,0,� in polar coordinates are the same, and that these coordinates are driven by SDEs with very
similar structures. This allows us to infer, in §4.2.3, a general setup that combines the two vague
convergence problems. In §4.2.3, we also see how the change of variables into polar coordinates
gives more intuition about the convergence. Indeed, the change of variables allows us to split the
coefficient matrix in two terms, and to effectively decouple a highly oscillatory part that vanishes
in the vague limit, and an “average” part that converges to the sine system’s coefficient matrix. In
particular, this allows us to identify the process that converges to the hyperbolic Brownian motion
from the sine system’s coefficient matrix, as well as the process that converges to its driving complex
Brownian motion.

Then, the goal of §4.3 is to prove Theorem 1.9, that is, to prove the soft edge to bulk and hard
edge to bulk transitions at the level of the vague convergence of the canonical systems. For that part,
we work in the general setup introduced in §4.2.3. Our proof is based on a coupling between the
driving Brownian motions of our systems, which we build in Lemma 4.4, in §4.3.1. This allows us
to deduce, in §4.3.2, quantitative estimates comparing the hyperbolic Brownian motion of the sine
system’s coefficient matrix with the process that converges to it. Having done so, we complete the
proof of the vague convergence in §4.3.3. At this point, we also deduce the convergence of transfer
matrices from Corollary 1.9.1.

We turn to the spectral convergence in §4.4. The analysis is divided in two cases. In §4.4.1,
we handle the case V ≤ 2, in which the sine system is limit point on the right. Because of this, the
convergence of the Weyl–Titchmarsh functions is essentially a consequence of the convergence of
the transfer matrices, by general results from canonical systems theory. When V > 2, the sine system
is limit circle on the right, and then to deduce the convergence of the Weyl–Titchmarsh functions
we also need to prove the convergence of the boundary conditions. In that case, our analysis rests
not only on the polar coordinates mentioned earlier, but also on other properties of the Airy and
Bessel operators, and for this reason we handle the two cases separately in §4.4.2 and §4.4.3. In
both cases, we start by a detailed sketch showing the idea of the proof, which involves using the
C → −∞ asymptotics of solutions to the eigenvalue equations of V,� and GV,0,� that we obtained
in §3.1.2 and §3.2.2. Finally, in §4.4.4, we also give an expression of the spectral weights ofGV,0,�

in terms of those ofGV,0, and we argue that under Conjecture 3.1, the point process level hard edge
to bulk transition should follow from the convergence of the Weyl–Titchmarsh functions.
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4.2 Setup and idea of the convergence

The goal of this section is to present in more detail the canonical system representations of the
rescaled stochastic Airy and Bessel operators V,� = 2

√
� (V − �) and GV,0,� = 2√

�
(GV,0 − �),

and to set them up for convergence to the stochastic sine canonical system.
We first describe both canonical systems independently in §4.2.1 and §4.2.2, including the con-

struction of the time changes [A,� and [B,� under which the two systems can act on (0, 1) instead
of (0,∞). In both cases, we also introduce a change of variables into polar coordinates for the
solutions that appear in the systems’ coefficient matrices. In §4.2.3, we then see a way to unify the
representations of the coefficient matrices in polar coordinates, which allows us to combine some
of the arguments used in the proofs of Theorems 1.9 and 1.10. We conclude §4.2.3 with a sketch
of the main arguments that we will use to prove the vague convergence in §4.3.

4.2.1 Setup for the soft edge to bulk transition

Canonical system representation. With V,� = 2
√
� (V − �) for � > 0, by definition of the

stochastic Airy operator (see Definition 3.1), V,� acts on a function 5 : [0,∞) → ℝ as

1
2
√
�
V,� 5 (C) = −

(
5 ′ − 2

√
V
� 5

)′
(C) − 2

√
V
�(C)

(
5 ′ − 2

√
V
� 5

)
(C) +

(
C − � − 4

V
�2(C)

)
5 (C),

where � is a standard Brownian motion. Like the stochastic Airy operator itself, this operator
again has the form (2.15) of a generalized Sturm–Liouville operator, but now with ? ≡ 1, @(C) :=
C − � − 4

V
�2(C), B := − 2√

V
� and F ≡ 1/2

√
� . Hence, the method from §2.4 yields a canonical

system representation in the same way as it did for the stochastic Airy operator. We now set up the
equivalence through the matrix

�V,� :=

(
�

1/4g[1]
V,�

�
−1/4f [1]

V,�

�
1/4gV,� �

−1/4fV,�

)
=

(
�

1/4g′
V,�

− 2√
V
�

1/4�gV,� �
−1/4f′

V,�
− 2√

V
�

−1/4�fV,�
�

1/4gV,� �
−1/4fV,�

)
(4.4)

where fV,� and gV,� are a pair of fundamental solutions to V,�ℎ = 0 with initial conditions

gV,� (0) = f′V,� (0) = 0, g′V,� (0) = fV,� (0) = 1.

Then �V,� solves

�′V,� (C) =
(
− 2√

V
�(C) C − � − 4

V
�2(C)

1 2√
V
�(C)

)
�V,� (C) with �V,� (0) =

(
�

1/4 0
0 �

−1/4

)
.
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The method from §2.4.2 shows that ℎ solves V,�ℎ = Iℎ if and only if D := �−1
V,�

(
ℎ[1]
ℎ

)
solves the

canonical system

�D′ = −I�V,�D on (0,∞) with �V,� :=
1

2
√
�

(√
� g2

V,�
fV,�gV,�

fV,�gV,� 1√
�

f2
V,�

)
. (4.5)

This canonical system is again limit circle at 0 and limit point at infinity, and the eigenvalue problem
V,�ℎ = Iℎ with ℎ(0) = 0 corresponds to a self-adjoint realization of the canonical system’s
maximal relation obtained by restriction by the boundary condition 4∗0�D(0) = 0.

Construction of the appropriate time change. In order to work out the vague convergence of
the canonical system (4.5) to the sine canonical system, we must first modify it so that its time
domain is (0, 1), like the sine system. Following the time-change property of canonical systems
from Theorem 2.2, we are looking for an absolutely continuous bijection [A,� : (0, 1 + YA,� ) →
(0,∞) for some YA,� > 0 with YA,� ↓ 0.

The point of adding this parameter YA,� is related to the change of behavior of the systems at
the right endpoint, and to the discussion in §2.2.3. Recall that both the Airy and the sine systems
are limit circle at their left endpoint 0, but the Airy system is always limit point at its right endpoint
∞ while the sine system is either limit point (when V ≤ 2) or limit circle (when V > 2) at its right
endpoint 1. When V ≤ 2, the right endpoints of all systems are limit point and we take YA,� = 0.
However, when V > 2, the behavior at the right endpoint changes from limit point to limit circle, so
we are in the situation discussed in §2.2.3. Thus, we rather want to take YA,� ↓ 0 in order to work
out the vague convergence of the canonical systems on [0, 1].

A good candidate for [A,� stems from the zero-temperature limit case V = ∞, in which the
problem becomes deterministic. Indeed, when V = ∞ the Brownian motion disappears fromV,� ,
so the functions f∞,� and g∞,� are solutions of the equation 2

√
�

(
−ℎ′′(C) + (C−�)ℎ(C)

)
= 0. These

are simply solutions of the Airy differential equation but shifted by � , so f∞,� and g∞,� can be
written as linear combinations of Ai(· − �) and Bi(· − �), where Ai and Bi are the usual Airy
functions. The Wronskian property Ai Bi′−Ai′ Bi ≡ 1/c then directly leads to

f∞,� (C) = c
(
Bi′(−�) Ai(C − �) − Ai′(−�) Bi(C − �)

)
, (4.6a)

g∞,� (C) = c
(
Ai(−�) Bi(C − �) − Bi(−�) Ai(C − �)

)
. (4.6b)

The Airy functions have well-known asymptotic expansions (see e.g. [19, 53]). For C < � , these
lead to

f∞,� (C) =
�

1/4

(� − C)1/4

(
cos

(2
3
�

3/2 − 2
3
(� − C)3/2

)
+$

(
(� − C)−3/2) ) , (4.7a)

g∞,� (C) =
1

� 1/4(� − C)1/4

(
sin

(2
3
�

3/2 − 2
3
(� − C)3/2

)
+$

(
(� − C)−3/2) ) . (4.7b)
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Dropping the errors, it follows that if [A,� < � , then

[′A,� (�∞,� ◦ [A,� ) ≈
[′A,�

2
√
�

1√
� − [A,�

(
sin2 \� sin \� cos \�

sin \� cos \� cos2 \�

)
◦ [A,� (4.8)

where \� (C) := 2
3�

3/2 − 2
3
(
� − C

)3/2. Now, [A,� should be chosen so that this coefficient matrix
converges to '∞ ◦h, which is identically equal to 1

2 �2 since when V = ∞, the “hyperbolic Brownian
motion” V has zero variance, so it is stuck at 8 at all times. If the function \� ◦ [A,� grows
increasingly fast with � , we can expect the oscillations of the trigonometric functions given here to
make them converge weakly to their average values, making the above matrix, without the prefactor,
converge vaguely to 1

2 �2 as � → ∞. This leads us to choose [A,� as a function that makes the
prefactor go to 1, that is, [A,� should solve the equation

[′A,� = 22�
√
�

√
� − [A,� with [A,� (0) = 0, (4.9)

where 2� is something that converges to 1 in an appropriate sense. The simplest choice is, of course,
to force the 2� ’s to be constants. In that case, the differential equation is separable and the initial
value problem is solved by the function

[A,� (C) := � − � (1 − 2� C)2. (4.10)

However, this is only a bijection [0, 1/2�] → [0, �]. When V ≤ 2, we are looking for a bijection
[0, 1) → [0,∞), so we can take 2� = 1, use (4.10) as a bijection [0, 1 − 1/√� ] → [0, � − 1] and
complete it with a bijection [1− 1/√� , 1) → [� −1,∞). When V > 2, we are looking for a bijection
[0, 1+ YA,� ) → [0,∞), so if 2� < 1 we can use (4.10) as a bijection [0, 1] → [0, � − � (1− 2� )2].
In this case, we take 2� = 1 − 1/√� so that [A,� (1) = � − 1.

In both regimes of V, the above gives a bijection [0, g� ] → [0, � − 1] for g� := 1 − 1/√� when
V ≤ 2 and g� := 1 when V > 2. What we use to complete the bijection will turn out not to make a
difference, so we leave it unspecified, assuming only that [A,� : [g� , g� + 1/√� ) → [� − 1,∞) is a
bijection so that [A,� is �1 on the full interval [0, g� + 1/√� ).

To sum up, our time change is a �1 bijection [A,� : [0, g� + 1/√� ) → [0,∞) such that

[A,� (C) = � − � (1 − 2� C)2 if C ≤ g� (4.11a)

with {
2� = 1, g� = 1 − 1/√� when V ≤ 2,

2� = 1 − 1/√� , g� = 1 when V > 2.
(4.11b)

It always satisfies [A,� (g� ) = � − 1 and [′A,� (g� ) = 22�
√
� .
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Let us emphasize that the reason to take this specific time change is to counteract the natural
decay of the “Airy-like” oscillations of the solutions that appear in the system’s coefficient matrix as
in (4.8), in order to convert them to “sine-like” oscillations, with no decay in amplitude. Moreover,
the point of taking 2� < 1 when V > 2 (i.e., when the sine system is limit circle at 1) is to allow us
to analyse the vague convergence of the canonical systems on the closed interval [0, 1], which is
more natural in the canonical system setting than working on restricted intervals that would grow
to [0, 1]. Our specific choice of 2� = 1 − 1/√� for that case also implies that [A,� (1) − � = 1 for
all � , which will play an important role in our proof of the convergence of the Weyl–Titchmarsh
functions in §4.4.2.

Polar coordinates. To analyse the behavior of the system and its solutions, we now introduce
a change of variables with the goal of obtaining approximations of solutions analogous to those
obtained from asymptotics of Airy functions in the deterministic case.

Proposition 4.1 [55, Proposition 14]. Let V,� be defined from a standard Brownian motion �
on a filtered probability space (Ω,ℱ, {ℱC}C≥0,ℙ), and let [A,� , 2� and g� be as in (4.11). If 5
solves V,� 5 = 0 and if 5 (0) and 5 ′(0) are independent of �, then for C ∈ [0, g� ],

5 ◦ [A,� (C) =
� 5

� 1/4
√

1 − 2� C
4dV,� (C) cos bV,� (C)

and

5 ′ ◦ [A,� (C) = � 5 �
1/4

√
1 − 2� C 4dV,� (C) sin bV,� (C)

where �2
5

:=
√
� 5 2(0) + 1√

�
5 ′2(0) and dV,� and bV,� solve the coupled SDEs

ddV,� (C) =
(
1
V
+

( 2
V
− 1

2

)
cos 2bV,� (C) +

1
V

cos 4bV,� (C)
)

2�

1 − 2� C
dC

+

√
2
V

sin 2bV,� (C)
√

2�

1 − 2� C
d�� (C),

dbV,� (C) = −22��
3/2(1 − 2� C)2 dC −

(( 2
V
− 1

2

)
sin 2bV,� (C) +

1
V

sin 4bV,� (C)
)

2�

1 − 2� C
dC

+ 2
√

2
√
V

cos2 bV,� (C)
√

2�

1 − 2� C
d�� (C)

with dV,� (0) = 0 and bV,� (0) = arctan
( 5 ′ (0)√
� 5 (0)

)
, and where

�� (C) :=
1

22�
√
�

∫ [A,� (C)

0

1
√
� − B

d�(B)

is a Brownian motion and a martingale with respect to the filtration {ℱ[A,� (C)}C∈[0,g� ) .
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Proof. Let H := 5 ◦ [A,� and define two real-valued processes A and b from

4A+8b = (H + 8H
′

(

where ( : [0, g� ] → (0,∞) will be specified later. Note that since V,� 5 = 0, 5 and 5 ′ satisfy
the coupled SDEs given in (3.1) with I = � . It then follows from the Dambis–Dubins–Schwarz
theorem that

d( 5 ′ ◦ [A,� ) (C) =
(
[A,� (C) − �

)
5 ◦ [A,� (C)[′A,� (C) dC + 2

√
V
5 ◦ [A,� (C)

√
[′A,� (C) d�� (C)

where �� is the Brownian motion defined in the proposition statement. Itô’s formula then shows
that

dH′(C) = [′′A,� (C) 5
′ ◦ [A,� (C) dC

+ [′A,� (C)
( (
[A,� (C) − �

)
5 ◦ [A,� (C)[′A,� (C) dC + 2

√
V
5 ◦ [A,� (C)

√
[′A,� (C) d�� (C)

)
.

Omitting the explicit time dependence to simplify notation, this simplifies to

dH′ =
[′′A,�
[′A,�

H′ dC + ([′A,� )
2([A,� − �)H dC + 2

√
V
([′A,� )

3/2H d�� .

We now use the above expression to find the Itô differentials of A and b. Applying Itô’s formula,

dA + 8 db = d
(
log

(
(H + 8H′/(

) )
=

1
(H + 8H′/(

((
(′H + (H′

)
dC + 8

([′′A,�
[′A,�

H′

(
+ ([′A,� )

2([A,� − �) H
(
− (′H′

(2

)
dC

+ 28
√
V
([′A,� )

3/2 H

(
d��

)
+ 2
V

1
((H + 8H′/()2 ([

′
A,� )

3 H
2

(2 dC

= 4−2A
((
((′H2 + (2HH′ +

[′′A,�
[′A,�

(H′)2

(2 + ([′A,� )
2([A,� − �) HH

′

(2 − (′(H′)2

(3

)
dC

+ 8
([′′A,�
[′A,�

HH′ + ([′A,� )
2([A,� − �)H2 − 2(′HH′

(
− (H′)2

)
dC

+ 2
√
V
([′A,� )

3/2 HH
′

(2 d�� + 28
√
V
([′A,� )

3/2H2 d��
)

+ 2
V
4−4A ([′A,� )

3
(
H4 − H2(H′)2

(4 − 28
H3H′

(2

)
dC.
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We thus get the Itô differentials of A and b by reading off the real and imaginary parts of the equation.
Using the identities H = 1

(
4A cos b and H′ = (4A sin b, these differentials can be written only in terms

of A and b as

dA =
2
√
V

([′A,� )
3/2

(2 cos b sin b d�� +
(
(′

(
cos2 b +

(
(2 +

([′A,� )
2([A,� − �)
(2

)
cos b sin b

+
([′′A,�
[′A,�

− (′

(

)
sin2 b + 2

V

([′A,� )
3

(4 cos2 b
(
cos2 b − sin2 b

) )
dC

(4.12a)

and

db =
2
√
V

([′A,� )
3/2

(2 cos2 b d�� +
( ([′A,� )2([A,� − �)

(2 cos2 b +
([′′A,�
[′A,�

− 2(′

(

)
cos b sin b

− (2 sin2 b − 4
V

([′A,� )
3

(4 cos3 b sin b
)

dC

(4.12b)

We now choose ( so as to simplify the equations (4.12) on [0, g� ]. To do this, note that by
definition of [A,� on that interval, [A,� (C) − � = −� (1 − 2� C)2 = − 1

422
�
�

(
[′A,� (C)

)2. Hence, if

( :=
[′A,�√

22� � 1/4
, then ([′A,� )

2([A,� − �) = −
([′A,� )

4

422
�
�

= −(4,

which means that the coefficients of the cos b sin b dC and sin2 b dC terms in dA cancel out, and that
the coefficients of the cos2 b dC and sin2 b dC terms in db are equal. Moreover, with that choice of (,

(′(C)
((C) =

[′′A,� (C)
[′A,� (C)

= − 2�

1 − 2� C
and

(
[′A,� (C)

)3

(4(C)
=

422
�
�

[′A,� (C)
=

22�
1 − 2� C

,

so the SDEs for A and b become

dA (C) =
(
− cos2 b (C) + 4

V
cos2 b (C)

(
cos2 b (C) − sin2 b (C)

) ) 2�

1 − 2� C
dC

+ 2
√

2
√
V

cos b (C) sin b (C)
√

2�

1 − 2� C
d�� (C)

(4.13a)

and

db (C) = −22��
3/2(1 − 2� C)2 dC +

(
cos b (C) sin b (C) − 8

V
cos3 b (C) sin b (C)

) 2�

1 − 2� C
dC

+ 2
√

2
√
V

cos2 b (C)
√

2�

1 − 2� C
d�� (C).

(4.13b)

Simplifying with trigonometric identities, we see that bV,� := b satisfies the desired SDE. For the
radial part, we first rewrite (4.13a) as

dA (C) =
(
1
V
− 1

2
+

( 2
V
− 1

2

)
cos 2b (C) + 1

V
cos 4b (C)

)
2�

1 − 2� C
dC +

√
2
V

sin 2b (C)
√

2�

1 − 2� C
d�� (C).
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Then we can define

Ã (C) := A (0) − 1
2

∫ C

0

2�

1 − 2� B
dB = A (0) + 1

2
log(1 − 2� C)

in order to integrate out explicitly the term −1
2

2�
1−2� C dC from the equation for A, and dV,� := A − Ã

satisfies the desired SDE. Moreover, dV,� (0) = 0 by definition, and

4A (0)+8b (0) =
√

22� �
3/4 5 (0) + 8

√
22� �

1/4 5 ′(0)
so

b (0) = arctan
( 5 ′(0)
√
� 5 (0)

)
and 4A (0) =

√
22��

(√
� 5 2(0) + 1

√
�
5 ′2(0)

)
=:

√
22��� 5 .

This finally yields the announced representations

5 ◦ [A,� (C) =
1
((C) 4

A (C) cos b (C) =
� 5

� 1/4
√

1 − 2� C
4dV,� (C) cos bV,� (C)

and

5 ′ ◦ [A,� (C) =
((C)
[′A,� (C)

4A (C) sin b (C) = � 5 �
1/4

√
1 − 2� C 4dV,� (C) sin bV,� (C). �

Now, by time-changing the coefficient matrix (4.5) of the Airy system, we get

[′A,� (C)�V,� ◦ [A,� (C) =
[′A,� (C)

2
√
�

(√
� g2

V,�
fV,�gV,�

fV,�gV,� 1√
�

f2
V,�

) (
[A,� (C)

)
. (4.14)

The initial conditions that define fV,� and gV,� imply that the constants appearing in their represen-
tations in the polar coordinates from Proposition 4.1 are �fV,� = �

1/4 and �gV,� = �
−1/4. Because

[′A,� (C) = 22�� (1− 2� C), it follows that the expression of the coefficient matrix (4.14) in the polar
coordinates (df

V,�
, bf
V,�

) and (dg
V,�
, b

g
V,�

) for fV,� and gV,� is, for C ∈ [0, g� ],

[′A,� (�V,� ◦ [A,� ) = 2� ©­«
4

2dg
V,� cos2 b

g
V,�

4
df
V,�

+dg
V,� cos bf

V,�
cos bg

V,�

4
df
V,�

+dg
V,� cos bf

V,�
cos bg

V,�
4

2df
V,� cos2 bf

V,�

ª®¬ . (4.15)

This is the form of the coefficient matrix that we will use to prove the vague convergence.

4.2.2 Setup for the hard edge to bulk transition

Canonical system representation. We now turn to the canonical system representation of the
rescaled stochastic Bessel operator GV,0,� = 2√

�
(GV,0 − �) for � > 0. Following Definition 1.1,

GV,0,� 5 =
2

FV,0
√
�

(
− 5 [1]′ − �FV,0 5

)
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where 5 [1] = ?V,0 5
′ and as before

?V,0 (C) := exp
(
−0C − 2

√
V
�(C)

)
and FV,0 (C) := exp

(
−(0 + 1)C − 2

√
V
�(C)

)
.

This is again a generalized Sturm–Liouville operator as in (2.15), now with ? = ?V,0, @ = −�FV,0,
B ≡ 0 and F = FV,0

√
�/2. The method from §2.4 yields a canonical system representation set up

through the matrix

�V,0,� :=

(
�

1/4g[1]
V,0,�

�
−1/4f [1]

V,0,�

�
1/4gV,0,� �

−1/4fV,0,�

)
=

(
�

1/4?V,0g′V,0,� �
−1/4?V,0f′V,0,�

�
1/4gV,0,� �

−1/4fV,0,�

)
, (4.16)

where fV,0,� and gV,0,� are a pair of fundamental solutions to GV,0,�ℎ = 0 with initial conditions

gV,0,� (0) = f′V,0,� (0) = 0, g′V,0,� (0) = fV,0,� (0) = 1.

Then �V,0,� solves

�′V,0,� (C) =
(

0 −�FV,0
?−1
V,0

0

)
�V,0,� (C) with �V,0,� (0) =

(
�

1/4 0
0 �

−1/4

)
.

The method from §2.4.2 shows that ℎ solves GV,0,�ℎ = Iℎ if and only if D := �−1
V,0,�

(
ℎ[1]
ℎ

)
solves

the canonical system

�D′ = −I�V,0,�D on (0,∞) with �V,0,� :=
FV,0

√
�

2

( √
� g2

V,0,�
fV,0,�gV,0,�

fV,0,�gV,0,� 1√
�

f2
V,0,�

)
. (4.17)

This canonical system is limit circle at 0, and by Proposition 3.15 it is limit circle at infinity when
|0 | < 1 and limit point at infinity when 0 ≥ 1. The boundary condition ℎ(0) = 0 again becomes
4∗0�D(0) = 0, and the boundary condition at infinity transforms in a similar way, although less
explicitly. Indeed, it can be shown by standard theory of generalized Sturm–Liouville operators
(see e.g. [29, §6]) that when |0 | < 1, there is a q� ∈ [0, c) such that for ℎ in the maximal domain
of GV,0,� , limC→∞ ℎ[1] (C) = 0 if and only if

lim
C→∞

(
V,0 (� 1/4gV,0,� , ℎ) (C) cos q� +V,0 (� −1/4fV,0,� , ℎ) (C) sin q�

)
= 0,

where V,0 ( 5 , 6) := ?V,0 ( 5 6′ − 5 ′6) denotes the Wronskian of 5 and 6. Note that here, because
GV,0 is limit circle at infinity, the limits of both Wronskians above exist (see e.g. [29, Lemma 3.2]
for a proof). Under the correspondence D = �−1

V,0,�

(
?V,0ℎ

′

ℎ

)
, this condition is exactly the condition

that limC→∞ 4∗q� �D(C) = 0, which is therefore the boundary condition at infinity for the canonical
system.
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Construction of the appropriate time change. Just like in the Airy case, in order to work out the
vague convergence of the canonical system (4.17) to the sine canonical system, we need to change
its time domain to (0, 1). Concretely, we are again looking for an absolutely continuous bijection
[B,� : (0, 1 + YB,� ) → (0,∞) for some YB,� > 0 with YB,� ↓ 0.

When V ≤ 2, the sine system is limit point at 1, and therefore we take YB,� = 0. When V > 2
and |0 | < 1, both systems are limit circle on the right, so we also take YB,� = 0. However, when
V > 2 and 0 ≥ 1, the Bessel system is limit point at ∞ while the sine system is limit circle at 1.
Because of this change of behavior, following the ideas from §2.2.3 just like in the Airy case for
V > 2, we want to take YB,� > 0 in order to be able to analyse the vague convergence on [0, 1].

Again, a candidate for the appropriate time change [B,� can be guessed from the deterministic
case V = ∞. In that case, the Brownian motion disappears from the problem, and it is easy to see
that a solution to GV,0,�ℎ = 0 has the form

ℎ(C) = 40C/2
(
��0 (2

√
� 4

−C/2) + �′.0 (2
√
� 4

−C/2)
)

for constants �,�′ ∈ ℝ, where �0 and .0 are Bessel functions of the first and second kind respec-
tively. This yields explicit expressions for f∞,0,� and g∞,0,� . Using asymptotic expansions of Bessel
functions (see e.g. [19]), when � is large we can approximate these expressions by

f∞,0,� (C) ≈ 40C/2+C/4 cos
(
2
√
� (1 − 4−C/2)

)
and g∞,0,� (C) ≈

1
√
�
4
0C/2+C/4 sin

(
2
√
� (1 − 4−C/2)

)
.

This gives

[′B,� (�V,0,� ◦ [B,� ) ≈ [′B,�

√
� 4−(0+1)[B,�

2
4(0+1/2)[B,�

√
�

(
sin2 \� sin \� cos \�

sin \� cos \� cos2 \�

)
◦ [B,�

where \� (C) := 2
√
� (1 − 4−C/2). As � → ∞, the oscillations of the trigonometric functions should

make the matrix converge vaguely to 1
2 �2, which is exactly the coefficient matrix of the sine system

when V = ∞. Hence, [B,� should be chosen so that the prefactor cancels out when � → ∞. This
suggests to take [B,� as a solution of

[′B,� = 22�4
[B,�/2 (4.18a)

where we allow for a dependence on an extra parameter 2� ∈ ℝ chosen so that 2� → 1 as � → ∞.
It is easy to solve this equation explicitly, and the solution with [B,� (0) = 0 is

[B,� (C) = −2 log(1 − 2� C). (4.18b)

This is a�1 bijection (0, 1/2�) → (0,∞). As explained above, we want a bijection (0, 1) → (0,∞)
when V ≤ 2 and when V > 2 and |0 | < 1, so in that case we simply take 2� := 1. When V > 2 and
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0 ≥ 1, we want to take 2� < 1 in order to extend slightly the time domain; the specific value we
take is 2� := 1 − 1/√� , like in the Airy case.

To motivate this choice, note that by Proposition 3.17, the time domain [0, 1] for the time-
changed system [′B,� (�V,0,� ◦ [B,� ) corresponds, upon inverting the time change and reversing the
shift, to the time domain [− log �,−2 log(1 − 2� ) − log �] for the original operator GV,0. Taking
2� = 1− 1/√� therefore fixes the right boundary of this time domain to always be 0 for the original
operator, which removes its dependence on the shift � . This will play a role in the analysis of the
right boundary conditions in §4.4.3.

In the sequel, we denote by g� := 1
2�
(1 − 1/√� ) the time that satisfies [B,� (g� ) = log � , and

thus corresponds to time 0 for GV,0 when reversing the time-change and shift.

Polar coordinates. In the same way as in the Airy case, we introduce a change of variables into
polar coordinates for solutions toGV,0,� 5 = 0. This is the tool we will use to analyse the asymptotic
behavior of the solutions that appear in the coefficient matrix.

Proposition 4.2 [54, Proposition 7]. Define GV,0,� from a standard Brownian motion � on a
filtered probability space (Ω,ℱ, {ℱC}C≥0,ℙ), and let [B,� and 2� be as in (4.18). If 5 solves
GV,0,� 5 = 0 and if 5 (0) and 5 ′(0) are independent of �, then for C ∈ [0, 1/2�),

5 ◦ [B,� =
� 5 �

−1/44
[B,�/4

√
?V,0 ◦ [B,�

4dV,0,� cos bV,0,� and 5 ′ ◦ [B,� =
� 5 �

1/44
−[B,�/4

√
?V,0 ◦ [B,�

4dV,0,� sin bV,0,�

where �2
5

:=
√
� 5 2(0) + 1√

�
5 ′2(0) and dV,0,� and bV,0,� solve the coupled SDEs

ddV,0,� (C) =
(
1
V
−

(
0 + 1

2

)
cos 2bV,0,� (C) −

1
V

cos 4bV,0,� (C)
)

2�

1 − 2� C
dC

−

√
2
V

cos 2bV,0,� (C)
√

2�

1 − 2� C
d�� (C),

dbV,0,� (C) = −22�
√
� dC +

((
0 + 1

2

)
sin 2bV,0,� (C) +

1
V

sin 4bV,0,� (C)
)

2�

1 − 2� C
dC

+

√
2
V

sin 2bV,0,� (C)
√

2�

1 − 2� C
d�� (C)

with dV,0,� (0) = 0 and bV,0,� (0) = arctan
( 5 ′ (0)√
� 5 (0)

)
, and where �� (C) := 1√

22�

∫ [B,� (C)
0 4

−B/4 d�(B)
is a Brownian motion and a martingale with respect to the filtration {ℱ[B,� (C)}C∈[0,1/2� ) .

Proof. Let 5 solveGV,0,� 5 = 0. Then 5 also solvesGV,0 5 = � 5 , and therefore it is also a solution
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to the SDE (3.22) with I = � . Hence, by the Dambis–Dubins–Schwarz theorem,

d( 5 ′ ◦ [B,� ) (C) = −�4−[B,� (C) 5 ◦ [B,� (C)[′B,� (C) dC

+
(
0 + 2

V

)
5 ′ ◦ [B,� (C)[′B,� (C) dC + 2

√
V
5 ′ ◦ [B,� (C)

√
[′B,� (C) d�� (C)

where �� is the Brownian motion defined in the proposition statement.
Set H := 5 ◦ [B,� , so that H′ = [′B,� ( 5

′ ◦ [B,� ). From the above expression for d( 5 ′ ◦ [B,� ), we
deduce that

dH′(C) =
[′′B,� (C)
[′B,� (C)

H′(C) dC − �[′B,� (C)
24−[B,� (C)H(C) dC

+
(
0 + 2

V

)
[′B,� (C)H

′(C) dC + 2
√
V

√
[′B,� (C) H

′(C) d�� (C).

By definition of [B,� , ([′B,� )
24−[B,� = 422

�
and [′′B,�/[′B,� = [′B,�/2, so this simplifies to

dH′(C) = −422
��H(C) dC +

(
0 + 2

V
+ 1

2

)
[′B,� (C)H

′(C) dC + 2
√
V

√
[′B,� (C) H

′(C) d�� (C).

Now, define two real-valued stochastic processes A and b such that 4A+8b = (H + 8H′/( where ( is a
constant scaling factor that will be determined later. By Itô’s formula, omitting the explicit time
dependence to simplify notation,

dA + 8 db = d
(
log((H + 8H′/()

)
=

1
(H + 8H′/(

(
(H′ dC + 8

(
dH′

)
+ 1

2(2
1

((H + 8H′/()2 d〈H′〉

= 4−2A
(
(2HH′ dC + 1

(2 H
′ dH′ + 8H dH′ − 8H′2 dC

)
+ 4−4A

2(2

(
(2H2 − H′2

(2 − 28HH′
)

d〈H′〉

= 4−2A
(
(2HH′ −

422
�
�

(2 HH′ +
(
0 + 2

V
+ 1

2

) H′2
(2 [

′
B,�

)
dC + 2

V
4−4A H

′2

(2

(
(2H2 − H′2

(2

)
[′B,� dC

+ 84−2A
(
−422

��H
2 − H′2 +

(
0 + 2

V
+ 1

2

)
HH′[′B,�

)
dC − 48

V
4−4A HH

′3

(2 [
′
B,� dC

+ 2
√
V
4−2A H

′2

(2

√
[′B,� d�� + 28

√
V
4−2A HH′

√
[′B,� d�� .

This simplifies with ( :=
√

22� � 1/4. Indeed, it balances the magnitudes of the first two terms of the
first two lines so that they cancel out in the first line and combine as 422

�
�H2 + H′2 = (2((2H2 +

H′2/(2) = 22�
√
� 42A in the second one. Extracting the SDEs for A and b from the real and imaginary

parts of the above and replacing H and H′ with their expressions in terms of A and b, we get

dA =
(
0 + 2

V
+ 1

2

)
sin2 b [′B,� dC + 2

V
sin2 b (cos2 b − sin2 b)[′B,� dC + 2

√
V

sin2 b
√
[′B,� d��
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and

db = −22�
√
� dC +

(
0 + 2

V
+ 1

2

)
sin b cos b [′B,� dC − 4

V
sin3 b cos b [′B,� dC

+ 2
√
V

sin b cos b
√
[′B,� d�� .

It is easy to see by simplifying further with trigonometric identities that bV,0,� := b follows the an-
nounced SDEwith bV,0,� (0) = arctan

( H′ (0)
(2H(0)

)
= arctan

( 5 ′ (0)√
� 5 (0)

)
. Performing similar simplifications

in the other SDE, we get

dA =
(
1
V
+ 0 + 1

2
−

(
0 + 1

2

)
cos 2b − 1

V
cos 4b

)
[′B,�

2
dC + 1

√
V
(1 − cos 2b)

√
[′B,� d�� .

With
Ã (C) := A (0) +

(0
2
+ 1

4

)
[B,� (C) +

1
√
V

∫ C

0

√
[′B,� (B) d�� (B),

we see that dV,0,� := A − Ã follows the announced SDE with dV,0,� (0) = 0.
It remains to check the representations of 5 ◦[B,� and 5 ′◦[B,� in terms of dV,0,� and bV,0,� . To

do so, note that the last term of Ã is exactly 1√
V
�
(
[B,� (C)

)
where � is the original Brownian motion,

so in fact Ã = A (0) + [B,�
4 − 1

2 log ?V,0 ◦ [B,� . Moreover,

42A (0) = (2 5 2(0) +
[′B,�

2(0) 5 ′2(0)
(2 = 22�

(√
� 5 2(0) + 5 ′2(0)

√
�

)
=: 22��2

5 .

It follows that

5 ◦ [B,� =
1
(
4A cos b =

� 5 �
−1/44

[B,�/4

√
?V,0 ◦ [B,�

4dV,0,� cos bV,0,�

and likewise that

5 ′ ◦ [B,� =
(

[′B,�
4A sin b =

� 5 �
1/44

−[B,�/4

√
?V,0 ◦ [B,�

4dV,0,� sin bV,0,� . �

Now, by time-changing the coefficient matrix (4.17) of the Bessel system, we get

[′B,� (C) (�V,0,� ◦ [B,� ) (C) =
[′B,� (C)FV,0 ◦ [B,� (C)

√
�

2

( √
� g2

V,0,�
fV,0,�gV,0,�

fV,0,�gV,0,� 1√
�

f2
V,0,�

) (
[B,� (C)

)
.

The initial conditions that define fV,0,� and gV,0,� imply that the constants appearing in their rep-
resentations in the polar coordinates from Proposition 4.2 are �fV,0,� = �

1/4 and �gV,0,� = �
−1/4.

Hence, switching to the polar coordinates, the coefficient matrix becomes

[′B,� (�V,0,� ◦ [B,� ) =
[′B,� (FV,0 ◦ [B,� )4[B,�/2

2?V,0 ◦ [B,�

×
(

4
2dg

V,0,� cos2 b
g
V,0,�

4
df
V,0,�

+dg
V,0,� cos bf

V,0,�
cos bg

V,0,�

4
df
V,0,�

+dg
V,0,� cos bf

V,0,�
cos bg

V,0,�
4

2df
V,0,� cos2 bf

V,0,�

)
.
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We chose [′B,� = 22�4[B,�/2 and by definition 4[B,�FV,0 ◦ [B,� = ?V,0 ◦ [B,� . Therefore, the above
expression simplifies to

[′B,� (�V,0,� ◦ [B,� ) = 2�

(
4

2dg
V,0,� cos2 b

g
V,0,�

4
df
V,0,�

+dg
V,0,� cos bf

V,0,�
cos bg

V,0,�

4
df
V,0,�

+dg
V,0,� cos bf

V,0,�
cos bg

V,0,�
4

2df
V,0,� cos2 bf

V,0,�

)
.

(4.19)

4.2.3 Unified setup and idea of the convergence

Generalizing the polar coordinates. Notice that when written in polar coordinates as in (4.15)
and (4.19), the coefficient matrices [′A,� (�V,� ◦[A,� ) and [′B,� (�V,0,� ◦[B,� ) of the Airy and Bessel
systems on [0, g� ] both have the form

"V,� := 2�

(
4

2dg
V,� cos2 b

g
V,�

4
df
V,�

+dg
V,� cos bf

V,�
cos bg

V,�

4
df
V,�

+dg
V,� cos bf

V,�
cos bg

V,�
4

2df
V,� cos2 bf

V,�

)
(4.20)

where 2� is either 1 or 1 − 1/√� depending on the values of the parameters, g� = 1
2�
(1 − 1/√� ),

and where the dV,� ’s and bV,� ’s follow either the SDEs of Proposition 4.1 or those of 4.2, but with
df
V,�

(0) = d
g
V,�

(0) = bf
V,�

(0) = 0 and bg
V,�

(0) = c/2 in any case.
It seems clear that the SDEs of Propositions 4.1 and 4.2 have the same structure. In fact, they

can both be written as

ddV,� (C) =
( 1
V
+ ^ cos 2bV,� (C) +

1
V

cos
(
4bV,� (C) − 2q

) ) 2�

1 − 2� C
dC

+

√
2
V

sin
(
2bV,� (C) − q

)√ 2�

1 − 2� C
d�� (C),

(4.21a)

dbV,� (C) = −22��
@/2(1 − 2� C)@−1dC −

(
^ sin 2bV,� (C) +

1
V

sin
(
4bV,� (C) − 2q

) ) 2�

1 − 2� C
dC

+ 2
√

2
√
V

cos bV,� (C) cos
(
bV,� (C) − q

)√ 2�

1 − 2� C
d�� (C)

(4.21b)

for parameters @ ≥ 1, q ∈ [0, 2c) and ^ ∈ ℝ. In the Airy case, @ = 3, q = 0 and ^ = 2/V− 1/2, while
in the Bessel case, @ = 1, q = c/2 and ^ = −0 − 1/2.

The SDEs (4.21) always make sense for C ∈ [0, g� ] if g� := 1
2�
(1 − 1/√� ), even if 2� is allowed

to take any value in [1 − 1/√� , 1]. In that case, the matrix "V,� can be taken as a general model
of coefficient matrix on [0, g� ) ⊆ [0, 1), defined as in (4.20) with pairs df

V,�
, bf
V,�

and dg
V,�
, b

g
V,�

solving the SDEs (4.21) with initial conditions df
V,�

(0) = d
g
V,�

(0) = bf
V,�

(0) = 0 and bg
V,�

(0) = c/2

and arbitrary parameters @ ≥ 1, q ∈ [0, 2c) and ^ ∈ ℝ. This does not necessarily define a canonical
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system on the full interval [0, 1), but as we will see in §4.3, it turns out that (no matter its extension
on (g� , 1)) "V,� always converges vaguely on [0, 1) to the sine system’s coefficient matrix.

It should be understood that this generalization of [′A,� (�V,� ◦ [A,� ) and [′B,� (�V,0,� ◦ [B,� )
is incomplete, in the sense that it models these systems on the “main” part of the time interval, but
not their boundary behavior. This also means that their spectral information is not naturally built in
"V,� . In fact, even in the case of the Airy system, the polar coordinates we built in Proposition 4.1
are not valid past g� since the time change [A,� changes at that point, so our representation of
[′A,� (�V,� ◦[A,� ) in polar coordinates does not even contain the spectral information. Nevertheless,
this general model is useful to unify the analysis of both coefficient matrices on [0, g� ], which helps
to investigate the vague convergence of both systems to the sine system.

We also note that since the polar coordinates solving (4.21) interpolate between the two models,
it is natural to ask whether they could be obtained from time-changed solutions to the eigenvalue
equation for another generalized Sturm–Liouville operator on [0,∞), using the method we applied
in Propositions 4.1 and 4.2. Following on the remark of the previous paragraph, this operator might
then complete the generalization, and be used to also unify the analysis of the spectral convergence
to the sine system. We won’t tackle this problem here, and will rather settle for using the unified
setting given by "V,� merely as a tool to study both vague convergence problems at the same time.

Idea of the convergence. We now describe briefly why one should expect the vague convergence
of "V,� to the coefficient matrix of the sine system. Notice that "V,� can be written as

"V,� =
2�4

2dg
V,�

2

(
1 4

−Δd

V,� cosΔb
V,�

4
−Δd

V,� cosΔb
V,�

4
−2Δd

V,�

)
+ 2�

2

(
4

2dg
V,� cos 2bg

V,�
4
Σ
d

V,� cosΣb
V,�

4
Σ
d

V,� cosΣb
V,�

4
2df

V,� cos 2bf
V,�

)
where we introduced the notations Δd

V,�
:= d

g
V,�

− df
V,�

and Σ
d

V,�
:= d

g
V,�

+ df
V,�

, and likewise for
phases. Now, the SDEs (4.21) have the following consequence.

Claim 4.3. If the pairs df
V,�
, bf
V,�

and dg
V,�
, b

g
V,�

solve (4.21) with df
V,�

(0) = d
g
V,�

(0) = bf
V,�

(0) = 0

and bg
V,�

(0) = c/2, then 4Σ
d

V,� sinΔb
V,�

≡ 1. In particular, 4−2dg
V,� = 4

−Δd

V,� sinΔb
V,�

.

Remark. When these polar coordinates are those of our solutions fV,� , gV,� or fV,0,� , gV,0,� to the
eigenvalue equationsV,�ℎ = 0 orGV,0,�ℎ = 0, this is in fact a straightforward consequence of the
fact that the Wronskians of these solutions are constant (as it is the case for any two solutions to the
eigenvalue equation of a generalized Sturm–Liouville operator with a given spectral parameter).

We postpone the proof of this claim until the end of the section, and rather focus on an important
consequence for now. Define

�V,� := −4−Δ
d

V,�
−8Δb

V,� . (4.22)
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By Claim 4.3, 4−2dg
V,� = Im�V,� . Hence, we can rewrite the above expression of "V,� as

"V,� =
2�

2 Im�V,�

(
1 −Re�V,�

−Re�V,� |�V,� |2

)
+ 2�

2

(
4

2dg
V,� cos 2bg

V,�
4
Σ
d

V,� cosΣb
V,�

4
Σ
d

V,� cosΣb
V,�

4
2df

V,� cos 2bf
V,�

)
. (4.23)

Recall that the coefficient matrix of the stochastic sine canonical system is given by

'V ◦ h =
1

2 ImV ◦ h

(
1 −ReV ◦ h

−ReV ◦ h |V ◦ h |2

)
where V is a hyperbolic Brownian motion with variance 4/V started at 8 in the upper half-plane,
and h is a logarithmic time change. Comparing the expressions of these two coefficient matrices
provides a clear guess on how the convergence might happen. Indeed, the matrix in the first term
of (4.23) has the same structure as the coefficient matrix of the sine system, with �V,� in place
of V ◦ h. Moreover, it is clear from the SDE (4.21b) that the phases bf

V,�
and bg

V,�
will grow

increasingly fast as � becomes large, which should make the second term of (4.23) vanish in the
vague limit. Hence, we expect that what makes the convergence possible is that as � becomes large,
the process �V,� becomes close to a hyperbolic Brownianmotion with variance 4/V, started at 8 in the
upper half-plane and run in logarithmic time. Notice that because Δd

V,�
(0) = 0 and Δ

b

V,�
(0) = c/2,

indeed �V,� (0) = 8.
To see how �V,� becomes a hyperbolic Brownian motion, we compute its Itô differential. To do

so, note that

dΔd
V,�

(C) = −
(
2^ sinΔb

V,�
(C) sinΣb

V,�
(C) + 2

V
sin 2Δb

V,�
(C) sin

(
2Σb

V,�
(C) − 2q

) ) 2�

1 − 2� C
dC

+ 2
√

2
√
V

sinΔb
V,�

(C) cos
(
Σ
b

V,�
(C) − q

)√ 2�

1 − 2� C
d�� (C)

and

dΔb
V,�

(C) = −
(
2^ sinΔb

V,�
(C) cosΣb

V,�
(C) + 2

V
sin 2Δb

V,�
(C) cos

(
2Σb

V,�
(C) − 2q

) ) 2�

1 − 2� C
dC

− 2
√

2
√
V

sinΔb
V,�

(C) sin
(
Σ
b

V,�
(C) − q

)√ 2�

1 − 2� C
d�� (C).

From this, applying Itô’s formula (and dropping the explicit dependence on C to lighten notation)
gives

d�V,� = −�V,� dΔd
V,�

− 8�V,� dΔb
V,�

+ 1
2
�V,�

(
d〈Δd

V,�
〉 + 28 d〈Δd

V,�
,Δ

b

V,�
〉 − d〈Δb

V,�
〉
)
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= −2
√

2
√
V
�V,� sinΔb

V,�
4
8q−8Σb

V,�

√
2�

1 − 2� C
d��

+ �V,�

(
28^ sinΔb

V,�
4
−8Σb

V,� + 28
V

sin 2Δb
V,�
4

28q−28Σb

V,�

) 2�

1 − 2� C
dC

+ 4
V
�V,� sin2 Δ

b

V,�
4

28q−28Σb

V,�
2�

1 − 2� C
dC

= −2
√

2
√
V
�V,� sinΔb

V,�
4
8q−8Σb

V,�

√
2�

1 − 2� C
d��

+ 8�V,�4−8Σ
b

V,� sinΔb
V,�

(
2^ + 4

V
4

28q−8Σb

V,�
−8Δb

V,�

) 2�

1 − 2� C
dC.

Now, Σb
V,�

+ Δ
b

V,�
= 2bg

V,�
so �V,�4

−8Σb

V,� sinΔb
V,�

= −4−Δ
d

V,�
−28bg

V,� sinΔb
V,�

= −4−28bg
V,� Im�V,� ,

and

d�V,� (C) =
2
√
V

Im�V,� (C)48q−28bg
V,�

(C)
√

22�
1 − 2� C

d�� (C)

− 8 Im�V,� (C)
(
2^4−28bg

V,�
(C) + 4

V
4

28q−48bg
V,�

(C)
) 2�

1 − 2� C
dC.

(4.24)

Again, because of the increasingly fast oscillations of 4−28bg
V,� and 4−48bg

V,� when � grows, we expect
the second line (4.24) not to contribute in the limit. Ignoring the second line, (4.24) has the structure
of the SDE for a hyperbolic Brownian motion with variance 4/V in the upper half-plane, but driven
by the process

C ↦→
∫ C

0
4
8q−28bg

V,�
(B)

√
22�

1 − 2� B
d�� (B). (4.25)

In §4.3, we will show that indeed this process converges in distribution to a standard complex
Brownian motion, and we will use this to make rigorous the heuristic idea presented above in order
to prove the vague convergence of "V,� to the sine system’s coefficient matrix.

We finish the section with a proof of Claim 4.3.

Proof of Claim 4.3. By Itô’s formula,

d(4−2dg
V,� ) (C) = − 2

√
V
4
−2dg

V,�
(C) sin

(
2bg

V,�
(C) − q

)√ 22�
1 − 2� C

d�� (C)

− 4−2dg
V,�

(C)
(
2^ cos 2bg

V,�
(C) + 4

V
cos

(
4bg

V,�
(C) − 2q

) ) 2�

1 − 2� C
dC.

Comparing with (4.24), we notice that this is exactlty the SDE solved by Im�V,� = 4
−Δd

V,� sinΔb
V,�

.
Hence, the difference between these two processes must be constant, and because they are both
initialized at 1, they must in fact be equal. Therefore 4Σ

d

V,� sinΔb
V,�

= 4
2dg

V,�
−Δd

V,� sinΔb
V,�

≡ 1. �



4.3. Vague convergence 137

4.3 Vague convergence

The goal of this section is to prove Theorem 1.9, which shows the vague convergence to the stochas-
tic sine canonical system of the canonical systems corresponding to the shifted and scaled stochastic
Airy and Bessel operators V,� and GV,0,� . Throughout the section, we work with the coefficient
matrix "V,� from (4.23), and therefore all results can directly be applied to both models by setting
the right values for the parameters @, q and ^.

We start by building in §4.3.1 a coupling between the Brownianmotions driving the SDEs (4.21)
for polar coordinates, which is defined in such a way that the process (4.25) converges in probability
to a complex Brownian motion , . This allows us to deduce, in §4.3.2, quantitative estimates
comparing the process �V,� from (4.22) to a hyperbolic Brownian motion driven by , . Having
done so, we complete the proof of the vague convergence in §4.3.3.

The results and the arguments in this section combine and generalize those of [55, §§4–6]
and [54, §§3–4], which are specific to the Airy and Bessel cases respectively.

4.3.1 Coupling the systems

Following the ideas from the end of §4.2.3, we now build a coupling between real Brownianmotions
�� and a single complex Brownian motion, so that the process (4.25) becomes pathwise close to
, as � → ∞.

Lemma 4.4. Let {�=}=∈ℕ ⊂ (0,∞) satisfy �= → ∞. There exists a probability space on which
are defined a collection {��=

}=∈ℕ of standard real Brownian motions and a standard complex
Brownian motion, such that if bg

V,�=
is the solution with bg

V,�=
(0) = c/2 to the SDE (4.21b) driven

by ��=
, then for any U ∈ (0, 1/2) and X ∈ (0, U@/3), there is a � > 0 such that for all � ∈ {�=}=∈ℕ

large enough,

ℙ

[
sup
C∈�,U

���∫ C

0
4
8q−28bg

V,�
(B)

√
22�

1 − 2� B
d�� (B) −, ◦ h� (C)

��� ≥ � −U@/3+X
]
≤ 3� 4U@/3 log2�4−��

2X/3

(4.26)
where �,U := [0, (1 − � −1/2+U)/2� ] and h� (C) := − log(1 − 2� C).

Remark. This probability space therefore supports a sequence of coefficient matrices "V,� of the
form (4.23). Indeed, each Brownian motion �� can be taken to define two pairs of polar coordinates
(df

V,�
, bf
V,�

) and (dg
V,�
, b

g
V,�

) as solutions to the SDEs (4.21) with df
V,�

(0) = d
g
V,�

(0) = bf
V,�

(0) = 0
and bg

V,�
(0) = c/2, which suffice to define"V,� . In the sameway, the probability space also supports

a stochastic sine canonical system, since its coefficient matrix can be defined from a hyperbolic
Brownian motion driven by, .
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Proof. To build an appropriate probability space, we start by fixing an � > 0 and building a cou-
pling between a real and a complex Brownian motions in such a way that the above property is
satisfied. To do this, we first couple a discretization of the integral in (4.26) with a discrete random
walk, which we then extend to a complex Brownian motion. Then, we combine all spaces together.

Step 0: Discrete time setup. Fix � > 0 and a standard real Brownian motion �� , and let bg
V,�

solve the SDE (4.21b) with bg
V,�

(0) = c/2. With g� := 1
2�
(1 − 1/√� ), we discretize the time interval

[0, g� ] by setting C0 := 0, C# := g� , and in between

2� C 9 := 1 − (1 + �−?)− 9 so that # :=
⌈

log �
2 log(1 + �−?)

⌉
(4.27)

where ? := 2U@/3. Note that because log(1 + G) ≥ G(1 − G/2) for all G > 0, this means that # ≤
� ? log � for all � large enough.

We begin by considering the integral in (4.26) at discrete times {C 9 }#9=1, that is, we focus on the
discrete martingale

=∑
9=1

ℬ
b

9
where ℬ

b

9
:=

∫ C 9

C 9−1

4
8q−28bg

V,�
(B)

√
22�

1 − 2� B
d�� (B) (4.28)

for = ∈ {1, . . . , #}. To compare this with a discretization of a complex Brownian motion, we
compare it with the discrete martingale

=∑
9=1

4
−28(bg

V,�
(C 9−1)−\ (C 9−1))

ℬ
\
9 where ℬ

\
9 :=

∫ C 9

C 9−1

48q−28\ (B)
√

22�
1 − 2� B

d�� (B) (4.29)

and where \ is the deterministic part of bg
V,�

, that is, \ solves

\′(C) = −22��
@/2(1−2� C)@−1 with \ (0) = c

2
, so \ (C) = c

2
− 2
@
�

@/2 (1−(1−2� C)@
)
. (4.30)

The ℬ
\
9
’s are Gaussian, and due to the fast oscillations of \, we expect their real and imaginary

parts to be almost independent and to have variances close to

f2 :=
∫ C 9

C 9−1

2�

1 − 2� B
dB = log

(1 − 2� C 9−1

1 − 2� C 9

)
= log(1 + �−?) (4.31)

for 9 < # . The actual correlation structure of ℬ\
9
is given by the correlation matrix

Σ 9 :=

(
�(Reℬ\

9
)2 �Reℬ\

9
Imℬ

\
9

�Reℬ\
9
Imℬ

\
9

�(Imℬ
\
9
)2

)
,

so if we define
, 9 := 4−28(bg

V,�
(C 9−1)−\ (C 9−1))fΣ

−1/2
9

ℬ
\
9 (4.32)
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where we identify G + 8H ∈ ℂ with (G, H) ∈ ℝ2, then , 9 ∼ ℂ (0, f2) in the sense that its
real and imaginary parts are independent  (0, f2) random variables. Indeed, multiplying ℬ

\
9

by Σ
−1/2
9

removes its correlation structure so fΣ−1/2
9

ℬ
\
9
∼ ℂ (0, f2), and since the multivariate

normal distribution is invariant under multiplication by orthogonal martices, the multiplication by
4
−28(bg

V,�
(C 9−1)−\ (C 9−1)) has no effect on the distribution. This also shows that the, 9 ’s are independent.

Our first goal is thus to study, for = ∈ {1, . . . , #}, the sum ∑=
9=1(ℬ

b

9
−, 9 ) = Δ

b\
= +Δ\,= where

Δ
b\
= :=

=∑
9=1

(
ℬ
b

9
− 4−28(bg

V,�
(C 9−1)−\ (C 9−1))

ℬ
\
9

)
and Δ\,= :=

=∑
9=1

(
4
−28(bg

V,�
(C 9−1)−\ (C 9−1))

ℬ
\
9 −, 9

)
.

Setting Δ
b\

0 := 0 =: Δ\,0 , both {Δb\= }#
==0 and {Δ\,= }#

==0 are martingales with respect to the filtration
{ℱ9 }#9=0 generated by {�� (C 9 )}#9=0.

Step 1: Replacing the phase by its deterministic approximation. Wefirst control the martin-
gale {Δb\= }#

==0. Fixing 9 ∈ {1, . . . , #−1} and using the identity 4−28G−4−28H = 284−8(G+H) sin(H−G),
we can write the martingale’s 9 th increment as

ℬ
b

9
− 4−28(bg

V,�
(C 9−1)−\ (C 9−1))

ℬ
\
9 = 28

∫ C 9

C 9−1

4
8q−8(bg

V,�
(B)+\ (B)−\ (C 9−1)+bg

V,�
(C 9−1))

× sin
(
\ (B) − \ (C 9−1) − bg

V,�
(B) + bg

V,�
(C 9−1)

)√ 22�
1 − 2� B

d�� (B).

This expression already makes it obvious that the quadratic variation of the stochastic integral is
bounded by 8f2, and therefore that the incrementℬb

9
−4−28(bg

V,�
(C 9−1)−\ (C 9−1))

ℬ
\
9
is 8f2-subgaussian,

both conditionally on ℱ9−1 and unconditionally.
This control on the subgaussian constant of the increments is not enough to obtain a good

control on the whole martingale, but we can improve it by getting a better control on the conditional
variances of the increments. To do so, we apply Itô’s isometry to the above expression for the 9 th
increment, and as sine is 1-Lipschitz, we get

�

[��ℬb

9
− 4−28(bg

V,�
(C 9−1)−\ (C 9−1))

ℬ
\
9

��2 ��� ℱ9−1

]
≤ 8�

[∫ C 9

C 9−1

��\ (B) − \ (C 9−1) − bg
V,�

(B) + bg
V,�

(C 9−1)
��2 2�

1 − 2� B
dB

��� ℱ9−1

]
.

Now, by definition of \ and bg
V,�

, for any B ∈ [C 9−1, C 9 ],

\ (B) − \ (C 9−1) − bg
V,�

(B) + bg
V,�

(C 9−1)

=

∫ B

C 9−1

(
^ sin 2bg

V,�
(D) + 1

V
sin

(
4bg

V,�
(D) − 2q

) ) 2�

1 − 2�D
dD

− 2
√

2
√
V

∫ B

C 9−1

cos bg
V,�

(D) cos
(
b

g
V,�

(D) − q
)√ 2�

1 − 2�D
d�� (D).
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The first term is immediately bounded by
(
|^ | + 1

V

)
f2, while the quadratic variation of the second

one is bounded by 8
V
f2 so Bernstein’s inequality shows that for any G > 0,

ℙ

[
sup

B∈[C 9−1,C 9 ]

���2√2
√
V

∫ B

C 9−1

cos bg
V,�

(D) cos
(
b

g
V,�

(D)−q
)√ 2�

1 − 2�D
d�� (D)

��� ≥ G���ℱ9−1

]
≤ 2 exp

(
− VG2

16f2

)
.

On the complementary event,∫ C 9

C 9−1

��\ (B) − \ (C 9−1) − bg
V,�

(B) + bg
V,�

(C 9−1)
��2 2�

1 − 2� B
dB <

((
|^ | + 1

V

)
f2 + G

)2
f2. (4.33)

Now, using a layer cake representation, we can write

�

[��ℬb

9
− 4−28(bg

V,�
(C 9−1)−\ (C 9−1))

ℬ
\
9

��2 ��� ℱ9−1

]
≤ 8

(
|^ | + 1

V

)2
f6

+ 8
∫ ∞

(|^ |+1/V)2f6
ℙ

[∫ C 9

C 9−1

��\ (B) − \ (C 9−1) − bg
V,�

(B) + bg
V,�

(C 9−1)
��2 2�

1 − 2� B
dB ≥ H

��� ℱ9−1

]
dH.

Changing variables by setting H =
( (
|^ | + 1/V

)
f2 + G

)2
f2, we can use the estimate (4.33) and

integrate. Since f2 = log(1 + �−?) ≤ �−? ≤ 1 for any � ≥ 1, we find in that case

�

[��ℬb

9
− 4−28(bg

V,�
(C 9−1)−\ (C 9−1))

ℬ
\
9

��2 ��� ℱ9−1

]
≤ �V,^f4 (4.34)

for a �V,^ > 0 depending only on V and ^ (which could easily be computed explicitly).
Finally, from the estimate (4.34) on the conditional variances of increments and the fact that

the increments are 8f2-subgaussian, both conditionally on their past and unconditionally, we can
apply Corollary A.2.1 of Freedman’s inequality (see Theorem A.2 in the appendix) to both the real
and imaginary parts of the martingale. Because f2 ≤ �−? and # ≤ � ? log � for all � ≥ 1, this
shows that

ℙ

[
sup

1≤=≤#−1
|Δb\= | > G

]
≤ 2�2? log2 � exp

(
−1

2
min

{(� ?/2G log 2
12

√
2

)2/3
,
� ?G2 log 2
9�V,^ log �

})
+ 4 exp

(
− G log 2

3
√

2�V,^ log �
exp

(
1
4

(� ?/2G log 2
12
√

2

)2/3
)) (4.35)

for any � large enough.
Step 2: Comparing with a Gaussian random walk. We now estimate the supremum of the

martingale {Δ\,= }#
==1. To do so, our plan is to estimate the conditional variances of the increments,

and then apply Azuma’s inequality for subgaussian martingales.
Recall that 4−28(bg

V,�
(C 9−1)−\ (C 9−1))

ℬ
\
9
−, 9 = 4

−28(bg
V,�

(C 9−1)−\ (C 9−1)) (�2−fΣ
−1/2
9

)ℬ\
9
by definition of

, 9 , where again we identify complex numbers with vectors in ℝ2 for matrix products. This means
that

�

[��4−28(bg
V,�

(C 9−1)−\ (C 9−1))
ℬ
\
9 −, 9

��2 ��� ℱ9−1

]
≤ ‖�2 − fΣ

−1/2
9

‖2
2�

[
|ℬ\

9 |2
�� ℱ9−1

]
. (4.36)
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The definition of ℬ\
9
directly yields

�
[
|ℬ\

9 |2
�� ℱ9−1

]
=

∫ C 9

C 9−1

22�
1 − 2� B

dB = 2f2, (4.37)

so we only have to estimate the norm of the matrix �2 − fΣ
−1/2
9

, which is its largest eigenvalue, in
magnitude. To do so, note that by Itô isometry,

�Reℬ\
9 Imℬ

\
9 =

∫ C 9

C 9−1

cos
(
q − 2\ (B)

)
sin

(
q − 2\ (B)

) 22�
1 − 2� B

dB,

�(Reℬ\
9 )2 − f2 =

∫ C 9

C 9−1

(
2 cos2 (q − 2\ (B)

)
− 1

) 2�

1 − 2� B
dB,

�(Imℬ
\
9 )2 − f2 =

∫ C 9

C 9−1

(
2 sin2 (q − 2\ (B)

)
− 1

) 2�

1 − 2� B
dB,

so

f−2Σ 9 − �2 = f−2

(
G H

H −G

)
for I = G + 8H :=

∫ C 9

C 9−1

428q−48\ (B) 2�

1 − 2� B
dB.

Hence, f−2Σ 9− �2 has eigenvalues ±f−2 |I |. This also means that f−2Σ 9 has eigenvalues 1±f−2 |I |,
so that fΣ−1/2

9
has eigenvalues (1±f−2 |I |)−1/2. Writing f−2Σ 9 − �2 = (f−1Σ

1/2
9
− �2) (f−1Σ

1/2
9
+ �2),

we can then decompose �2 − fΣ
−1/2
9

= fΣ
−1/2
9

(f−2Σ 9 − �2) (f−1Σ
1/2
9
+ �2)−1. Because Σ 9 � 0, the

eigenvalues of f−1Σ
1/2
9
+ �2 must be at least 1, so combining our eigenvalue computations yields

‖�2 − fΣ
−1/2
9

‖2 ≤ |I |
f2

√
1 − f−2 |I |

. (4.38)

To estimate |I |, we then use the fact that \′(B) = −22��@/2(1 − 2� B)@−1 to integrate by parts in

Ī =
84−28q

8�@/2

∫ C 9

C 9−1

448\ (B) 48\′(B)
(1 − 2� B)@

dB =
84−28q

8�@/2

(
448\ (B)

(1 − 2� B)@

����C 9
C 9−1

− @
∫ C 9

C 9−1

448\ (B) 2�

(1 − 2� B)@+1 dB
)
.

This can be bounded as

|I | ≤ 1
8�@/2

(
1

(1 − 2� C 9 )@
+ 1

(1 − 2� C 9−1)@
+ @

∫ C 9

C 9−1

2�

(1 − 2� B)@+1 dB
)
=

1
4�@/2(1 − 2� C 9 )@

=:
X 9

4
.

This can be used to control the norm in (4.38), but only if X 9 is small compared to f2. To check this,
note that if 2� C 9 ∈ [0, 1−� −1/2+U] for some U ∈ (0, 1/2), then (1− 2� C 9 )−@ ≤ �@/2−U@ so X 9 ≤ �−U@.
Combining this with the bound log(1 + G) ≥ G(1 − G/2) for G > 0 by which 2f2 ≥ �−? (2 − �−?),

X 9

2f2 ≤ �−(U@−?)

2 − �−? .
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With our choice ? = 2U@/3 < U@, the right-hand side vanishes when � → ∞, so X 9 ≤ 2f2 for any
� large enough. Then f−2 |I | ≤ 1/2, and the estimate (4.38) becomes ‖�2 − fΣ

−1/2
9

‖2 ≤ X 9/2
√

2f2.
Using this with (4.37) in (4.36), we finally conclude that

�

[��4−28(bg
V,�

(C 9−1)−\ (C 9−1))
ℬ
\
9 −, 9

��2 ��� ℱ9−1

]
≤

X2
9

4f2 =
1

4f2�@ (1 − 2� C 9 )2@ (4.39)

for any � large enough.
Now, by definition, the increments 4−28(bg

V,�
(C 9−1)−\ (C 9−1))

ℬ
\
9
−, 9 are centered Gaussian condi-

tionally on their past. Therefore, the estimate (4.39) on the conditional variances is equivalent to an
estimate on the conditional subgaussian constants, and we can use this to estimate the subgaussian
bracket 〈〈Δ\,〉〉 of the full martingale (which is essentially the sum of the conditional subgaus-
sian constants—see Appendix A.2 for the full definition). Summing up (4.39) while assuming that
2� C= ∈ [0, 1 − � −1/2+U] so that the estimate applies to all increments, we get

〈〈Δ\,〉〉= =
=∑
9=1

�

[��4−28(bg
V,�

(C 9−1)−\ (C 9−1))
ℬ
\
9 −, 9

��2 ��� ℱ9−1

]
≤ 1

4f2�@

=∑
9=1

(1 + �−?)2@ 9 ≤ (1 + �−?)2@

4f2�@
(1 + �−?)2@= − 1

�−? .

Because (1 + �−?)= = (1 − 2� C=)−1 ≤ � 1/2−U, this yields

〈〈Δ\,〉〉= ≤
(1 + �−?)2@

2(2 − �−?) �
2?−2U@ .

The prefactor converges to 1/4 as � → ∞, so this shows that 〈〈Δ\,〉〉= ≤ �−2(U@−?) for any � large
enough. Applying Azuma’s inequality (Theorem A.3) to both the real and imaginary parts of the
martingale, it follows that for any � large enough and any G > 0,

ℙ

[
sup
=

|Δ\,= | ≥ G
]
≤ 4 exp

(
−�

2(U@−?)G2

2

)
(4.40)

where the supremum is taken over all = such that 2� C= ∈ [0, 1 − � −1/2+U].
Step 3: Extending to the continuum. Now, we extend the randomwalk {, 9 }#−1

9=1 to a complex
Brownian motion. To do this, extending the probability space, we define a collection {- 9 }#−1

9=1
of independent complex Brownian bridges with - 9 (0) = - 9 (1) = 0, taken to be independent
of �� . From these, we define Brownian motions on intervals

[
h� (C 9−1), h� (C 9 )

]
where h� (C) :=

− log(1 − 2� C). Since, 9 ∼ ℂ (0, f2), both real and imaginary parts of f−1, 9 are real standard
normals, so given an independent random variable / , by properties of Brownian bridges, each
process

B ↦→ / + f- 9
( B − h� (C 9−1)

f2

)
+
B − h� (C 9−1)

f2 , 9
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is a complex Brownian motion on
[
h� (C 9−1), h� (C 9 )

]
with the law of / as its distribution at time

h� (C 9−1). To build our complex Brownian motion , , we can stitch the above Brownian motions
together as follows. We set, (0) := 0, and then for 0 < B ≤ h� (C#−1) we set : (B) := min{ 9 ∈ ℕ :
B < h� (C 9+1)} to be the index 9 such that h� (C 9 ) ≤ B < h� (C 9+1), and

, (B) :=
: (B)∑
9=1
, 9 + f-: (B)+1

( B − h� (C: (B))
f2

)
+
B − h� (C: (B))

f2 ,: (B)+1.

Finally, for B > h� (C#−1), we simply extend again the probability space to add an independent
standard complex Brownian motion ,̃ , and we define, (B) := ,

(
h� (C#−1)

)
+ ,̃

(
B − h� (C#−1)

)
.

Since, is a complex Brownian motion on each interval
[
h� (C=−1), h� (C=)

]
for = < # as well as

on [h� (C#−1),∞), to check that it is a complex Brownian motion on [0,∞) we only have to check
that it is a.s. continuous at the endpoints h� (C=) of these intervals. To do this, fix = < # , and note
that :

(
h� (C=)

)
= = by definition, so that ,

(
h� (C=)

)
=

∑=
9=1, 9 for each = < # . It is clear that

this is a.s. the value approached from the right, since : does not change from that direction (or just
because ,̃ is a.s. continuous if = = # − 1). With B ↑ h� (C=), : (B) = :

(
h� (C=)

)
− 1 = = − 1, and as

h� (C=) − h� (C=−1) = f2, we get that

, (B) →
=−1∑
9−1
, 9 + f-= (1) +,= =

=∑
9=1
, 9 .

Hence,, has a.s. continuous paths on all of [0,∞), and we conclude that it is a standard complex
Brownian motion.

Step 4: Full comparison of the processes. We now have all of the necessary ingredients to
obtain the estimate (4.26) on

Δ := sup
C∈�,U

����∫ C

0
4
8q−28bg

V,�
(B)

√
22�

1 − 2� B
d�� (B) −, ◦ h� (C)

����.
With (�,U := {= ∈ ℕ : 0 ≤ 2� C=−1 ≤ 1 − � −1/2+U}, we can extend a little bit the interval over which
the supremum is taken to write

Δ ≤ sup
=∈(�,U

sup
C∈[C=−1,C=]

����∫ C

0
4
8q−28bg

V,�
(B)

√
22�

1 − 2� B
d�� (B) −, ◦ h� (C)

����
≤ sup
=∈(�,U

����∫ C=−1

0
4
8q−28bg

V,�
(B)

√
22�

1 − 2� B
d�� (B) −, ◦ h� (C=−1)

����
+ sup
=∈(�,U

sup
C∈[C=−1,C=]

(���∫ C

C=−1

4
8q−28bg

V,�
(B)

√
22�

1 − 2� B
d�� (B)

��� + ��, ◦ h� (C) −, ◦ h� (C=−1)
��) .
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The integral that appears in the first line is exactly ∑=−1
9=1 ℬ

b

9
, and , ◦ h� (C=−1) =

∑=−1
9=1, 9 by

construction of, . In other words, in the notation of Steps 1 and 2,

Δ ≤ sup
=∈(�,U

��Δb\
=−1

�� + sup
=∈(�,U

��Δ\,=−1
�� (4.41a)

+ sup
=∈(�,U

sup
C∈[C=−1,C=]

����∫ C

C=−1

4
8q−28bg

V,�
(B)

√
22�

1 − 2� B
d�� (B)

���� (4.41b)

+ sup
=∈(�,U

sup
C∈[C=−1,C=]

��, ◦ h� (C) −, ◦ h� (C=−1)
��. (4.41c)

The first line is controlled by the results (4.35) and (4.40) from Steps 1 and 2. In the other two
lines, for fixed = the supremum is that of a complex martingale on [C=−1, C=], which we can control
by bounding the brackets of their real and imaginary parts and using Bernstein’s inequality on both
of them. The brackets of the real and imaginary parts of the martingale on line (4.41b) are both
bounded by ∫ C=

C=−1

22�
1 − 2� B

dB = 2 log
1 − 2� C=−1
1 − 2� C=

= 2 log(1 + �−?) ≤ 2�−?,

so by Bernstein’s inequality, for G > 0, (4.41b) is bounded by G with probability at least 1 −
4# exp(−� ?G2/4). Likewise, the brackets of the real and imaginary parts of the martingale on
line (4.41c) are bounded by h� (C=) − h� (C=−1) ≤ �−?, so Bernstein’s inequality yields a simi-
lar bound. Combining this with the results (4.35) and (4.40) from Steps 1 and 2, we get from (4.41)
that for � large enough and G > 0,

ℙ[Δ ≥ G] ≤ 2�2? log2 � exp
(
−1

2
min

{(� ?/2G log 2
48
√

2

)2/3
,
� ?G2 log 2

144�V,^ log �

})
+ 4 exp

(
− G log 2

12
√

2�V,^ log �
exp

(
1
4

(� ?/2G log 2
48

√
2

)2/3
))

+ 4 exp
(
−�

2(U@−?)G2

32

)
+ 8# exp

(
−�

?G2

64

)
.

That ? = 2U@/3 implies that 2(U@ − ?) = ?, so the powers of � in the last two terms are balanced.
If G = �

−U@/3+X, then all exponents are at least of order � 2X/3 for � large enough, and we conclude
that

ℙ[Δ ≥ � −U@/3+X] ≤ 3� 4U/3 log2 � exp
(
−�� 2X/3) ,

where � > 0 depends only on V, ^, U and X.
Step 5: Combining all spaces together. The above construction yields, for a given � > 0, a

probability space on which are defined a standard real Brownian motion �� and a standard com-
plex Brownian motion , such that (4.26) holds if � is large enough. Thus, given a sequence
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{�=}=∈ℕ ⊂ (0,∞) such that �= → ∞, it remains to combine all the spaces together in such a way
that the couplings between the real and complex Brownian motions are preserved. For the sake of
completeness, we build the full probability space explicitly, but this construction is standard.

Let (Ω=,ℱ=,ℙ=) and,= denote the probability space and the complex Brownian motion built
above for � = �= and a standard real Brownian motion ��=

. As the initial Brownian motion ��=

is arbitrary, we can choose it to be defined as a random variable ��=
: Ω= → �

(
[0,∞),ℝ

)
, using

the construction of Brownian motion on a Wiener space. In the same way, taking the Brownian
bridges used to build ,= with continuous paths, ,= has surely continuous paths, and ,= : Ω= →
�

(
[0,∞),ℂ

)
where the space�

(
[0,∞),ℂ

)
is endowed with a product of the Wiener measure with

itself. Using these constructions, on each space (Ω=,ℱ=,ℙ=) we have two Brownian motions ��=

and ,= with joint law ℙ,=,��=
on �

(
[0,∞),ℂ

)
× �

(
[0,∞),ℝ

)
with the completion of its Borel

σ-algebra under an appropriate metric that makes it complete and separable (and such a metric
does exist, see e.g. [46, §2.4]). This measurable space is thus Borel, and there exists a regular
condition distribution d��= |,=

: �
(
[0,∞),ℂ

)
× ℬ

(
�( [0,∞),ℝ)

)
→ [0, 1] such that ℙ,=,��=

=

ℙ,=
⊗ d��= |,=

.
Now, setΩ := �

(
[0,∞),ℂ

)
×�

(
[0,∞),ℝ

)ℕ and letℱ := ℬ(Ω) be its Borel σ-algebra. Then,
define kernels `= on the partial products �

(
[0,∞),ℂ

)
× ∏=

9=1 �
(
[0,∞),ℝ

)
by setting

`= (F, 11, . . . , 1=−1, �) := d��= |,=
(F, �).

By the Ionescu–Tulcea theorem, there exists a probability measure ℙ on (Ω,ℱ) such that for any
� ∈ ℬ

(
�( [0,∞),ℂ) ×�( [0,∞),ℝ)=

)
,

ℙ

(
� ×

∞∏
9==+1

Ω 9

)
=

∫
�

( =∏
9=1

d��= |,=
(F, d1=)

)
ℙ,=

(dF),

and in particular if � ∈ ℬ
(
�( [0,∞),ℂ)

)
and � ∈ ℬ

(
�( [0,∞),ℝ)

)
, then

ℙ
(
� ×Ω1 × · · · ×Ω=−1 × � ×Ω=+1 × · · ·

)
=

∫
�

∫
�

d��= |,=
(F, d1)ℙ,=

(dF) = ℙ,=,��=
(� × �).

Therefore, for any = ∈ ℕ the projection onto coordinates 1 and = + 1 has the desired distribution
for the pair (,, ��=

), and all of the Brownian motions we need are well defined on (Ω,ℱ,ℙ). �

4.3.2 Convergence of �V,� to a hyperbolic Brownian motion

On the probability space from Lemma 4.4, we can compare, pathwise, processes driven by the limit
complex Brownian motion, and the processes that approximate them. In particular, we can com-
pare a hyperbolic Brownianmotion driven by, with the process �V,� from (4.22). This comparison
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is our main goal for this section. We start by proving a preliminary result in §4.3.2.1, and then we
compare separately the imaginary and real parts of the two processes in §4.3.2.2 and §4.3.2.3 re-
spectively. Indeed, the comparison of the imaginary parts is simpler, both because the imaginary
part of a hyperbolic Brownian motion is a geometric Brownian motion, and because Im�V,� can
be written in terms of dg

V,�
only, as a consequence of Claim 4.3.

4.3.2.1 Averaging of integrals with oscillatory integrands

As a preliminary step, we need to control certain integrals whose integrands oscillate quickly, with
phases proportional to solutions of (4.21b), causing them to average out when � is large.

Lemma 4.5. Let bV,� be a solution to the SDE (4.21b) driven by a standard Brownian motion �.
Let -� solve

d-� (C) = `� (C)-� (C)
2�

1 − 2� C
dC + f� (C)-� (C)

√
2�

1 − 2� C
d�(C) (4.42)

on [0, g� ] for some complex processes `� and f� . Fix ) ∈ (0, g� ] and a nonzero : ∈ ℝ, and
suppose that `� andf� are bounded on [0, )] uniformly in � . Then, there are constants�,�′ > 0
independent of � such that for any ", G > 0,

ℙ

({
sup
C∈[0,)]

|-� | ≤ "

}
∩

{
sup
C∈[0,)]

���∫ C

0
-� (B)4:8bV,� (B)

2�

1 − 2� B
dB

��� ≥ G + �"

�@/2(1 − 2�))@

})
≤ 4 exp

(
−�

′�@ (1 − 2�))2@G2

"2

)
.

Remark. The exponential structure of the SDE is not essential to this result: it would be straight-
forward to extend the proof given below to processes satisfying more complicated SDEs with the
factors `�-� and f�-� replaced by other functions that are bounded on compacts. However, the
proof is a bit simpler with this exponential structure, and this is all we need here.

Proof. Recall that bV,� satisfies

dbV,� (C) = −22��
@/2(1 − 2� C)@−1 dC + 'b

V,�
(C) 2�

1 − 2� C
dC + (b

V,�
(C)

√
2�

1 − 2� C
d�(C)

where

'
b

V,�
:= −^ sin 2bV,� − 1

V
sin(4bV,� − 2q) and (

b

V,�
:=

2
√

2
√
V

cos bV,� cos(bV,� − q).



4.3. Vague convergence 147

An application of Itô’s formula then shows that

d
(
4:8bV,�

)
(C) = 4:8bV,� (C)

(
−2:82��

@/2(1 − 2� C)@−1 dC + :8(b
V,�

(C)
√

2�

1 − 2� C
d�(C)

+
(
:8'

b

V,�
(C) − :2

2
(
b

V,�
(C)2

) 2�

1 − 2� C
dC

)
,

so for C ∈ [0, )],∫ C

0
-� (B)4:8bV,� (B)

2�

1 − 2� B
dB = − 1

28:�@/2

∫ C

0

-� (B)
(1 − 2� B)@

(
d
(
4:8bV,�

)
(B)

− :8(b
V,�

(B)4:8bV,� (B)
√

2�

1 − 2� B
d�(B)

− 4:8bV,� (B)
(
:8'

b

V,�
(B) − :2

2
(
b

V,�
(B)2

) 2�

1 − 2� B
dB

)
.

(4.43)

If .� (C) := (1 − 2� C)−@-� (C), then

d.� (C) = -� (C)
(
@ + `� (C)

) 2�

(1 − 2� C)@+1 dC + -� (C)f� (C)
√
2�

(1 − 2� C)@+1/2
d�(C),

which also implies that

d
〈
.� , 4

:8bV,�
〉
(C) = :8-� (C)4:8bV,� (C)(bV,� (C)f� (C)

2�

(1 − 2� C)@+1 dC.

From this, the first term of (4.43) can be integrated by parts:∫ C

0
-� (B)4:8bV,� (B)

2�

1 − 2� B
dB = − 1

28:�@/2

(
-� (B)4:8bV,� (B)
(1 − 2� B)@

����C
0

−
∫ C

0
-� (B)4:8bV,� (B)

(
:8(

b

V,�
(B) + f� (B)

) √
2�

(1 − 2� B)@+1/2
d�(B)

−
∫ C

0
-� (B)4:8bV,� (B)

(
:8'

b

V,�
(B) − :2

2
(
b

V,�
(B)2

+ @ + `� (B) + :8(bV,� (B)f� (B)
) 2�

(1 − 2� B)@+1 dB
)
.

(4.44)

Given " > 0, this can easily be bounded on the event � :=
{
supC∈[0,)] |-� (C) | ≤ "

}
. The first

term is bounded on� by

"

2|: |�@/2

( 1
(1 − 2�))@

+ 1
)
≤ "

|: |�@/2(1 − 2�))@
.
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Then, since |'b
V,�

| ≤ |^ | + 1/V and |(b
V,�

| ≤ 2
√

2/√V and since `� and f� are also bounded on [0, )]
uniformly in � , there is a constant �̃ > 0 independent of � such that the time integral in (4.44) is
bounded on� by

�̃"

�@/2

∫ C

0

2�

(1 − 2� B)@+1 dB ≤ �̃"

@�@/2(1 − 2�))@
.

In the same way, there is another constant �̃′ > 0 independent of � such that, still on�, the brackets
of the real and imaginary parts of the Brownian integral in (4.44) are bounded by

�̃′"2

�@

∫ C

0

2�

(1 − 2� B)2@+1 dB ≤ �̃′"2

2@�@ (1 − 2�))2@ .

As this holds for any C ∈ [0, )], applying Bernstein’s inequality for martingales to both the real and
the imaginary parts of the stochastic integral shows that for any G > 0,

ℙ

(
� ∩

{
sup
C∈[0,)]

���� 1
28:�@/2

∫ C

0
-� (B)4:8bV,� (B)

(
:8(

b

V,�
(B) + 1� (B)

) √
2�

(1 − 2� B)@+1/2
d�(B)

���� ≥ G})
≤ 4 exp

(
−@�

@ (1 − 2�))2@G2

�̃′"2

)
.

Combining the bounds on the three terms of (4.44) yields the announced result with � := �̃/@+ 1/|: |
and �′ := @/�̃′. �

This result has two immediate corollaries.

Corollary 4.5.1. If : ≠ 0 and U ∈ (0, 1/2), there are �,�′ > 0 independent of � such that for any
G > 0,

ℙ

[
sup
C∈�,U

���∫ C

0
4:8bV,� (B)

2�

1 − 2� B
dB

��� ≥ G + ��−U@
]
≤ 44−�

′�2U@G2

where �,U := [0, (1 − � −1/2+U)/2� ].

Proof. We apply the lemma with -� ≡ 1 so that `� = f� = 0, and with 2�) := 1 − � −1/2+U. As in
that case ℙ

[
supC∈[0,)] |-� (C) | > 1

]
= 0, we can take " = 1 to get that there are �,�′ > 0 such that

for any G > 0,

ℙ

[
sup
C∈[0,)]

���∫ C

0
4:8bV,� (B)

2�

1 − 2� B
dB

��� ≥ G + �

�@/2(1 − 2�))@

]
≤ 44−�

′�@ (1−2�))2@G2
.

This is exactly the announced result since �@/2(1 − 2�))@ = �U@. �
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Corollary 4.5.2. If : ≠ 0, then for every Y > 0 there is a �Y > 0 independent of � such that

ℙ

[
sup

C∈[0,g� ]

���∫ C

0
4:8bV,� (B)

2�

1 − 2� B
dB

��� > �Y] < Y.
Proof. Applying the lemma with -� ≡ 1 so that `� = f� = 0 and with " = 1 and ) = g� , we get
that for some �,�′ > 0 independent of � , for any G > 0,

ℙ

[
sup

C∈[0,g� ]

���∫ C

0
4:8bV,� (B)

2�

1 − 2� B
dB

��� > G + �]
≤ 44−�

′G2
,

and taking G large enough so that 44−�′G2
< Y yields the result with �Y := G + �. �

4.3.2.2 The geometric Brownian motion

Wenowdeduce the convergence of Im�V,� to the imaginary part of the hyperbolic Brownianmotion
driven by, . Recall that by Claim 4.3, Im�V,� = 4

−Δd

V,� sinΔb
V,�

= 4
−2dg

V,� , and that by definition
the imaginary part of a hyperbolic Brownian motion is a geometric Brownian motion (see 3.3). We
start by comparing the logarithms of the two processes.

Proposition 4.6. On the probability space from Lemma 4.4, with U ∈ (0, 1/2) and X ∈ (0, U@/3),
there is a � > 0 such that for all � ∈ {�=}=∈ℕ large enough,

ℙ

[
sup
C∈�,U

���2dg
V,�

(C) + log /V,� (C)
��� ≥ � −U@/3+X

]
≤ 4� 4U@/3 log2 �4−��

2X/3

where �,U := [0, (1 − � −1/2+U)/2� ] and /V,� (C) := exp
( 2√
V

Im, ◦ h� (C) − 2
V
h� (C)

)
.

Proof. Since dg
V,�

follows (4.21a),

sup
C∈�,U

���2dg
V,�

(C) + 2
√
V

Im, ◦ h� (C) −
2
V
h� (C)

���
≤ sup
C∈�,U

���� 2
√
V

∫ C

0
sin

(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B) +
2
√
V

Im, ◦ h� (C)
����

+ 2|^ | sup
C∈�,U

����∫ C

0
cos 2bg

V,�
(B) 2�

1 − 2� B
dB

���� + 2
V

sup
C∈�,U

����∫ C

0
cos

(
4bg

V,�
(B) − 2q

) 2�

1 − 2� B
dB

����.
The first supremum can immediately be bounded by 1

3�
−U@/3+X on a good event by Lemma 4.4,

simply by taking the imaginary part in (4.26). The other two can each be bounded by 1
3�

−U@/3+X on
a good event by applying Corollary 4.5.1. The result then follows by combining the tail bounds,
which are dominated by that from Lemma 4.4. �
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Using properties of Brownian motion, we can take the exponential and compare 4−2dg
V,� and

4
2dg

V,� to the geometric Brownian motion /V,� and its reciprocal.

Corollary 4.6.1. In the setting of Proposition 4.6, for any X ∈ (0, U@/3) and any � large enough,

ℙ

[
sup
C∈�,U

���4−2dg
V,�

(C) − /V,� (C)
��� ≥ � −U@/3+X

]
≤ 2

log �
, (4.45)

and if U > 3
V@+6 and X < 1

3V
(
U(V@ + 6) − 3

)
, then for any � large enough,

ℙ

[
sup
C∈�,U

���42dg
V,�

(C)− 1
/V,� (C)

��� ≥ exp
(
−U(V@ + 6) − 3 − 3VX

3V
log �

)]
≤ 2 exp

(
− VX2

36(1 − 2U) log �
)
.

Proof. Since ���4∓2dg
V,� − /±1

V,�

��� ≤ /±1
V,�

��2dg
V,�

+ log /V,�
��4 |2dg

V,�
+log /V,� |,

given the proposition, what remains to control is only the supremum of the geometric Brownian
motion /V,� and that of its reciprocal. Recall that

/±1
V,� (C) = exp

(
± 2
√
V

Im, ◦ h� (C) ∓
2
V
h� (C)

)
.

We are interested in the supremum of this process over 2� C ∈ [0, 1 − � −1/2+U], which can be un-
derstood as the supremum over B = h� (C) ∈ [0, ( 1

2 − U) log �]. Now, from the joint density of a
Brownian motion and its running maximum, an application of Girsanov’s theorem shows that for
H ≥ 0 (see e.g. [9, Part II, §2.1, formula 1.1.4] for the precise statement),

ℙ

[
sup

B∈[0,( 1
2−U) log �]

(
± 2
√
V

Im, (B) ∓ 2B
V

)
≥ H

]
=

1
2

(
1 − erf

(1
2

(
H

√
V

(1 − 2U) log �
±

√
(1 − 2U) log �

V

)))
+ 4∓H

2

(
1 − erf

(1
2

(
H

√
V

(1 − 2U) log �
∓

√
(1 − 2U) log �

V

)))
.

(4.46)

We can bound this in the two cases. First, for the top sign, the argument of the first error function
is nonnegative so we can use the fact that 1 − erf G ≤ 4−G2 for G ≥ 0, and we can simply bound the
second one with the basic property 1

2 (1 − erf) ≤ 1. We thus obtain for H = log log � and � large
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enough that

ℙ

[
sup

B∈[0,( 1
2−U) log �]

( 2
√
V

Im, (B) − 2B
V

)
≥ log log �

]
≤ 1

2
exp

(
−1

4

(
log log �

√
V

(1 − 2U) log �
+

√
(1 − 2U) log �

V

)2
)
+ exp

(
− log log �

)
.

The dominating contribution to the first exponential is its second term so we can remove the first
one, and exponentiating, we get that for � large enough,

ℙ

[
sup
C∈�,U

/V,� (C) ≥ log �
]
≤ 1

2� (1−2U)/4V
+ 1

log �
. (4.47)

On the intersection of the complement of this event with the complement of the event in the propo-
sition with X replaced with X/2,

sup
C∈�,U

��4−2dg
V,�

(C) − /V,� (C)
�� ≤ � −U@/3+X/2 exp

(
�

−U@/3+X/2) log � ≤ � −U@/3+X,

and combining the tail bounds (which are dominated by the 1/log � term) yields (4.45).
With the bottom sign in (4.46), we use again the bound 1− erf G ≤ 4−G2 valid for G ≥ 0, but now

on both error functions, so this is only valid for H ≥ 1−2U
V

log � . This yields

ℙ

[
sup

B∈[0,( 1
2−U) log �]

(
− 2
√
V

Im, (B)+2B
V

)
≥ H

]
≤ exp

(
−1

4

(
H

√
V

(1 − 2U) log �
−

√
(1 − 2U) log �

V

)2
)
.

Taking H =
( 1−2U

V
+ X

3
)
log � , we get

ℙ

[
sup

B∈[0,( 1
2−U) log �]

(
− 2
√
V

Im, (B) + 2B
V

)
≥

(1 − 2U
V

+ X

3

)
log �

]
≤ exp

(
− VX2

36(1 − 2U) log �
)
.

On the intersection of the complement of this event with the complement of the event in the propo-
sition with X replaced with X/3,

sup
C∈�,U

���42dg
V,�

(C) − 1
/V,� (C)

��� ≤ exp
(
�

−U@/3+X/3 +
(
−U@

3
+ X

3
+ 1 − 2U

V
+ X

3

)
log �

)
for � large enough. If U > 3

V@+6 , then taking X < 1
3V

(
U(V@ + 6) − 3

)
ensures that the exponent is

negative, and combining the tail bounds (which are dominated by the negative power of �) gives
the second result and completes the proof. �
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4.3.2.3 The real part of the hyperbolic Brownian motion

We finally turn to the comparison between Re�V,� = −4−Δ
d

V,� cosΔb
V,�

and the real part of the
hyperbolic Brownian motion driven by, .

Proposition 4.7. On the probability space from Lemma 4.4, for any U ∈ (0, 1/2) and X ∈ (0, U@/12),
there is a � > 0 such that for any � ∈ {�=}=∈ℕ large enough,

ℙ

[
sup
C∈�,U

���Re�V,� (C) −
2
√
V

∫ C

0
/V,� (B) d(Re, ◦ h� ) (B)

��� ≥ � −U@/12+X
]
≤ �

log �

where �,U := [0, (1 − � −1/2+U)/2� ].

Proof. We can get an SDE for Re�V,� by taking the real part of the SDE for �V,� given in (4.24).
Using that Im�V,� = 4

−2dg
V,� by Claim 4.3, this SDE can be written as

d
(
Re�V,�

)
(C) = 2

√
V
4
−2dg

V,�
(C) cos

(
2bg

V,�
(C) − q

)√ 22�
1 − 2� C

d�� (C)

− 4−2dg
V,�

(C)
(
2^ sin 2bg

V,�
(C) + 4

V
sin

(
4bg

V,�
(C) − 2q

) ) 2�

1 − 2� C
dC.

(4.48)

To prove the proposition, we proceed as follows. First, we find a good event on which the growth
of 4−2dg

V,� can be controlled. From this, we deduce that the second line in (4.48) vanishes when
� → ∞, thus reducing the problem to comparing the first line in (4.48) to the real part of the
hyperbolic Brownian motion driven by , . To do this, we discretize the time interval as in the
proof of Lemma 4.4 in order to reduce the problem to a comparison between two discrete time
martingales.

Step 1: Finding a good event on which to control the growth of integrands. Let

� :=
{

sup
C∈�,U

/V,� (C) ≤ log �
}
∩

{
sup
C∈�,U

��4−2dg
V,� (C) − /V,� (C)

�� ≤ � −U@/3+X
}
. (4.49)

We have seen in (4.47) in the proof of Corollary 4.6.1 and in (4.45) in the corollary itself that
the complements of both of these events have probability at most 2/log � for � large enough, so
ℙ(�û) ≤ 4/log �. Therefore, in order to prove the proposition, it suffices to prove that

ℙ

(
� ∩

{
sup
C∈�,U

���Re�V,� (C) −
2
√
V

∫ C

0
/V,� (B) d(Re, ◦ h� ) (B)

��� ≥ � −U@/12+X
})

®
1

log �
.

Step 2: Controlling the oscillatory terms. We now show that the second line in (4.48) does
not contribute. An application of Itô’s formula (or just taking the imaginary part of (4.24) and using
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that Im�V,� = 4
−2dg

V,� ) shows that

d
(
4
−2dg

V,�
)
(C) = −2

√
2

√
V
4
−2dg

V,�
(C) sin

(
2bg

V,�
(C) − q

)√ 2�

1 − 2� C
d�� (C)

− 4−2dg
V,�

(C)
(
2^ cos 2bg

V,�
(C) + 4

V
cos

(
4bg

V,�
(C) − 2q

) ) 2�

1 − 2� C
dC.

This SDE has precisely the form appearing in Lemma 4.5 with

`� = −2^ cos 2bg
V,�

− 4
V

cos
(
4bg

V,�
− 2q

)
and f� = −2

√
2
V

sin
(
2bg

V,�
− q

)
,

which are both bounded processes with bounds depending only on ^ and V. Applying the lemma
for a : ≠ 0 with 2�) = 1 − � −1/2+U so that �@/2(1 − 2�))@ = �U@, we see that there are �,�′ > 0
independent of � such that for any G > 0,

ℙ

({
sup
C∈�,U

4
−2dg

V,�
(C) ≤ 2 log �

}
∩

{
sup
C∈�,U

���∫ C

0
4
−2dg

V,�
(B)+:8bg

V,�
(B) 2�

1 − 2� B
dB

��� ≥ G + 2� log �
�U@

})
≤ 4 exp

(
−�

′�2U@G2

4 log2 �

)
.

By definition, 4−2dg
V,� ≤ 2 log � on�, so the first of the events in the above can be replaced with�

without changing the tail bound. Taking G = � −U@/12+X then yields an exponential tail bound, which
vanishes faster than 1/log � as � → ∞. Hence, using this with : = −2 and : = −4 gives the control
we need on both terms of the second line of (4.48).

Step 3: Reducing to a discrete-time problem. It remains to compare the first line of (4.48)
with the real part of a hyperbolic Brownian motion driven by , and run in logarithmic time. To
do so, we reduce the comparison between the two stochastic integrals to a comparison between
discrete-time martingales. As in the proof of Lemma 4.4, we partition the time interval with a
sequence {C 9 }#9=0 defined with C0 := 0, 2� C# := 1 − 1/√� , and with

2� C 9 := 1 − 1
(1 + �−?) 9 for 0 < 9 < #

where here we set ? := U@/6. As in the proof of Lemma 4.4, this means that # is as in (4.27), so that
in particular # ≤ � ? log � for � large enough. With (�,U := { 9 ∈ ℕ : 0 < 2� C 9−1 ≤ 1 − � −1/2+U},
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we can write

sup
C∈�,U

����∫ C

0
4
−2dg

V,�
(B) cos

(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B) −
∫ C

0
/V,� (B) d

(
Re, ◦ h�

)
(B)

����
≤ sup

9∈(�,U

����∫ C 9−1

0
4
−2dg

V,�
(B) cos

(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B) −
∫ C 9−1

0
/V,� (B) d

(
Re, ◦ h�

)
(B)

����
(4.50a)

+ sup
9∈(�,U

sup
C∈[C 9−1,C 9 ]∩�,U

����∫ C

C 9−1

4
−2dg

V,�
(B) cos

(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B)
���� (4.50b)

+ sup
9∈(�,U

sup
C∈[C 9−1,C 9 ]∩�,U

����∫ C

C 9−1

/V,� (B) d
(
Re, ◦ h�

)
(B)

����. (4.50c)

The last two lines are easily controlled on�. Indeed, on this event 4−2dg
V,� ≤ 2 log � uniformly for

C ∈ �,U, so the bracket of the integral in (4.50b) is bounded for any C ∈ [C 9−1, C 9 ] ∩ �,U by

4 log2 �

∫ C 9

C 9−1

22�
1 − 2� B

dB = 8 log2 � log(1 + �−?) ≤ 8�−? log2 �.

Thus, by Bernstein’s inequality, for any G > 0,

ℙ

(
� ∩

{
sup

C∈[C 9−1,C 9 ]∩�,U

���∫ C

C 9−1

4
−2dg

V,�
(B) cos 2bg

V,�
(B)

√
22�

1 − 2� B
d�� (B)

��� ≥ G}) ≤ 2 exp
(
− � ?G2

16 log2 �

)
.

Taking the supremum over 9 ∈ (�,U adds a prefactor of # to the tail bound, so because # ≤
� ? log � = �

U@/6 log � , with G = �
−U@/12+X the tail bound decreases exponentially in a power of �

and is certainly $ (1/log �).
Likewise, on� the geometric Brownian motion /V,� is bounded by log � , so the bracket of the

integral in (4.50c) is bounded by

log2 �

∫ C 9

C 9−1

d〈Re, ◦ h�〉(B) = log2 �

∫ C 9

C 9−1

2�

1 − 2� B
dB ≤ �−? log2 �.

In the same way as in the last case, Bernstein’s inequality then yields a tail bound for (4.50c) on�
that decreases exponentially in a power of � .

The problem is thus reduced to controlling (4.50a).
Step 4: Controlling the difference of discrete-time martingales. It remains to control (4.50a),

the supremum of the difference of discrete martingales. To do this, given a process - , we let '(-)
denote the process - modified to be reset at every time C: of the partition, that is, '(-) (B) :=
- (B) − - (C:−1) for B ∈ [C:−1, C: ). Using this notation, we can split each difference of increments
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in (4.50a) in four differences, so that the full difference takes the form∫ C 9−1

0
4
−2dg

V,�
(B) cos

(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B) −
∫ C 9−1

0
/V,� (B) d

(
Re, ◦ h�

)
(B)

=

∫ C 9−1

0
'
(
4
−2dg

V,�
)
(B) cos

(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B) (4.51a)

+
9−1∑
:=1

(
4
−2dg

V,�
(C:−1) − /V,� (C:−1)

) ∫ C:

C:−1

cos
(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B) (4.51b)

+
9−1∑
:=1

/V,� (C:−1)
(∫ C:

C:−1

cos
(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B)

− Re, ◦ h� (C: ) + Re, ◦ h� (C:−1)
) (4.51c)

−
∫ C 9−1

0
'(/V,� ) (B) d

(
Re, ◦ h�

)
(B). (4.51d)

We control each of these four lines independently.
We start with the easiest ones. First, the integral in a single term of (4.51b) has bracket

2
∫ C:

C:−1

cos2 (2bg
V,�

(B) − q
) 2�

1 − 2� B
dB ≤ 2 log(1 + �−?) ≤ 2�−?,

so by Bernstein’s inequality, for any G > 0,

ℙ

[���∫ C:

C:−1

cos
(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B)
��� ≥ G] ≤ 2 exp

(
−�

?G2

4

)
.

Since |4−2dg
V,� − /V,� | ≤ � −U@/3+X on�, it follows that for any : and any G > 0,

ℙ

(
� ∩

{��4−2dg
V,�

(C:−1) − /V,� (C:−1)
�����∫ C:

C:−1

cos 2bg
V,�

(B)
√

22�
1 − 2� B

d�� (B)
��� ≥ G})
≤ 2 exp

(
−�

5U@/6−2XG2

4

)
.

Combining the tail bounds for all of the increments and using that # ≤ �
U@/6 log � for � large

enough, we get

ℙ

(
� ∩

{
sup
9∈(�,U

9−1∑
:=1

��4−2dg
V,�

(C:−1) − /V,� (C:−1)
�����∫ C:

C:−1

cos 2bg
V,�

(B)
√

22�
1 − 2� B

d�� (B)
��� ≥ G})

≤ 2� U@/6 log � exp
(
−�

3U@/6−2XG2

4 log2 �

)
.

With G = � −U@/12+X, this bound is $ (1/log �) as needed.
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Then, to control (4.51c), we use the tail bound (4.26) we got in Lemma 4.4. Indeed, as /V,� ≤
log � on�, for any : we get that for � large enough,

�
−U@/12+X

#/V,� (C:−1)
≥ �

−U@/4+X

log2 �
≥ � −U@/4,

so by Lemma 4.4,

ℙ

(
� ∩

{
/V,� (C:−1)

����∫ C:

C:−1

cos
(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B)

− Re, ◦ h� (C: ) + Re, ◦ h� (C:−1)
���� ≥ �

−U@/12+X

#

})
≤ 3� 4U@/3 log2 � exp

(
−�� U@/18) .

In a similar way as in the last case, it follows that the supremumof (4.51c) over 9 ∈ (�,U only exceeds
�

−U@/12+X on� with probability at most 3� 9U@/6 log3 � exp
(
−�� U@/18

)
, which again is $ (1/log �).

Now, the stochastic integral in (4.51d) has quadratic variation∫ C 9−1

0
'2(/V,� ) (B) d〈Re, ◦ h�〉(B) =

9−1∑
:=1

∫ C:

C:−1

(
/V,� (B) − /V,� (C:−1)

)2 2�

1 − 2� B
dB

=
4
V

9−1∑
:=1

∫ C:

C:−1

(∫ B

C:−1

/V,� (D) d
(
Im, ◦ h�

)
(D)

)2
2�

1 − 2� B
dB.

(4.52)

For each : , for B ∈ [C:−1, C: ] the bracket of the remaining stochastic integral is bounded on� by

log2 �

∫ C:

C:−1

2�

1 − 2� B
dB = log2 � log(1 + �−?) ≤ �−? log2 �,

so by Bernstein’s inequality, for any H > 0,

ℙ

(
� ∩

{
max

1≤:≤ 9−1
sup

B∈[C:−1,C:]

���∫ B

C:−1

/V,� (D) d
(
Im, ◦ h�

)
(D)

��� ≥ H}) ≤ 2( 9 − 1) exp
(
− � ?H2

2 log2 �

)
.

On the complementary event (relative to �), the quadratic variation of the integral in (4.51d) is
bounded by

4H2

V

9−1∑
:=1

∫ C:

C:−1

2�

1 − 2� B
dB =

4H2

V

∫ C 9−1

0

2�

1 − 2� B
dB = −4H2

V
log(1 − 2� C 9−1) ≤

2H2

V
log �.

Hence, applying again Bernstein’s inequality, we obtain that for any G > 0,

ℙ

(
�∩

{���∫ C 9−1

0
'(/V,� ) (B) d

(
Re,◦h�

)
(B)

��� ≥ G}) ≤ 2( 9−1) exp
(
− � ?H2

2 log2 �

)
+2 exp

(
− VG2

4H2 log �

)
.
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We can get the exponents to match by setting H2 =

√
V log �
2� ? G, which yields

ℙ

(
� ∩

{���∫ C 9−1

0
'(/V,� ) (B) d

(
Re, ◦ h�

)
(B)

��� ≥ G}) ≤ 2 9 exp
(
−

√
V�

?/2G

2
√

2 log3/2 �

)
.

Taking the supremum over 9 ∈ (�,U replaces the prefactor with #2 ≤ �
U@/3 log2 � , and with G =

�
−U@/12+X the power of � in the exponent remains positive, so the upper bound is $ (1/log �).
It only remains to bound (4.51a), which we do in the same way as in the last case. The stochastic

integral in (4.51a) quadratic variation

2
9−1∑
:=1

∫ C:

C:−1

(
4
−2dg

V,�
(B) − 4−2dg

V,�
(C:−1)

)2
cos2 (2bg

V,�
(B) − q

) 2�

1 − 2� B
dB.

Now,��4−2dg
V,�

(B)−4−2dg
V,�

(C:−1) �� ≤ ��4−2dg
V,�

(B)−/V,� (B)
��+��/V,� (B)−/V,� (C:−1)

��+��/V,� (C:−1)−4−2dg
V,�

(C:−1) ��.
The square of this can be boundedwith Young’s inequality and the bound |4−2dg

V,�−/V,� | ≤ � −U@/3+X

which holds on�, and this shows that the above quadratic variation is bounded on� by

4
9−1∑
:=1

∫ C:

C:−1

(��/V,� (B) − /V,� (C:−1)
��2 + 4� −2U@/3+2X

) 2�

1 − 2� B
dB.

The second term can be bounded by 16� −2U@/3+2X log(1− 2� C 9−1) ≤ 8� −2U@/3+2X log � once we sum
up the increments. Then, the first term is exactly four times the quadratic variation (4.52) that we
bounded for the case of (4.51d). Using what we found then, we get that for any H > 0

ℙ

(
�∩

{
4
9−1∑
:=1

∫ C:

C:−1

(��/V,� (B)−/V,� (C:−1)
��2+4� −2U@/3+2X

) 2�

1 − 2� B
dB ≥ 8

( H2

V
+� −2U@/3+2X

)
log �

})
≤ 2( 9 − 1) exp

(
− � ?H2

2 log2 �

)
.

This controls the quadratic variation of the stochastic integral in (4.51a), so a further application of
Bernstein’s inequality shows that for any G > 0,

ℙ

(
� ∩

{���∫ C 9−1

0
'(4−2dg

V,� ) (B) cos
(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B)
��� ≥ G})

≤ 2( 9 − 1) exp
(
− � ?H2

2 log2 �

)
+ 2 exp

(
− VG2

16(H2 + V� −2U@/3+2X) log �

)
.
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Setting H2 =

√
V log �
8� ? G would make the exponents match if the extra term V�

−2U@/3+2X did not appear
in the denominator of the second exponent. Nevertheless, if the H2 part of the quadratic variation
dominates, this still gives the best order for H2, and taking this we obtain

ℙ

(
� ∩

{���∫ C 9−1

0
'(4−2dg

V,� ) (B) cos
(
2bg

V,�
(B) − q

)√ 22�
1 − 2� B

d�� (B)
��� ≥ G})

≤ 2 9 exp
(
−

√
V�

?/2G

4
√

2 log3/2�

(
1 +

2
√

2V� −7U@/12+2X

G
√

log �

)−1
)
.

Taking the supremum only converts the 2 9 factor into an #2 factor, so with G = � −U@/12+X, the bound
remains $ (1/log �) like in the other cases.

This finishes to control the supremum of the difference between the two discrete-time martin-
gales in (4.50a), and therefore concludes the proof. �

4.3.3 Proof of the vague convergence

In the last section, we showed that the process �V,� , which appears in the first term of the coefficient
matrix "V,� from (4.23), becomes as � → ∞ a hyperbolic Brownian motion driven by , . As
pointed out in §4.2.3, heuristically, this means that the first term of "V,� essentially becomes the
coefficient matrix of the sine system in the limit.

In this section, we complete this argument to prove the vague convergence of the canonical
systems. An important ingredient that we are missing, however, is a better control on the growth of
the entries of the coefficient matrix. We start by filling this gap, and then we complete the proof of
the vague convergence. Finally, we conclude this section with a proof of an important consequence
of the vague convergence: the compact convergence of the canonical systems’ transfer matrices,
which shows that their solutions also converge.

4.3.3.1 Control on the entries of the coefficient matrix

We now prove the following.

Proposition 4.8. Let dV,� solve the SDE (4.21a) with dV,� (0) = 0. For any Y > 0, there are
constants �,�′ > 0 independent of � such that

ℙ

[
∀C ∈ [0, g� ],

���dV,� (C) + 1
V

log(1 − 2� C)
��� ≤ � + �′ (− log(1 − 2� C)

)3/4
]
> 1 − Y.

Remark. This gives a good control on 42dg
V,� , 4d

g
V,�

+df
V,� and 42dg

V,� , which are the amplitudes of the
entries of the coefficient matrix "V,� on [0, g� ]. Indeed, it shows that for :, ℓ ∈ ℝ and Y > 0, there
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are �,�′ > 0 such that :dg
V,�

(C) + ℓdf
V,�

(C) ≤ � + �′ (− log(1 − 2� C)
)3/4 − :+ℓ

V
log(1 − 2� C) with

probability at least 1 − Y. If : + ℓ = 2, it follows that for any X > 0, there is a �′′ > 0 depending
only on V, X and Y such that for all C ∈ [0, g� ],

4
:d

g
V,�

(C)+ℓdf
V,�

(C) ≤ �′′

(1 − 2� C)2/V+X ≤ �′′

(1 − C)2/V+X . (4.53)

When V > 2, one can choose X so that 2/V + X < 1, and then this last upper bound is integrable on
[0, 1) and does not depend on � .

Proof. By definition, dV,� satisfies (4.21a), that is,

ddV,� (C) =
( 1
V
+ ^ cos 2bV,� (C) +

1
V

cos
(
4bV,� (C) − 2q

) ) 2�

1 − 2� C
dC

+

√
2
V

sin
(
2bV,� (C) − q

)√ 2�

1 − 2� C
d�� (C),

with dV,� (0) = 0, where bV,� solves (4.21b). Fix Y > 0. By Corollary 4.5.2, the cos 2bV,� and
cos(4bV,� − 2q) terms are bounded by constants with probability at least 1 − Y/3, so it suffices to
show that there is a �̃ > 0 such that

ℙ

[
sup

C∈[0,g� ]

1

1 +
(
− log(1 − 2� C)

)3/4

���∫ C

0
sin

(
2bV,� (B) − q

)√ 2�

1 − 2� B
d�� (B)

��� > �̃]
<
Y

3
. (4.54)

But
" (C) :=

∫ C

0
sin

(
2bV,� (B) − q

)√ 2�

1 − 2� B
d�� (B)

is a continuous martingale on [0, g� ] with " (0) = 0 and bracket

〈"〉(C) =
∫ C

0
sin2 (2bV,� (B) − q) 2�

1 − 2� B
dB ≤ − log(1 − 2� C),

so (4.54) follows from Proposition A.1. �

As pointed out in the remark following Proposition 4.8, this result allows us to control the entries
of the coefficient matrix "V,� on [0, g� ]. Because g� → 1, this control will be strong enough to
work out the vague convergence on [0, 1). However, when V > 2, we would like to prove this vague
convergence on [0, 1], as this will help to deduce the convergence of Weyl–Titchmarsh functions
later. If g� = 1 then Proposition 4.8 actually gives what we need, but if g� < 1 this is not enough:
we also need a bound on (g� , 1].

To obtain such a bound, there is unfortunately nothing in our general model to work with. For
the problems we are actually mostly interested in, the only case in which we need this stronger
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control is the Bessel case for V > 2 and |0 | < 1. Indeed, recall from §4.2.2 that in that case, both
the Bessel and sine systems are limit circle on the right, so we took 2� = 1 and g� = 1 − 1/√� . We
thus obtain this stronger control on the entries of the coefficient matrix only for that case.

Proposition 4.9. Suppose that |0 | < 1, and let V := [0, 1) if V ≤ 2 or V := [0, 1] if V > 2. For
every Y > 0, there is an �Y ∈ !1

loc(V) such that ℙ[[′B,� (tr�V,0,� ◦ [B,� ) ≤ �Y] ≥ 1 − Y.

Proof. Applying Proposition 4.8 to [′B,� (�V,0,� ◦ [B,� ), as in the remark following the proposition
we know that for each Y, X > 0, there is a � > 0 such that with probability at least 1 − Y/2, for all
C ∈ [0, g� ],

[′B,� (C) tr�V,0,� ◦ [B,� (C) ≤ 42dg
V,0,�

(C) + 42df
V,0,�

(C) ≤ 2�
(1 − C)2/V+X .

When V > 2, we can take X small enough so that 2/V + X < 1, and then the map C ↦→ 2� (1− C)−2/V−X

is indeed in !1 [0, 1]. When V ≤ 2, this map is in !1
loc [0, 1) for any value of X, so in both cases

this bound suffices on [0, g� ]. To complete the proof, we show that with probability at least 1− Y/2,
there is an �̃Y ∈ !1

loc(V) such that [′B,� (C) tr�V,0,� ◦ [B,� (C) ≤ �̃Y (C) for all C ∈ (g� , 1); then
�Y (C) := �̃Y (C) + 2� (1 − C)−2/V−1 satisfies the desired condition.

To obtain a bound on (g� , 1), we work with f̃V,0,� (C) := fV,0,� (C + log �) and g̃V,0,� (C) :=
gV,0,� (C+ log �), which solve G̃V,0 ℎ̃ = ℎ̃ by Proposition 3.17, where G̃V,0 is defined from the Brow-
nian motion �̃� (C) := �� (·+log �)−�� (log �), �� being the Brownian motion fromwhichGV,0,�

is defined. Recall from §3.2.1 that 1 and s̃V,0 (C) =
∫ C

0 ?̃
−1
V,0

(B) dB are a pair of fundamental solu-
tions to G̃V,0 ℎ̃ = 0. By standard theory of Sturm–Liouville operators (see e.g. [29, Lemma 2.4]), it
follows that the functions i and k that solve

i(C) = 1 +
∫ C

0

(
s̃V,0 (B) − s̃V,0 (C)

)
i(B)F̃V,0 (B) dB

and

k(C) = s̃V,0 (C) +
∫ C

0

(
s̃V,0 (B) − s̃V,0 (C)

)
k(B)F̃V,0 (B) dB

are a pair of fundamental solutions for G̃V,0 ℎ̃ = ℎ̃. Since i(0) = k′(0) = 1 and i′(0) = k(0) = 0,
it follows that for C ≥ 0,

f̃V,0,� (C) = f̃V,0,� (0)i(C) + f̃′V,0,� (0)k(C) = fV,0,� (log �)i(C) + f′V,0,� (log �)k(C)

and likewise g̃V,0,� (C) = gV,0,� (log �)i(C) + g′
V,0,�

(log �)k(C). Because G̃V,0 is limit circle at
infinity by Proposition 3.15, we know that 1, i, k ∈ !2 ([0,∞), F̃V,0 (C) dC

)
a.s. Hence, by the

Cauchy–Schwarz inequality,∫ C

0
s̃V,0 (B)i(B)F̃V,0 (B) dB ≤ ‖s̃V,0‖F̃V,0

‖i‖F̃V,0
and

∫ C

0
i(B)F̃V,0 (B) dB ≤ ‖1‖F̃V,0

‖i‖F̃V,0
,
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and likewise for k instead of i. These norms are all well-defined random variables, and it follows
that there is a �̃ > 0 such that with probability at least 1 − Y/6, for all C ≥ 0,

|f̃V,0,� (C) | ≤ �̃
(
|fV,0,� (log �) | + |f′V,0,� (log �) |

) (
1 + s̃V,0 (C)

)
,

and likewise for g̃V,0,� instead of f̃V,0,� . So with probability at least 1 − Y/6, for C ∈ (g� , 1),

tr�V,0,� ◦ [B,� (C) =
FV,0

(
[B,� (C)

)√
�

2

(√
� g̃2

V,0,�

(
[B,� (C) − log �

)
+ 1
√
�

f̃2
V,0,�

(
[B,� (C) − log �

) )
≤ 4�̃2√�FV,0

(
[B,� (C)

) (√
�

��gV,0,� (log �)
��2 + √

�
��g′V,0,� (log �)

��2
+ 1
√
�

��fV,0,� (log �)
��2 + 1

√
�

��f′V,0,� (log �)
��2) (1 + s̃2

V,0

(
[B,� (C) − log �

) )
.

Now, since log � = [B,� (g� ), the representations in polar coordinates of fV,0,� and gV,0,� give

√
�

��gV,0,� (log �)
��2 ∨ √

�
��g′V,0,� (log �)

��2 ≤ 4
2dg

V,0,�
(g� )

?V,0 (log �)
and

1
√
�

��fV,0,� (log �)
��2 ∨ 1

√
�

��f′V,0,� (log �)
��2 ≤ 4

2df
V,0,�

(g� )

?V,0 (log �) ,

and the bounds on 42df
V,0,� and 42dg

V,0,� that hold on [0, g� ] by Proposition 4.8 imply that for any
X > 0, there is a �̃′ > 0 such that 42df

V,0,�
(g� ) ∨ 42dg

V,0,�
(g� ) ≤ �̃′� 1/V+X/2 with probability at least

1 − Y/6. Moreover, notice that by definition of FV,0 and ?V,0,

FV,0
(
[B,� (C)

)
?V,0 (log �) = exp

(
−(0 + 1)[B,� (C) + 0 log � − 2

√
V

(
��

(
[B,� (C)

)
− �� (log �)

) )
,

which is exactly �−1F̃V,0
(
[B,� (C) − log �

)
. This reduces the bound on the trace for C ∈ (g� , 1) to

tr�V,0,� ◦ [B,� (C) ≤ 16�̃2�̃′�
−1/2+1/V+X/2F̃V,0

(
[B,� (C) − log �

) (
1 + s̃2

V,0

(
[B,� (C) − log �

) )
,

and this holds with probability at least 1 − Y/3. By Lemma 3.16, if X is small enough, then there is
a �Y,X > 0 such that with probability at least 1− Y/6, F̃V,0 (C)

(
1+ s̃2

V,0
(C)

)
≤ �Y,X4−(1−|0 |−X/2)C for all

C ≥ 0. Since [B,� (C) = −2 log(1 − C), we deduce that on this event, for any C ≥ g� ,

F̃V,0
(
[B,� (C) − log �

) (
1 + s̃2

V,0

(
[B,� (C) − log �

) )
≤ �Y,X�1−|0 |−X/2(1 − C)2(1−|0 |−X/2) .

Finally, as [′B,� (C) = 2(1 − C)−1, this shows that with probability at least 1 − Y/2, for all C ∈ (g� , 1),

[′B,� (C) tr�V,0,� ◦ [B,� (C) ≤ �� 1/2+1/V−|0 | (1 − C)1−2|0 |−X (4.55)
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for� := 32�̃2�̃′�Y,X. Notice that for C ≥ g� , 1−C ≤ 1/√� so � ≤ (1−C)−2. Hence, if 1/2+1/V−|0 | > 0,
then (4.55) is bounded by � (1 − C)−2/V−X, which can be made integrable on [0, 1) when V > 2 by
taking X small enough that 2/V + X < 1. On the other hand, if 1/2 + 1/V − |0 | ≤ 0, then the power of
� in (4.55) is nonpositive, so (4.55) is bounded by � (1− C)−(2|0 |−1+X) , which is integrable on [0, 1)
for X small enough since 0 < 2|0 | − 1 < 1 by the assumptions on 0. This argument gives the bound
we need: it is always !1

loc [0, 1), and can always be made !1 [0, 1) when V > 2 by taking X small
enough. �

4.3.3.2 Vague convergence of the coefficient matrices

We now have all the ingredients to prove the vague convergence.

Theorem 4.10. Let {��=
}=∈ℕ and, be the Brownian motions from Lemma 4.4, and let 'V be the

coefficient matrix of the sine system driven by, . Fix 2�=
∈ [1−1/√�= , 1] and g�=

:= 1
2�=

(1−1/√�= ),
and let "V,�=

be a coefficient matrix on [0, 1) given by (4.23) on [0, g�=
] with polar coordinates

solving the SDEs (4.21) driven by ��=
. Suppose that one of the following conditions hold:

i) V ≤ 2 and 2�=
= 1,

ii) V > 2 and for every Y > 0, there is an �Y ∈ !1 [0, 1] such that ℙ[tr"V,�=
≤ �Y] ≥ 1− Y for

all �= large enough.
Set V := [0, 1) if V ≤ 2 and V := [0, 1] if V > 2. Then for any i ∈ �2 (V,ℂ2),∫

V

i∗(C)
(
"V,�=

(C) − 'V ◦ h(C)
)
i(C) dC ℙ−−−−→

=→∞
0. (4.56)

In particular, "V,�=
→ 'V ◦ h vaguely on V in probability and in distribution.

Given what we already know about the Airy and Bessel systems, Theorem 1.9 is a direct con-
sequence of Theorem 4.10 for "V,� = [′A,� (�V,� ◦ [A,� ) or "V,� = [′B,� (�V,0,� ◦ [B,� ). Indeed,
in the Airy case and in the Bessel case with 0 ≥ 1, when V > 2 we chose 2� = 1 − 1/√� so g� = 1,
and thus the hypothesis on the trace of the coefficient matrix is satisfied by Proposition 4.8. In the
Bessel case with |0 | < 1, the bound from Proposition 4.8 does not hold on all of [0, 1], but now
Proposition 4.9 shows that the hypothesis is satisfied.

Before moving on to the proof, we point out the following important corollary, which also
implies Corollary 1.9.1.

Corollary 4.10.1. In the setting of Theorem 4.10, let )"V,�=
, )'̃V

: V × ℂ → ℂ2 be the transfer
matrices of the canonical systems with coefficient matrices "V,�=

and '̃V := 'V ◦ h, both defined
on the probability space from Lemma 4.4. Then )"V,�=

ℙ−→ )'̃V
compactly on V × ℂ as =→ ∞.
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Proof. Given the theorem, this result is essentially a consequence of the continuity of the map from
coefficient to transfer matrices on trace-dominated sets.

When V > 2, there are high-probability dominating functions on tr"V,�=
by hypothesis and on

tr '̃V by Lemma 3.30, and therefore the result follows from Proposition 2.25.
When V ≤ 2, it suffices to verify that )"V,�=

ℙ−→ )'̃V
compactly on  × ℂ for any compact

 ⊂ [0, 1), by Proposition 2.24. But the high-probability dominating functions on tr"V,�=
from

Proposition 4.8 and on tr '̃V from Lemma 3.30 are both integrable on any compact  ⊂ [0, 1), so
Proposition 2.25 shows that )"V,�=

ℙ−→ )'̃V
compactly on  × ℂ. �

Proof of Theorem 4.10. To prove that (4.56) holds, we first simplify the problem in two ways: we
argue that we can replace the time interval V with �,U := [0, (1 − � −1/2+U)/2� ] ⊂ [0, g� ) for a
suitable U ∈ ( 3

V@+6 ,
1
2 ), and we replace the sine system’s logarithmic time h(C) = − log(1 − C) with

h� (C) = − log(1 − 2� C). Then, recall from (4.23) that "V,� can be written on [0, g� ] as

"V,� =
2�

2 Im�V,�

(
1 −Re�V,�

−Re�V,� |�V,� |2

)
+ 2�

2

(
4

2dg
V,� cos 2bg

V,�
4
Σ
d

V,� cosΣb
V,�

4
Σ
d

V,� cosΣb
V,�

4
2df

V,� cos 2bf
V,�

)
. (4.57)

From this, the rest of the proof is split in two main parts: first we show that (4.56) holds when "V,�

is replaced with the first term of (4.57), and then we show that the second term converges vaguely
to zero. Note that once (4.56) is proven, that "V,� → 'V ◦ h vaguely on V in probability follows
directly from the general criterion for the vague convergence of random canonical systems from
Proposition 2.23.

In order to simplify the notation throughout the proof, we omit the explicit indexing of the shift
sequence {�=}=∈ℕ. In particular, any limit as � → ∞ is taken along that sequence and should
really be understood as a limit as =→ ∞.

Step 1: Shortening the time interval. We start by showing that instead of integrating up to
time 1 in (4.56) we can also integrate only up to time (1−� −1/2+U)/2� for some fixed U ∈ ( 3

V@+6 ,
1
2 ),

i.e., that ∫ 1

(1−�−1/2+U)/2�
i∗(C)

(
"V,� (C) − 'V ◦ h(C)

)
i(C) dC ℙ−−−−→

�→∞
0. (4.58)

Notice that if V ≤ 2, then i is compactly supported in [0, 1) so this statement is trivial, as for any
� large enough, the whole interval [(1 − � −1/2+U)/2� , 1] has left the support of i.

To show that (4.58) also holds when V > 2, notice that for any Y > 0, Lemma 3.30 and the
hypothesis of the theorem provide a function �Y ∈ !1 [0, 1) such that for all � large enough,
tr"V,� + tr 'V ◦ h ≤ �Y with probability at least 1 − Y. On this event,���∫ 1

(1−�−1/2+U)/2�
i∗(C)

(
"V,� (C) − 'V ◦ h(C)

)
i(C) dC

��� ≤ ‖i‖2
∞

∫ 1

(1−�−1/2+U)/2�
�Y (C) dC → 0.
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Hence, the left-hand side converges to 0 in probability as � → ∞, and it suffices to prove (4.56)
with V replaced with �,U = [0, (1 − � −1/2+U)/2� ].

Step 2: Changing the logarithmic time scale of the sine system. We now change the time
scale of the sine system from h(C) = − log(1−C) to h� (C) = − log(1−2� C). Note that by hypothesis,
2� = 1 when V ≤ 2 so h� = h in that case, and there is only something to prove when V > 2.

To see that the time scale can be changed when V > 2, note that for i ∈ �2

(
[0, 1],ℂ2) ,

∫ (1−�−1/2+U)/2�

0
i∗(C)

(
'V ◦ h(C) − 'V ◦ h� (C)

)
i(C) dC =

∫ (1−�−1/2+U)/2�

1−�−1/2+U
i∗(C)'V ◦ h(C)i(C) dC

+
∫ 1−�−1/2+U

0

(
i∗(C)'V ◦ h(C)i(C) −

1
2�
i∗(C/2�)'V ◦ h(C)i(C/2�)

)
dC.

where we changed variables from C to h−1 ◦ h� (C) = 2� C in the second term of the second integral.
Since i∗('V ◦ h)i is a.s. integrable, the first integral goes to zero a.s. since the size of the interval
of integration is at most (1 − � −1/2+U)/

√
� → 0. Then, since 'V is real and positive semi-definite,

the second integral can be written as

Re
∫ 1−�−1/2+U

0

(
i∗(C) + 1

√
2�
i∗

(
C/2�

) )
'V ◦ h(C)

(
i(C) − 1

√
2�
i
(
C/2�

) )
dC.

The integrand is dominated by 4
2�
‖i‖2

∞ tr('V ◦ h) ≤ 8‖i‖2
∞ tr('V ◦ h) for � large enough, and

this bound is a.s. integrable. Hence, by dominated convergence and continuity of i, this integral
vanishes a.s. in the limit.

In any case, this reduces the problem to proving that∫
�,U

i∗(C)
(
"V,� (C) − 'V ◦ h� (C)

)
i(C) dC ℙ−−−−→

�→∞
0.

Step 3: Convergence of the first term to the sine system’s coefficient matrix. We now com-
pare the first term of "V,� in the representation (4.57) to that of the sine system. Recall that by
definition,

'V =
1

2 det -V
-T
V -V with -V :=

(
1 −ReV

0 ImV

)
whereV is a hyperbolic Brownian motion with variance 4/V started at 8 in the upper half-plane and
driven by the complex Brownian motion, . The first term of "V,� has the same structure: it is

2�

2 Im�V,�

(
1 −Re�V,�

−Re�V,� |�V,� |2

)
=

2�

2 det.V,�
.T
V,�.V,� with .V,� :=

(
1 −Re�V,�
0 Im�V,�

)
.
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Using these representations and setting -̃V,� := -V ◦ h� , we can write

2�

2 det.V,�
.T
V,�.V,� − 1

2 det -̃V,�
-̃T
V,� -̃V,� =

( 2�

2 det.V,�
− 1

2 det -̃V,�

)
-̃T
V,� -̃V,�

+ 2�

2 det.V,�

(
(.V,� − -̃V,� )T(.V,� − -̃V,� ) + (.V,� − -̃V,� )T -̃V,� + -̃T

V,� (.V,� − -̃V,� )
)
.

If we sandwich this matrix between i∗ and i, we get����i∗ ( 2�

2 det.V,�
.T
V,�.V,� − 1

2 det -̃V,�
-̃T
V,� -̃V,�

)
i

����
≤

��� 2�

2 det.V,�
− 1

2 det -̃V,�

���

-̃V,�i

2
2

+ 2�

2 det.V,�

(

(.V,� − -̃V,� )i


2

2 + 2
���Re

〈
-̃V,�i, (.V,� − -̃V,� )i

〉���)
≤ 2‖i‖2

2

��� 1
det.V,�

− 1
det -̃V,�

���‖ -̃V,� ‖2
max +

2‖i‖2
2√

� det.V,�
‖ -̃V,� ‖2

max

+
2‖i‖2

2
det.V,�

‖.V,� − -̃V,� ‖2
max +

4‖i‖2
2

det.V,�
‖ -̃V,� ‖max‖.V,� − -̃V,� ‖max

(4.59)

where ‖�‖max := max 9 ,:∈{1,2} |� 9 : | for � ∈ ℝ2×2, and where we used that |2� − 1| ≤ 1/√� to split
the first term. From the results of §4.3.2, it is not hard to find a good event on which (4.59) is small.

Indeed, recall that solving the SDE for ImV shows that ImV ◦ h� = /V,� , with /V,� defined
as in Proposition 4.6, and then the SDE for ReV gives

ReV ◦ h� (C) =
2
√
V

∫ C

0
/V,� (B) d(Re, ◦ h� ) (B).

Thus, Corollary 4.6.1 shows that for � large enough,

ℙ

[
sup
C∈�,U

��Im�V,� (C) − ImV ◦ h� (C)
�� ≤ � −U@/4

]
≥ 1 − 2

log �
. (4.60a)

Likewise, Proposition 4.7 shows that for some absolute � > 0 and � large enough,

ℙ

[
sup
C∈�,U

��Re�V,� − ReV ◦ h� (C)
�� ≤ � −U@/13

]
≥ 1 − �

log �
. (4.60b)

Together, these two statements allow us to control ‖.V,� − -̃V,� ‖max. Similarly, Corollary 4.6.1 also
shows that for � large enough,

ℙ

[
sup
C∈�,U

��� 1
det.V,� (C)

− 1
det -̃V,� (C)

��� ≤ �−X
]
≥ 1 − 2 exp

(
− VX2

36(1 − 2U) log �
)

(4.60c)

where X := 1
6V

(
U(V@ + 6) − 1

)
> 0.
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Then, recall that we have seen in (4.47) that for � large enough,

ℙ

[
sup
C∈�,U

ImV ◦ h� (C) ≥ log �
]
≤ 2

log �
.

On the complementary event, for any C ∈ [0, g� ],

〈ReV ◦ h�〉(C) =
4
V

∫ C

0

��ImV ◦ h� (B)
��2 d〈Re, ◦ h�〉(B) ≤

4
V

log2�

∫ C

0

2�

1 − 2� B
dB ≤ 2

V
log3�,

so by Bernstein’s inequality, for any G > 0,

ℙ

({
sup
C∈�,U

��ReV ◦ h� (C)
�� ≥ G} ∩ {

sup
C∈�,U

ImV ◦ h� (C) < log �
})

≤ 2 exp
(
− VG2

4 log3 �

)
.

Taking G = log2 � , the bound on the probability becomes a negative power of � , and it follows that
for � large enough,

ℙ

[
sup
C∈�,U

‖ -̃V,� (C)‖max ≤ log2 �

]
≥ 1 − 3

log �
. (4.60d)

Finally, Proposition 4.8 (in particular (4.53) in the remark) shows that for any Y, X > 0, there is
a �Y,X > 0 such that for all � large enough,

ℙ

[
∀C ∈ [0, g� ],

1
det.V,� (C)

≤ �Y

(1 − C)2/V+X

]
≥ 1 − Y

2
. (4.60e)

Now, given Y, X > 0, we can set��,Y,X to be the intersection of all of the good events in (4.60),
and ℙ(��,Y,X) ≥ 1 − �/log � − Y/2 for any � large enough, where � > 0 is an absolute constant. To
conclude, choose X > 0 arbitrary if V ≤ 2 but such that 2/V + X < 1 if V > 2. On ��,Y,X, using the
representation (4.59), we can bound����∫

�,U

i∗(C)
( 2�

2 det.V,�
.T
V,�.V,� − 1

2 det -̃V,�
-̃T
V,� -̃V,�

)
(C)i(C) dC

���� (4.61)

≤ 2�−X log4 �

∫
�,U

‖i(C)‖2
2 dC + 2�Y�

−1/2 log4 �

∫
�,U

‖i(C)‖2
2

(1 − C)2/V+X dC

+ 2�Y�
−2U@/13

∫
�,U

‖i(C)‖2
2

(1 − C)2/V+X dC + 4�Y�
−U@/13 log2 �

∫
�,U

‖i(C)‖2
2

(1 − C)2/V+X dC.

All of these integrals are finite. Indeed, if V ≤ 2, then the integrands are all bounded because
the support of i is compact in [0, 1), while if V > 2, then the integrands are all dominated by
‖i‖2

∞(1 − C)−2/V−X, which is integrable by our choice of X. Therefore, the right-hand side here
vanishes as � → ∞. Since ℙ(��,Y,X) ≥ 1 − �/log � − Y/2, it follows that (4.61) converges to 0 in
probability as � → ∞.
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Step 4: Convergence of the second term to zero. It remains to prove that the second term of
the coefficient matrix (4.57) does not contribute to the limit. More precisely, given the simplifica-
tions made in the first steps of the proof, it remains to show that given an arbitrary i ∈ �2 (V,ℂ2),
the integral on �,U of the second term of (4.57) sandwiched between i∗ and i vanishes as � → ∞.
By linearity, it suffices to show that if i ∈ �2 (V,ℝ),∫ g�

0
i(C)4:d

g
V,�

(C)+ℓdf
V,�

(C) cos
(
:b

g
V,�

(C) + ℓbf
V,� (C)

)
dC ℙ−−−−→

�→∞
0 (4.62)

for :, ℓ ∈ ℕ0 with : + ℓ = 2. To prove (4.62), we work on an event on which 4:d
g
V,�

+ℓdf
V,� can

be controlled. As in other cases, Proposition 4.8 guarantees that given Y > 0, there is a �Y > 0
independent of � such that the event

ℋ�,Y :=
{
∀C ∈ [0, g� ], 4:d

g
V,�

(C)+ℓdf
V,�

(C) ≤ �Y

(1 − 2� C)2/V+W

}
where W :=


1/4 − 1/2V if V > 2,
1/4 if V ≤ 2

(4.63)
has ℙ(ℋ�,Y) ≥ 1 − Y/2 for all � large enough. Note that when V > 2, W is chosen so that 2/V + W =

1/4 + 3/2V < 1 and C ↦→ (1 − C)−2/V−W is integrable on [0, 1].
To prove (4.62), we replace the test function i by a piecewise constant approximation. To do

so, we discretize the time interval with a partition {C 9 }#9=0 of [0, g� ] defined by setting C0 := 0, and
then recursively

2� C 9 := 2� C 9−1 +
c� ?

22��@/2(1 − 2� C 9−1)@−1 where ? :=


1/4 + 1/2V if V > 2,
1/4 if V ≤ 2,

(4.64)

until this would give 2� C 9 > 1 − 1/√� , in which case we set 9 =: # and C# := g� (note that this
does happen in a finite number of steps because what is added to 2� C 9−1 is always at least c2�

−@/2+?).
Then, define î : V → ℝ as

î ≡ î 9 :=
1

C 9 − C 9−1

∫ C 9

C 9−1

i(B) dB on [C 9−1, C 9 ) (4.65)

for each 9 ≤ # , and then î(C# ) := i(g� ) and î ≡ 0 on (g� , 1].
Since i is continuous and compactly supported in V, î is compactly supported in V, and it

is also bounded with ‖î‖∞ ≤ ‖i‖∞. Moreover, since î 9 is the average of i in [C 9−1, C 9 ), then for
C ∈ [C 9−1, C 9 ), it is clear that |i(C) − î 9 | ≤ li

(
|C 9 − C 9−1 |

)
where li denotes a modulus of continuity

for i. By definition of the C 9 ’s, this means that��i(C) − î 9 �� ≤ li ( c� ?

222
�
�@/2(1 − 2� C 9−1)@−1

)
≤ li

( c

222
�
� 1/2−?

)
,
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and as this estimate does not depend on 9 , it is in fact a bound on ‖(i− î)1[0,g� ] ‖∞. It follows that
onℋ�,Y,

���∫ g�

0
4
:d

g
V,�

+ℓdf
V,� cos(:bg

V,�
+ ℓbf

V,� ) (i − î) dℒ
��� ≤ �Yli ( c

222
�
� 1/2−?

) ∫ g�

0

1supp î (C)
(1 − C)2/V+W dC,

and the remaining integral is always finite, either because supp î is compact (when V ≤ 2) or
because 2/V + W < 1 (when V > 2). Since ? < 1/2 in any case, the right-hand side vanishes as
� → ∞ and ℙ(ℋ�,Y) ≥ 1 − Y/2, and this shows that the integral converges to zero in probability as
� → ∞. Therefore it suffices to prove that (4.62) holds with i replaced with î.

Now, on any interval [C 9−1, C 9 ), since î is constant, we can integrate by parts. Recall that

ddV,� (C) = 'dV,� (C)
2�

1 − 2� C
dC + (d

V,�
(C)

√
2�

1 − 2� C
d�� (C)

and

dbV,� (C) = −22��
@/2(1 − 2� C)@−1 dC + 'b

V,�
(C) 2�

1 − 2� C
dC + (b

V,�
(C)

√
2�

1 − 2� C
d�� (C)

where 'd
V,�

, (d
V,�

, 'b
V,�

and (b
V,�

are constants plus linear combinations of trigonometric functions
of multiples of bV,� , which are always bounded by constants. Starting from these Itô differentials,
an application of Itô’s formula shows that if : + ℓ = 2, then

4
−:dg

V,�
(C)−ℓdf

V,�
(C) d

(
4
:d

g
V,�

+ℓdf
V,� sin

(
:b

g
V,�

+ ℓbf
V,�

) )
(C)

= −42��
@/2(1 − 2� C)@−1 cos

(
:b

g
V,�

(C) + ℓbf
V,� (C)

)
dC

+ 'Σ
V,� (C)

2�

1 − 2� C
dC + (ΣV,� (C)

√
2�

1 − 2� C
d�� (C)

(4.66)

where 'Σ
V,�

and (Σ
V,�

are again processes which are bounded by constants uniformly in � . It follows
that for each 9 ,∫ C 9

C 9−1

4
:d

g
V,�

(C)+ℓdf
V,�

(C) cos
(
:b

g
V,�

(C) + ℓbf
V,� (C)

)
dC

= − 1
42��@/2

∫ C 9

C 9−1

1
(1 − 2� C)@−1

(
d
(
4
:d

g
V,�

+ℓdf
V,� sin

(
:b

g
V,�

+ ℓbf
V,�

) )
(C)

− 4:d
g
V,�

(C)+ℓdf
V,�

(C)
'Σ
V,� (C)

2�

1 − 2� C
dC − 4:d

g
V,�

(C)+ℓdf
V,�

(C)
(ΣV,� (C)

√
2�

1 − 2� C
d�� (C)

)
.
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Integrating by parts and summing up the increments, we get∫ g�

0
î(C)4:d

g
V,�

(C)+ℓdf
V,�

(C) cos
(
:b

g
V,�

(C) + ℓbf
V,� (C)

)
dC

=
−1

42��@/2

#∑
9=1

î 9

4
:d

g
V,�

(C)+ℓdf
V,�

(C) sin
(
b

g
V,�

(C) + ℓbf
V,�

(C)
)

(1 − 2� C)@−1

����C 9
C 9−1

(4.67a)

+ 1
42��@/2

∫ g�

0
î(C)4:d

g
V,�

(C)+ℓdf
V,�

(C)
(
(@ − 1) sin

(
:b

g
V,�

(C) + ℓbf
V,� (C)

)
+ 'Σ

V,� (C)
) 2�

(1 − 2� C)@
dC

(4.67b)

+ 1
42��@/2

∫ g�

0
î(C)4:d

g
V,�

(C)+ℓdf
V,�

(C)
(ΣV,� (C)

√
2�

(1 − 2� C)@−1/2
d�� (C). (4.67c)

To control (4.67), recall that onℋ�,Y, for any C ∈ [0, g� ], 4:d
g
V,�

(C)+ℓdf
V,�

(C) ≤ �Y (1 − 2� C)−2/V−W.
By definition of g� , this upper bound is always bounded by �Y� 1/V+W/2. When V > 2, we defined
W = 1/4 − 1/2V and ? = 1/4 + 1/2V, so 1/V + W/2 = ? − W/2. When V ≤ 2, we took ? = W = 1/4 so
? − W/2 > 0 and it is still true that (1 − 2� C)−2/V−W ≤ � ?−W/2 for � large enough and C ∈ supp î, as
the latter set is compact in [0, 1). This shows that in any case,

4
:d

g
V,�

(C)+ℓdf
V,�

(C) ≤ �Y� ?−W/2 where ? − W

2
=


1/8 + 3/4V if V > 2,
1/8 if V ≤ 2

(4.68)

for C ∈ supp î and � large enough.
Now, onℋ�,Y, the estimate (4.68) shows that (4.67a) is bounded for � large enough by

�Y‖i‖∞� ?−W/2

42��@/2

#∑
9=1

( 1
(1 − 2� C 9 )@−1 + 1

(1 − 2� C 9−1)@−1

)
=
�Y‖i‖∞� ?−W/2

42��@/2

(
1 + 2

#−1∑
9=1

1
(1 − 2� C 9 )@−1 + � (@−1)/2

)
.

The first and last terms vanish as � → ∞, since they are of order � −@/2+?−W/2 and � −1/2+?−W/2 respec-
tively while ? − W/2 < 1/2 in any case. Then, by definition (4.64) of the times C 9 , the second term
also vanishes as � → ∞:

�Y‖i‖∞
c� W/2

#−1∑
9=1

c� ?

22��@/2(1 − 2� C 9 )@−1 ≤ �Y‖i‖∞
c� W/2

2� C# → 0.

As this holds onℋ�,Y, this shows that (4.67a) converges to 0 in probability as � → ∞.
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To control (4.67b), note that the estimate (4.68) implies that this term is bounded on ℋ�,Y for
� large enough by

�Y‖i‖∞(@ − 1 + ‖'Σ
V,�

‖∞)� ?−W/2

42��@/2

∫ g�

0

2�

(1 − 2� C)@
dC. (4.69)

If @ = 1, the integral evaluates to 1
2 log � , whereas if @ > 1, it is of order � (@−1)/2. This means

that (4.69) is at most proportional to � −1/2+?−W/2 log � , which vanishes as � → ∞, and it follows
that (4.67b) converges to 0 in probability as � → ∞.

Finally, using again the estimate (4.68), we see that the quadratic variation of (4.67c) is bounded
onℋ�,Y for � large enough by

�2
Y ‖i‖2

∞‖(Σ
V,�

‖2
∞�

2?−W

1622
�
�@

∫ g�

0

2�

(1 − 2� C)2@−1 dC. (4.70)

In the same way as in the last case, this is at most proportional to �−1+2?−W log � . Therefore, by
Bernstein’s inequality, for any G > 0, (4.67c) exceeds Gwith probability atmost 2 exp(−��1−2?+WG2)
for some � > 0 depending only on the constants in (4.70). Since �1−2?+W → ∞ and ℙ(ℋ�,Y) ≥
1 − Y/2, it follows that (4.67c) converges to 0 in probability as � → ∞.

As all three terms of (4.67) converge to 0 in probability as � → ∞, the second term of the
coefficient matrix "V,� in (4.57) converges vaguely to 0, and this concludes the proof. �

4.4 Spectral convergence

The goal of this section is to prove Theorem 1.10, which shows the compact convergence of the
Weyl–Titchmarsh functions of the shifted and scaled stochastic Airy and Bessel operators V,�

and GV,0,� to that of the stochastic sine operator. Our general strategy to prove this is to use the
convergence of transfer matrices that we proved in §4.3, and exploit the continuity of mappings
from transfer matrices to Weyl–Titchmarsh functions for canonical systems that we saw in §2.2.

Our proof of Theorem 1.10 is split in three parts (Corollary 4.10.2 and Theorems 4.11 and 4.13).
We start by working out the case V ≤ 2 in §4.4.1. In that case, the convergence of the Weyl–
Titchmarsh functions is easy to deduce from that of the transfer matrices, since the stochastic sine
operator is limit point at 1. However, there is significant work left to dowhen V > 2, as the stochastic
sine operator is then limit circle at 1. Indeed, this means that we also need to prove the convergence
of the boundary (or integrability) conditions. For this case, our proofs rely on specific properties
of the stochastic Airy and Bessel operators, which prevents us from giving a common proof for the
general model that we built in §4.2.3. Instead, we prove the two results independently in §4.4.2
and §4.4.3, although both proofs use the same method.
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The result presented in §4.4.1 for the limit point case V ≤ 2 combines the analog results for the
Airy and Bessel cases given in [55, §7] and [54, §5.2]. The results and the arguments presented
in §4.4.2 are reproduced from [55, §7], while those of §4.4.3 are reproduced from [54, §5.3].

4.4.1 Limit point case (V ≤ 2)

Asmentioned in the introduction of the section, when V ≤ 2 the fact that the stochastic sine operator
is limit point at 1 makes the convergence of the Weyl–Titchmarsh functions a simple consequence
of the convergence of the transfer matrices, by continuity of the mapping between the two.

Corollary 4.10.2. In the setting of Theorem 4.10, suppose that V ≤ 2, and let <"V,�=
, <'V

: ℍ →
ℍ∞ be the Weyl–Titchmarsh functions associated with "V,�=

and 'V. Then <"V,�=
→ <'V

com-
pactly on ℍ in probability as =→ ∞.

Recall that on a separable metric space, convergence in probability is equivalent to each subse-
quence having a further subsequence that converges a.s. (see e.g. [44, Lemma 5.2]). This character-
ization can be used to prove Corollary 4.10.2 from the convergence of transfer matrices in the same
way as it can be used to prove the continuous mapping theorem (as done e.g. in [44, Lemma 5.3]).
Note that here, the continuous mapping theorem itself is not useful, since the mapping from transfer
matrices toWeyl–Titchmarsh functions is only continuous on the set of transfer matrices of systems
that are limit point on the right, whereas here "V,� could also be limit circle.

Proof. Pick an arbitrary subsequence ( ⊆ ℕ and write )"V,�=
and )'̃V

for the transfer matrices of
"V,�=

and '̃V. By Corollary 4.10.1, )"V,�=

ℙ−→ )'̃V
compactly on [0, 1) ×ℂ as =→ ∞, so there is a

further subsequence (′ ⊆ ( along which)"V,�=
→ )'̃V

compactly a.s. Since '̃V is limit point at 1, it
follows from Theorem 2.13 that <"V,�=

→ < '̃V
compactly a.s. along (′. Because the subsequence

( was arbitrary, this shows that <"V,�=

ℙ−→ < '̃V
compactly as =→ ∞. �

4.4.2 Limit circle (V > 2) case from the soft edge

The purpose of this section is to prove the following.

Theorem 4.11. Suppose V > 2, and let<�V,�=
, <'V

: ℍ → ℍ∞ be the Weyl–Titchmarsh functions
of the shifted and scaled Airy system and of the sine system respectively, both defined on the
probability space from Lemma 4.4 applied to the case where "V,�=

= [′A,�=
(�V,�=

◦ [A,�=
). Then

<�V,�=

ℙ−→ <'V
compactly on ℍ as =→ ∞.

Our plan is to prove this from the convergence of the transfer matrices using the continuity of
the map TMlc [0, 1] ×�(ℍ,ℂ2) → ℂℍ

∞ sending a transfer matrix and a right boundary condition to
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a Weyl–Titchmarsh function (i.e., Theorem 2.14). Thus, what remains to be proven, essentially, is
that the right boundary conditions converge. Before moving on to the proof, we describe the setup
and the idea of the proof in detail.

Recall that the right boundary condition of the sine system is a vector parallel to (ReV (∞), 1).
The Airy system, however, is limit point on the right, and because of this change of behavior,
the setting that we built for that case is modelled after the ideas of §2.2.3: with V > 2, we took
2� = 1 − 1/√� and g� = 1, and our modified Airy system acts on [0, 1 + 1/√� ). Hence, the
correct right “boundary condition” to attach to its restriction to [0, 1] in order to reproduce the same
Weyl–Titchmarsh function is the value at 1 of an integrable solution DI ◦ [A,� to � (DI ◦ [A,� )′ =
−I[′A,� (�V,� ◦ [A,� ) (DI ◦ [A,� ) on [0, 1 + 1/√� ). By construction of the canonical system, such a
solution DI always has the form

DI = �−1
V,�

(
ℎ
[1]
I

ℎI

)
=

(
�

−1/4fV,� −� −1/4f′
V,�

−� 1/4gV,� �
1/4g′

V,�

) (
ℎ′I
ℎI

)
where ℎI is an integrable solution toV,�ℎI = IℎI and where �V,� is the matrix (4.4). Now, notice
that using the representations of fV,� and gV,� in the polar coordinates from Proposition 4.1,

�
−1/4fV,� ◦ [A,� (1) = 4d

f
V,�

(1) cos bf
V,� (1)

= 4
−Δd

V,�
(1) cosΔb

V,�
(1)4d

g
V,�

(1) cos bg
V,�

(1) + 4−Δ
d

V,�
(1) sinΔb

V,�
(1)4d

g
V,�

(1) sin bg
V,�

(1),

and we retrieve −Re�V,� (1) = 4−Δ
d

V,�
(1) cosΔb

V,�
(1) as well as the expression in polar coordinates

of � 1/4gV,� ◦ [A,� (1) in the first term. The identity from Claim 4.3, which gives 4−Δ
d

V,� sinΔb
V,�

≡
4
−2dg

V,� , also simplifies the prefactor of the second term, and this yields

�
−1/4fV,� ◦ [A,� (1) = −Re�V,� (1)� 1/4gV,� ◦ [A,� (1) + 4−d

g
V,�

(1) sin bg
V,�

(1).

Similar manipulations can be applied to � −1/4f′
V,�

◦ [A,� (1), and yield

�
−1/4f′V,� ◦ [A,� (1) = −Re�V,� (1)� 1/4g′V,� ◦ [A,� (1) − 4−d

g
V,�

(1) cos bg
V,�

(1).

It follows that(
�

−1/4fV,� −� −1/4f′
V,�

−� 1/4gV,� �
1/4g′

V,�

) (
[A,� (1)

)
=

(
Re�V,� (1)

1

) (
−� 1/4gV,� ◦ [A,� (1) �

1/4g′
V,�

◦ [A,� (1)
)

+ 4−d
g
V,�

(1)
(
sin bg

V,�
(1) cos bg

V,�
(1)

0 0

)
,
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and therefore that

DI ◦ [A,� (1) =  (ℎI, � 1/4gV,� ) (� − 1)
(
Re�V,� (1)

1

)
+ 4−d

g
V,�

(1)
(
sin bg

V,�
(1) cos bg

V,�
(1)

0 0

) (
ℎ′I (� − 1)
ℎI (� − 1)

) (4.71)

where  ( 5 , 6) = 5 6′ − 5 ′6 denotes the Wronskian of 5 and 6, and where we used that [A,� (1) =
� − 1.

From the results of §4.3.2.3, we expect Re�V,� (1) to converge to ReV (∞). Hence, the right
“boundary condition” (4.71) should indeed converge to the right boundary condition of the sine
system provided its second term vanishes in the limit, and provided we can choose the integrable
solution ℎI to be normalized in such a way that  (ℎI, � 1/4gV,� ) (� − 1) → 1.

To see how this can be done, recall from Proposition 3.2 that 5 solvesV,� 5 = I 5 if and only if
5̃ (C) = 5 (C+�) solves ̃V 5̃ =

I

2
√
�
5̃ where ̃V has the law ofV, but is defined from the Brownian

motion �� (· +�) −�� (�). This means that if we fix a W ∈ ℂ\ {0} and a square integrable solution
Φ_ to ̃VΦ_ = _Φ_, then we can take ℎI (C) := WΦI/2

√
� (C − �) as the solution appearing in (4.71).

By basic properties of Sturm–Liouville operators (see e.g. [29, Theorem 2.7]), we may (and do)
choose Φ_ to be analytic in _. In particular, Φ_ could be chosen to be the stochastic Airy function
SAi−_ from [49].

This makes it clear how we would like to choose ℎI: writing g̃V,� (C) := gV,� (C + �), as long
as the  (ΦI/2

√
� , �

1/4g̃V,� ) (−1) is nonzero, we can use the inverse of this value as the constant W
which normalizes the integrable solution, thus removing the prefactor of the first term in (4.71).
This leads us to the following.

Lemma 4.12. On the probability space from Lemma 4.4 in the Airy case, if V > 2 and  ⊂ ℂ is
compact, then ℙ

[
∀I ∈  , | (ΦI/2

√
�=
, �

1/4
= g̃V,�=

) (−1) | ≥ 1
]
→ 1 as =→ ∞.

This result can be proven using the asymptotics of solutions to V 5 = 0 as C → −∞ that we
derived in §3.1.2, and allows us to complete the proof of the convergence of the Weyl–Titchmarsh
functions. To avoid interrupting the argument too much, we postpone the proof of Lemma 4.12
until the end of the section.

Proof of Theorem 4.11. As we did earlier, to simplify notation throughout the proof we drop the =
subscript and understand a limit as � → ∞ as being taken along the sequence {�=}=∈ℕ.

By Corollary 4.10.1 applied to the case "V,� = [′A,� (�V,� ◦ [A,� ), the transfer matrix of
[′A,� (�V,� ◦ [A,� ) converges in probability to that of '̃V. By continuity of the map TMlc [0, 1] ×
�(ℍ,ℂ2) → ℂℍ

∞ that sends a transfer matrix and a right boundary condition to the corresponding
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Weyl–Titchmarsh function (i.e., Theorem 2.14), this means that it suffices to prove that the right
boundary conditions converge compactly in probability. As explained above, the right “boundary
condition” of the Airy system on [0, 1] is the value DI ◦ [A,� (1) of a suitable integrable solution
DI to �D′I = −I�V,�DI. Therefore, it suffices to show that for any compact  ⊂ ℂ, DI ◦ [A,� (1) →
(ReV (∞), 1) uniformly in I ∈  in probability.

For I ∈  for some compact  ⊂ ℂ, fix DI = �−1
V,�

(
ℎ
[1]
I

ℎI

)
where

ℎI (C) :=
1

 (ΦI/2
√
� , �

1/4g̃V,� ) (−1)
ΦI/2

√
� (C − �)

for a solution Φ_ to ̃VΦ_ = _Φ_ square integrable on [0,∞) with respect to time and chosen to
be analytic in _. As observed above, by the translation property of solutions from Proposition 3.2
and by construction of the canonical system, this means that DI is an integrable solution to �D′I =
−I�V,�DI on [0, 1 + 1/√� ). Note that in the definition of ℎI, technically the Wronskian in the
denominator might be zero and this would make ℎI ill defined, but Lemma 4.12 ensures that this
asymptotically almost surely does not happen, as it shows that the event

� ,� :=
{
∀I ∈  ,

�� (ΦI/2
√
� , �

1/4g̃V,� ) (−1)
�� ≥ 1

}
has ℙ(� ,� ) → 1.

Now, ℎI is chosen so that  (ℎI, � 1/4gV,� ) (� − 1) = 1, so following (4.71),

DI ◦ [A,� (1) =
(
Re�V,� (1)

1

)
+ 4−d

g
V,�

(1)
(
sin bg

V,�
(1) cos bg

V,�
(1)

0 0

) (
ℎ′I (� − 1)
ℎI (� − 1)

)
.

In particular, DI,2 ◦ [A,� (1) = 1 whenever ℎI is well defined and in particular on� ,� , so it suffices
to compare DI,1◦[A,� (1) to ReV (∞). To do so, we set g�,U := (1−� −1/2+U)/2� for an U ∈ (0, 1/2),
and we split��DI,1 ◦ [A,� (1) − ReV (∞)

�� ≤ ��Re�V,� (1) − Re�V,� (g�,U)
�� (4.72a)

+
��Re�V,� (g�,U) − ReV ◦ h� (g�,U)

�� (4.72b)

+
��ReV ◦ h� (g�,U) − ReV (∞)

�� (4.72c)

+ 4−d
g
V,�

(1) ��sin bg
V,�

(1)ℎ′I (� − 1) + cos bg
V,�

(1)ℎI (� − 1)
��. (4.72d)

It is already clear that (4.72c) converges to zero a.s. since h� (g�,U) = ( 1
2 −U) log � , and that (4.72b)

converges to zero in probability by Proposition 4.7. To conclude, we show that if .� denotes ei-
ther (4.72a) or (4.72d), then for all Y, Z > 0, ℙ

(
� ,� ∩ {|.� | > Z }

)
< Y for all � large enough.
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To control (4.72a), recall from (4.48) that

d
(
Re�V,�

)
(C) = 2

√
V
4
−2dg

V,�
(C) cos 2bg

V,�
(C)

√
22�

1 − 2� C
d�� (C)

− 4−2dg
V,�

(C)
(( 4
V
− 1

)
sin 2bg

V,�
(C) + 4

V
sin 4bg

V,�
(C)

)
2�

1 − 2� C
dC.

(4.73)

Given Y > 0, we know from Proposition 4.8 that for some �,�′ > 0,

ℙ

[
∀C ∈ [0, 1],

���dg
V,�

(C) + 1
V

log(1 − 2� C)
��� ≤ � + �′ (− log(1 − 2� C)

)3/4
]
> 1 − Y

2
.

On that event, if X > 0 then there is a (different) � > 0 such that for any C ∈ [g�,U, 1],

4
−dg

V,�
(C) ≤ � (1 − 2� C)1/V−X ≤ ��−(1/2−U) (1/V−X) ,

and thus for both : = 2 and : = 4,���∫ 1

g�,U

4
−2dg

V,�
(C) sin :bg

V,�
(C) 2�

1 − 2� C
dC

���
≤ �2�−2(1/2−U) (1/V−X) log

1 − 2�g�,U
1 − 2�

= U�2�−2(1/2−U) (1/V−X) log �.

Taking X < 1/V, this shows that for any Z > 0, the second line of (4.73) is bounded by Z/2 with
probability at least 1 − Y/2 for any � large enough. On the same good event of probability at least
1− Y/2, the bracket of the stochastic integral in (4.73) is bounded by 8U�4V−1�−4(1/2−U) (1/V−X) log � .
Thus, by Bernstein’s inequality,

ℙ

[
sup

C∈[g�,U,1]

��� 2
√
V

∫ C

g�,U

4
−2dg

V,�
(B) cos 2bg

V,�
(B)

√
22�

1 − 2� B
d�� (B)

��� ≥ Z

2

]
≤ Y

2
+ 2 exp

(
− V�

4(1/2−U) (1/V−X)Z2

64U�4 log �

)
.

Therefore, if � is also large enough that the right-hand side here is bounded by Y, then we find that
ℙ
[
|Re�V,� (1) − Re�V,� (g�,U) | ≥ Z

]
< Y, which is the control we were looking for on (4.72a).

Finally, in order to control (4.72d), note that by definition of ℎI, on� ,� ,

|ℎI (� − 1) | =
��� 1
 (ΦI/2

√
� , �

1/4g̃V,� )
ΦI/2

√
� (−1)

��� ≤ ��ΦI/2
√
� (−1) −Φ0(−1)

�� + ��Φ0(−1)
��.

A similar bound in terms of Φ′
0 and Φ′

I/2
√
�
holds for ℎ′I (� − 1). By analyticity of _ ↦→ Φ_ (−1), for

all I ∈  ,
max

{��ΦI/2
√
� (−1) −Φ0(−1)

��, ��Φ′
I/2

√
�
(−1) −Φ′

0(−1)
��} ≤ - diam 

2
√
�

(4.74)
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for some positive random variable - , so there is a � > 0 such that this maximum is bounded by
�/√� with probability at least 1− Y/6. BecauseΦ0(−1) is a well-defined random variable, it follows
that there is an " > 0 large enough so that

ℙ
(
� ,� ∩

{
|ℎI (� − 1) | > "

})
<
Y

3
,

and again the same works with ℎ′I (� − 1). Then, by Proposition 4.8 as earlier, we know that for
any X > 0 there is a � > 0 such that 4−d

g
V,�

(1)
< ��

−1/2V+X with probability at least 1 − Y/3. Taking
X < 1/2V, this means that given Z > 0, for any � large enough that 2�"� −1/2V+X < Z ,

ℙ

(
� ,� ∩

{
4
−dg

V,�
(1) ��sin bg

V,�
(1)ℎ′I (� − 1) + cos bg

V,�
(1)ℎI (� − 1)

�� > Z}) < Y.
This finishes to prove the convergence of the first entry of the boundary conditions, and thus con-
cludes the proof. �

Proof of Lemma 4.12. Fix � ∈ {�=}=∈ℕ and a compact  ⊂ ℂ. To control theWronskian ofΦI/2
√
�

and g̃V,� at −1, we first replace ΦI/2
√
� with Φ0:

 (ΦI/2
√
� , g̃V,� ) =  (Φ0, g̃V,� ) +

(
ΦI/2

√
� −Φ0

)
g̃′V,� −

(
Φ′

I/2
√
�
−Φ′

0
)
g̃V,� . (4.75)

The reason for doing this is that because Φ0 and g̃V,� both solve ̃V 5 = 0, their Wronskian is
constant, and because g̃V,� (−�) = 0 and g̃′

V,�
(−�) = 1, this means that  (Φ0, g̃V,� ) ≡ Φ0(−�).

It can be verified using arguments similar to those used in the proof of Theorem 4.11 that the
last two terms of (4.75) do not contribute in the limit for  (ΦI/2

√
� , �

1/4g̃V,� ) (−1). Indeed,

�
1/4 |g̃V,� (−1) | = � 1/4 |gV,� ◦[A,� (1) | ≤ 4d

g
V,�

(1)
, �

1/4 |g̃′V,� (−1) | = � 1/4 |g′V,� ◦[A,� (1) | ≤ 4d
g
V,�

(1)
,

so it follows from Proposition 4.8 that if Y, X > 0 there is a � > 0 such that both � 1/4 |g̃V,� (−1) | and
�

1/4 |g̃′
V,�

(−1) | are bounded by �� 1/2V+X with probability at least 1 − Y/2. Moreover, by analyticity
of _ ↦→ Φ_, as in (4.74) we know that there is a �′ > 0 such that with probability at least 1 − Y/2,
for all I ∈  , both |ΦI/2

√
� (−1) − Φ0(−1) | and |Φ′

I/2
√
�
(−1) − Φ′

0(−1) | are bounded by �′/√� . This
means that with probability at least 1 − Y, for all I ∈  ,��ΦI/2

√
� (−1) −Φ0(−1)

��� 1/4 |g̃′V,� (−1) | ≤ ��′�
−1/2+1/2V+X,

and the same holds with primes on the Φ’s instead of on g̃V,� . With X small enough, this vanishes
as � → ∞, so

(
ΦI/2

√
� (−1) − Φ0(−1)

)
�

1/4g̃′
V,�

(−1) → 0 in probability uniformly in I ∈  ,
and likewise with primes on Φ’s instead. Combining this with our earlier observation about the
Wronskian of Φ0 and g̃V,� , we conclude that

 (ΦI/2
√
� , �

1/4g̃V,� ) (−1) = � 1/4Φ0(−�) + >ℙ, (1). (4.76)
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It thus remains to understand how Φ0(−�) behaves, but this is easily done through the asymp-
totics we derived in §3.1.2. Indeed, by Theorem 3.3 and the Skorokhod representation theorem, we
can write Φ0(−�) = �Φ0�

−1/4+1/2V4- (�) cos bV (�) where �2
Φ0

:= Φ2
0(−1) + Φ′

0
2(−1), bV satisfies

bV (C) − 2c
⌊ bV (C)

2c
⌋
→ * in probability for a * ∼ Unif [0, 2c), and - has the property that for any

Y, X > 0, there is a � > 0 for which

ℙ

[
∀C ≥ 1, |- (C) | ≤ �

(
1 + (log C)1/2+X) ] ≥ 1 − Y.

Hence, if Y > 0 and Z > 0 is small enough,
��bV (�) −2c

⌊ bV (�)
2c

⌋�� ≤ Z with probability at least 1− Y/4

for all � large enough. Shrinking Z further if necessary, we may assume that |cos G | ≥ 1 − G2/2 for
G ∈ [−Z, Z] and that |cos* | ≥ 2Z (1 − Z2/2)−1 with probability at least 1 − Y/4. This shows that

��cos bV (�)
�� ≥ |cos* |

(
1 − Z2

2

)
− Z ≥ Z

with probability at least 1− Y/2 for all � large enough. Moreover, shrinking again Z if necessary, we
may assume that �Φ0 > Z with probability at least 1− Y/4, and we know that for all � large enough,
4- (�) ≥ ��−X with probability at least 1 − Y/4. Combining everything,

�
1/4 |Φ0(−�) | = �Φ0�

1/2V4- (�) |cos bV (�) | ≥ �Z2�
1/2V−X (4.77)

with probability at least 1 − Y for all � large enough. With X < 1/2V, this diverges as � → ∞, so it
is certainly at least 1 for all � large enough.

Combining (4.77) with (4.76) shows that ℙ
[
∀I ∈  , | (ΦI/2

√
�=
, �

1/4
= g̃V,�=

) (−1) | ≥ 1
]
→ 1 as

=→ ∞ and concludes the proof. �

4.4.3 Limit circle (V > 2) case from the hard edge

The purpose of this section is to prove the following.

Theorem 4.13. Suppose V > 2, and let <�V,0,�=
, <'V

: ℍ → ℍ∞ be the Weyl–Titchmarsh func-
tions of the shifted and scaled Bessel system and of the sine system respectively, both defined on
the probability space from Lemma 4.4 applied to the case where "V,�=

= [′B,�=
(�V,0,�=

◦ [B,�=
).

Then <�V,0,�=

ℙ−→ <'V
compactly on ℍ as =→ ∞.

Just like in the soft edge case, our plan is to prove this from the convergence of the transfer
matrices using the continuity of the map sending a transfer matrix and a right boundary condition to
aWeyl–Titchmarsh function. Thus, what remains to be proven is essentially that the right boundary
conditions converge. The proof is in many aspects very similar to the proof of Theorem 4.11 we
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carried out in §4.4.2 for the soft edge case, and throughout this section we insist on those aspects
of the proof that are different rather than on the full details. Again, before moving on to the proof
we start by describing the setup and the idea of the proof in detail.

When 0 ≥ 1, the Bessel system is limit point on the right. In that case, the situation is very
similar to what we saw in the soft edge case: we took 2� = 1 − 1/√� and g� = 1 and our modified
Bessel system acts on [0, 1/2�). The correct right “boundary condition” to attach to its restriction
to [0, 1] in order to reproduce the same Weyl–Titchmarsh function is therefore the value at 1 of an
integrable solution DI ◦ [B,� to � (DI ◦ [B,� )′ = −I[′B,� (�V,0,� ◦ [B,� ) (DI ◦ [B,� ) on [0, 1/2�). By
construction of the canonical system, DI has the form

DI = �−1
V,0,�

(
ℎ
[1]
I

ℎI

)
=

(
�

−1/4fV,0,� −� −1/4?V,0f′V,0,�
−� 1/4gV,0,� �

1/4?V,0g′V,0,�

) (
?V,0ℎ

′
I

ℎI

)
where ℎI is an !2 ([0,∞), FV,0 (C) dC

)
solution to GV,0,�ℎI = IℎI and where �V,0,� is the ma-

trix (4.16).
When |0 | < 1, however, the Bessel system is limit circle on the right. In that case, we rather took

2� = 1 so our modified Bessel system already acts on [0, 1). As we have seen in §4.2.2, the right
boundary condition is then 4∗

q�
�D(∞) = 0 where q� ∈ [0, c) is chosen to reproduce the boundary

condition of the stochastic Bessel operator, which requires a solution ℎI ofGV,0,�ℎI = IℎI to satisfy
ℎ
[1]
I (C) → 0 as C → ∞. Here, it will be easier to understand the boundary condition in the latter

way: a canonical system solution DI = �−1
V,0,�

(
ℎ
[1]
I

ℎI

)
simply satisfies the right boundary condition if

the solution ℎI satisfies ℎ[1]I (C) → 0 as C → ∞.
In order to uniformize the analysis of the |0 | < 1 and 0 ≥ 1 cases, we will show that when

|0 | < 1 we can effectively move the boundary condition from 1 to 1 − 1/√� . Hence, in both cases,
our goal is to show the convergence of DI ◦ [B,� (g� ) to the sine system’s boundary condition,
where g� := 1

2�
(1 − 1/√� ) as before and where DI = �−1

V,0,�

(
ℎ
[1]
I

ℎI

)
for a specific solution ℎI to

GV,0,�ℎI = IℎI, either an integrable one (if 0 ≥ 1) or one that satisfies ℎ[1]I (C) → 0 as C → ∞
(if |0 | < 1). In any case, this defines ℎI up to a multiplicative constant, so it remains to see the
appropriate way to normalize it.

To understand the convergence of the boundary condition and to see how to normalize ℎI, we
proceed like in the soft edge case. We write

�
−1/4fV,0,� ◦ [B,� =

�
−1/44

[B,�/4

√
?V,0 ◦ [B,�

4
d

g
V,0,�

−Δd

V,� cos(bg
V,0,�

− Δ
b

V,�
)

= 4
−Δd

V,� cosΔb
V,�

�
1/4gV,0,� ◦ [B,� + 4−Δ

d

V,� sinΔb
V,�

�
−1/44

[B,�/4

√
?V,0 ◦ [B,�

4
d

g
V,0,� sin bg

V,0,�
.
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Using Claim 4.3 and evaluating at g� = [−1
B,� (log �), we get

�
−1/4fV,0,� (log �) = −Re�V,� (g� )� 1/4gV,0,� (log �) + 1√

?V,0 (log �)
4
−dg

V,0,�
(g� ) sin bg

V,0,�
(g� ).

Similar manipulations can be applied to � −1/4f′
V,0,�

◦ [B,� , and yield

�
−1/4f′V,0,� (log �) = −Re�V,� (g� )� 1/4g′V,0,� (log �) − 1√

?V,0 (log �)
4
−dg

V,0,�
(g� ) cos bg

V,0,�
(g� ).

Using these expressions for fV,0,� and f′
V,0,�

in �−1
V,0,�

, we can write

DI (log �) = V,0 (ℎI, � 1/4gV,0,� ) (log �)
(
Re�V,� (g� )

1

)
+ 4−d

g
V,0,�

(g� )
√
?V,0 (log �)

(
sin bg

V,0,�
(g� ) cos bg

V,0,�
(g� )

0 0

) (
ℎ′I (log �)
ℎI (log �)

) (4.78)

where V,0 ( 5 , 6) = ?V,0 ( 5 6′ − 5 ′6) is the Wronskian of 5 and 6. Thus, in a similar way as in
the soft edge case, we expect this to converge to the right boundary condition of the sine system
provided the second term vanishes in the limit, and provided we can choose ℎI to be normalized in
such a way that the Wronskian converges to 1.

We know from Proposition 3.17 that 5 solves GV,0,� 5 = I 5 if and only if 5̃ (C) := 5 (C + log �)
solves G̃V,0 5̃ =

(
1 + I

2
√
�

)
5̃ where G̃V,0 has the law of GV,0, but is defined from the Brownian

motion �� (· + log �) − �� (�). Thus, if we fix a W ∈ ℂ \ {0} and a solution Φ_ to G̃V,0Φ_ = _Φ_

with the right behavior at infinity (i.e., it is !2 ([0,∞), F̃V,0 dℒ
)
if 0 ≥ 1 or satisfies Φ[1]

_
(C) → 0

as C → ∞ if |0 | < 1), then we can take ℎI (C) := WΦ1+I/2
√
� (C − log �) as the solution appearing

in (4.78). Then with g̃V,0,� (C) := gV,0,� (C + log �),

V,0 (ℎI, � 1/4gV,0,� ) (log �) = W?V,0 (log �)̃V,0 (Φ1+I/2
√
� , �

1/4g̃V,0,� ) (0)

where ̃V,0 ( 5 , 6) := ?̃V,0 ( 5 6′ − 5 ′6) is the Wronskian for G̃V,0. Provided the Wronskian on the
right-hand side doesn’t vanish, we can choose W so that this is identically 1. It is not obvious that
this can be done, but we can ensure it on a good event.

Lemma 4.14. On the probability space from Lemma 4.4 in the Bessel case, if V > 2 and  ⊂ ℂ is
compact, then ℙ

[
∀I ∈  , ?V,0 (log �=)

��̃V,0 (Φ1+I/2
√
�=
, �

1/4
= g̃V,0,�=

) (0)
�� ≥ � −0/2

=

]
→ 1 as =→ ∞.

This can be proven using the asymptotics of solutions to GV,0 5 = 5 as C → −∞ that we
derived in §3.2.2, and allows us to complete the proof of the Weyl–Titchmarsh functions. To avoid
interrupting the argument, we postpone the proof of Lemma 4.14 until the end of the section.
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Proof of Theorem 4.13. As we did earlier, to simplify notation throughout the proof we drop the =
subscript and understand a limit as � → ∞ as being taken along the sequence {�=}=∈ℕ.

As stated before, the transfer matrix of [′B,� (�V,0,� ◦[B,� ) converges in probability to that of '̃V
by Corollary 4.10.1, and therefore by continuity of the usual map TMlc [0, 1] × �(ℍ,ℂ2) → ℂℍ

∞
(i.e., Theorem 2.14), it suffices to prove that the right boundary condition converges compactly
in probability. As explained above, what we mean here by the “right boundary condition” of the
Bessel system on [0, 1] is the value DI ◦ [B,� (1) or a suitable solution DI to �D′I = −I�V,0,�DI.

To define DI, we fix a solutionΦ_ to G̃V,0Φ_ = _Φ_ that is !2 ([0,∞), F̃V,0 dℒ
)
if 0 ≥ 1 or that

satisfies Φ[1]
_

(C) → 0 as C → ∞ if |0 | < 1, chosen to be analytic in _. Then, we set

DI := �−1
V,0,�

(
?V,0ℎ

′
I

ℎI

)
with ℎI (C) :=

Φ1+I/2
√
� (C − log �)

?V,0 (log �)̃V,0 (Φ1+I/2
√
� , �

1/4g̃V,0,� ) (0)
. (4.79)

Note that if we fix a compact  ⊂ ℂ, ℎI is well defined for all I ∈  at least asymptotically
almost surely by Lemma 4.14. As explained above, this DI can be used to characterize the boundary
condition at 1, so what we really want to show is that DI ◦ [B,� (1) converges in probability to the
right boundary condition of the sine system, uniformly with respect to I ∈  .

In order to uniformize the analysis of the two cases (|0 | < 1 and 0 ≥ 1), we first show that
when |0 | < 1 we can effectively move the boundary condition from 1 to g� , that is, we show that
DI ◦ [B,� (1) − DI ◦ [B,� (g� ) → 0 as � → ∞. By definition,

DI =

(
�

−1/4fV,0,� −� −1/4?V,0f′V,0,�
−� 1/4gV,0,� �

1/4?V,0g′V,0,�

) (
?V,0ℎ

′
I

ℎI

)
=

(
V,0 (� −1/4fV,0,� , ℎI)
V,0 (ℎI, � 1/4gV,0,� )

)
,

so it suffices to show that if k stands for either � −1/4fV,0,� or � 1/4gV,0,� , then V,0 (ℎI, k) (∞) −
V,0 (ℎI, k) (log �) → 0 in probability as � → ∞ (this is not entirely trivial, as the solutions
themselves depend on �). To prove this, note that because GV,0,�k = 0 and GV,0,�ℎI = IℎI, then(
V,0 (ℎI, k)

)′
= I

√
�

2 ℎIkFV,0 so

V,0 (ℎI, k) (∞) −V,0 (ℎI, k) (log �) = I
√
�

2

∫ ∞

log �
ℎI (C)k(C)FV,0 (C) dC.

To estimate this, we canmake the dependence on � clearer by shifting time and using ℎ̃I (C) := ℎI (C+
log �) and k̃(C) := k(C + log �). By Proposition 3.17, ℎ̃I and k̃ solve G̃V,0 ℎ̃I = (1 + I

2
√
�
) ℎ̃I and

G̃V,0k̃ = k̃ where G̃V,0 is defined from the Brownian motion �̃� := �� (· + log �) − �� (log �). In
particular, the weight of G̃V,0 is related to that ofGV,0 by F̃V,0 (C) = �0+14

2√
V
�� (log �)

FV,0 (C+log �).
Hence, shifting time by log � in the above integral yields

V,0 (ℎI, k) (∞) −V,0 (ℎI, k) (log �) = I

2
�

−1/2−04
− 2√

V
�� (log �)

∫ ∞

0
ℎ̃I (C)k̃(C)F̃V,0 (C) dC.
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Recall from §3.2.1 that 1 and s̃V,0 (C) :=
∫ C

0 ?̃
−1
V,0

(B) dB are a pair of fundamental solutions to
G̃V,0 5 = 0. Therefore, the argument we used in the proof of Proposition 4.9 shows that for any
Y > 0 there is a � > 0 such that with probability at least 1 − Y/4, for all C ≥ 0,

|k̃(C) | ≤ �
(
|k(log �) | + |k′(log �) |

) (
1 + s̃V,0 (C)

)
and

| ℎ̃I (C) | ≤ �
(
1 + |I |

2
√
�

) (
| ℎ̃I (0) | + | ℎ̃′I (0) |

) (
1 + s̃V,0 (C)

)
.

By the representation in polar coordinates of k with the estimates on 42df
V,0,� and 42dg

V,0,� from
Proposition 4.8, for any X > 0 we know that there is a �′ > 0 such that |k(log �) | ∨ |k′(log �) | ≤
�′� 1/2V+X/2

(
?V,0 (log �)

)−1/2
= �′� 1/2V+0/2+X/2 exp

( 1√
V
�� (log �)

)
with probability at least 1 − Y/4.

Then, on the event from Lemma 4.14, | ℎ̃I (0) | ≤ � 0/2 |Φ1+I/2
√
� (0) | and | ℎ̃′I (0) | ≤ �

0/2 |Φ′
1+I/2

√
�
(0) |.

Because Φ_ is analytic in _, Φ1+I/2
√
� (0) = Φ1(0) + $ℙ, (1/

√
� ) and Φ′

1+I/2
√
�
(0) = Φ′

1(0) +
$ℙ, (1/

√
� ), and since Φ1 is a solution to G̃V,0Φ1 = Φ1 defined by its behavior at infinity, its

law does not depend on � . It follows that there is a �′′ > 0 such that | ℎ̃I (0) | ∨ | ℎ̃′I (0) | ≤ �′′� 0/2 for
all I ∈  with probability at least 1 − Y/4. Combining these estimates, we see that for a (different)
� > 0, with probability at least 1 − 3Y/4, for all I ∈  ,��V,0 (ℎI, k) (∞)−V,0 (ℎI, k) (log �)

�� ≤ �� −1/2+1/2V+X/24
− 1√

V
�� (log �)

∫ ∞

0

(
1+s̃V,0 (C)

)2
F̃V,0 (C) dC.

Since |0 | < 1 here, 1, s̃V,0 ∈ !2 ([0,∞), F̃V,0 dℒ
)
, so the integral is finite. Then for � large enough

4
− 1√

V
�� (log �) ≤ � X/2 with probability at least 1−Y/4 by properties of Brownian motion, so finally the

difference is bounded by a constant times � −1/2+1/2V+X with probability at least 1 − Y. Since V > 2,
this vanishes as � → ∞ for X small enough. Therefore, the difference of the Wronskians converges
to 0 in probability, and indeed DI (∞) − DI (log �) → 0 compactly in probability as � → ∞.

It remains to show, now for any 0 > −1, that DI (log �) converges to the boundary condition
(ReV (∞), 1) of the sine system. Writing DI (log �) as in (4.78) but using the expression of ℎI in
terms of Φ1+I/2

√
� from (4.79),

DI (log �) =
(
Re�V,� (g� )

1

)
+ .�

(
sin bg

V,0,�
(g� ) cos bg

V,0,�
(g� )

0 0

) (
Φ′

1+I/2
√
�
(0)

Φ1+I/2
√
� (0)

)
where

.� :=
�

−0/24
−dg

V,0,�
(g� )− 1√

V
�� (log �)

?V,0 (log �)̃V,0 (Φ1+I/2
√
� , �

1/4g̃V,0,� ) (0)
.

It is not hard to verify that the second term of DI (log �) vanishes in the limit in probability. Indeed,
for Y > 0 and X ∈ (0, 1/2V), Proposition 4.8 shows that 4−d

g
V,0,�

(g� ) ≤ ��
−1/2V+X/2 for a � > 0 with
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probability at least 1− Y/3, and 4−
1√
V
�� (log �) ≤ � X/2 with probability at least 1− Y/3 as above. More-

over, Φ1+I/2
√
� (0) = Φ1(0) +$ℙ, (1/

√
� ) and the law of Φ1(0) does not depend on � , and the same

goes forΦ′
1+I/2

√
�
(0). Since the denominator of.� is at least � −0/2 on the event from Lemma 4.14, it

follows that for any � large enough the second term of DI (log �) is bounded (uniformly for I ∈  )
by a constant times � −1/2V+X with probability at least 1 − Y, and this means that it converges to zero
0 in probability as � → ∞, uniformly in I ∈  . In other words,

DI (log �) =
(
Re�V,� (g� )

1

)
+ >ℙ, (1).

This immediately implies that the second entry of DI (log �) converges to 1, which is the desired
value. To show that Re�V,� (g� ) → ReV (∞), we set g�,U := (1 − � −1/2+U)/2� , and we write��Re�V,� (g� ) − ReV (∞)

�� ≤ ��Re�V,� (g� ) − Re�V,� (g�,U)
�� (4.80a)

+
��Re�V,� (g�,U) − ReV ◦ h� (g�,U)

�� (4.80b)

+
��ReV ◦ h� (g�,U) − ReV (∞)

��. (4.80c)

As h� (g�,U) = ( 1
2 − U) log � , (4.80c) vanishes a.s. in the limit � → ∞. It is also clear from

Proposition 4.7 that (4.80b) vanishes in probability as � → ∞. To show that (4.80a) also vanishes,
recall from (4.48) that

d
(
Re�V,�

)
(C) = 2

√
V
4
−2dg

V,0,�
(C) sin 2bg

V,0,�
(C)

√
22�

1 − 2� C
d�� (C)

+ 4−2dg
V,0,�

(C)
(
(20 + 1) sin 2bg

V,0,�
(C) + 4

V
sin 4bg

V,0,�
(C)

)
2�

1 − 2� C
dC.

(4.81)

By Proposition 4.8, we know that for any Y > 0 and X ∈ (0, 2/V), there is a � > 0 such that
4
−dg

V,0,�
(C) ≤ � (1 − 2� C)1/V−X/2 for C ∈ [0, g� ] with probability at least 1 − Y. It follows that there is

a �′ > 0 such that with probability at least 1 − Y,����∫ g�

g�,U

4
−2dg

V,0,�
(C)

(
(20 + 1) sin 2bg

V,0,�
(C) + 4

V
sin 4bg

V,0,�
(C)

) 2�

1 − 2� C
dC

����
≤ �′

∫ g�

g�,U

2� (1 − 2� C)−1+2/V−X dC =
�′

2/V − X �
−(1/2−U) (2/V−X) (1 − �−U(2/V−X) ) ,

which vanishes as � → ∞. Similarly, there is a �′′ > 0 such that with probability at least 1− Y, the
quadratic variation of the first line of (4.81) is bounded on [g�,U, g� ] by

�′′
∫ g�

g�,U

2� (1 − 2� C)−1+4/V−2X dC =
�′′

4/V − 2X
�−(1/2−U) (4/V−2X) (1 − �−U(4/V−2X) ) ,

which vanishes as � → ∞. Applying Bernstein’s inequality, it follows that the integral of (4.81)
between g�,U and g� converges to 0 in probability as � → ∞, and this concludes the proof. �
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Proof of Lemma 4.14. Fix � ∈ {�=}=∈ℕ and a compact  ⊂ ℂ. We need to estimate, for I ∈  ,
?V,0 (log �)̃V,0 (Φ1+I/2

√
� , �

1/4g̃V,0,� ) (0).
We first replace Φ1+I/2

√
� with Φ1. The point of doing this is that Φ1 and g̃V,0,� both solve

G̃V,0 5 = 5 , so their Wronskian is constant. As g̃V,0,� (− log �) = 0 and g̃′
V,0,�

(− log �) = 1, this
means that ̃V,0 (Φ1, g̃V,0,� ) ≡ ?̃V,0 (− log �)Φ1(− log �).

Fix Y > 0. As we have seen before, Proposition 4.8 implies that for any X > 0, there is a
� > 0 such that both � 1/4g̃V,0,� (0) and � 1/4g̃′

V,0,�
(0) are at most �� 1/2V+X/2

(
?V,0 (log �)

)−1/2 with
probability at least 1 − Y/3. Then, by definition,

(
?V,0 (log �)

)1/2
= �

−0/2 exp
(
− 1√

V
�� (log �)

)
, and

by properties of Brownian motion this is bounded by � −0/2+X/2 with probability at least 1 − Y/3

for any � large enough. Finally, as Φ_ is analytic in _, Φ1+I/2
√
� (0) − Φ1(0) = $ℙ, (1/

√
� ) and

Φ′
1+I/2

√
�
(0) −Φ′

1(0) = $ℙ, (1/
√
� ) where the implicit constants are well-defined random variables,

so with probability at least 1−Y/3 these differences are bounded by�′� −1/2 for some constant�′ > 0,
uniformly in I ∈  . It follows that with probability at least 1 − Y, there is a � > 0 such that

�
0/2

��?V,0 (log �)̃V,0 (Φ1+I/2
√
� −Φ1, �

1/4g̃V,0,� ) (0)
�� ≤ �� −1/2+1/2V+X (4.82)

for all I ∈  and all � large enough. With X small enough, this vanishes as � → ∞, so the left-hand
side of (4.82) converges to 0 in probability uniformly in I ∈  . Combining this with our earlier
observation about the Wronskian of Φ1 and g̃V,0,� and noticing that ?V,0 (log �) ?̃V,0 (− log �) = 1,
it follows that

�
0/2?V,0 (log �)̃V,0 (Φ1+I/2

√
� , �

1/4g̃V,0,� ) (0) = � 1/4+0/2Φ1(− log �) + >ℙ, (1). (4.83)

We now analyse the behavior of Φ1(− log �) using the asymptotics derived in §3.2.2. By The-
orem 3.18 and the Skorokhod representation theorem, we can write

Φ1(− log �) = �Φ1�
1/2V−0/2−1/44- (log �) cos bV,0 (log �)

where �2
Φ1

= Φ2
1(0) +Φ′

1
2(0), bV,0 satisfies bV,0 (C) − 2c

⌊ bV,0 (C)
2c

⌋
→ * ∼ Unif [0, 2c) in probability

as C → ∞, and - has the property that for any Y, X > 0, there is a � > 0 such that

ℙ

[
∀C ≥ 0, |- (C) | ≤ �

(
1 + C1/2+X) ] ≥ 1 − Y.

Hence, in the same way as in the proof of Lemma 4.12 in the soft edge case, if Y > 0 and Z > 0
is small enough, then

��cos bV,0 (log �)
�� ≥ Z with probability at least 1 − Y/3 for all � large enough.

Moreover, shrinking Z if necessary, we may assume that �Φ1 > Z with probability at least 1 − Y/3,
and we know that for all � large enough, 4- (log �) ≥ ��−X with probability at least 1 − Y/3. Hence,

�
1/4+0/2 |Φ1(− log �) | = �Φ1�

1/2V4- (log �) |cos bV,0 (log �) | ≥ �Z2�
1/2V−X (4.84)
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with probability at least 1 − Y for all � large enough. With X < 1/2V, this diverges as � → ∞, so it
is certainly at least 1 for all � large enough.

Combining (4.84) with (4.83) shows that

ℙ
[
∀I ∈  , ?V,0 (log �=) |̃V,0 (Φ1+I/2

√
�=
, �

1/4
= g̃V,0,�=

) (0) | ≥ � −0/2
=

]
→ 1

as =→ ∞, which concludes the proof. �

4.4.4 Remarks on the spectral weights of GV,0,�

The purpose of this short section is to relate the spectral weights of the shifted and scaled stochastic
Bessel operator GV,0,� to those of the usual stochastic Bessel operator GV,0. We obtain a relation-
ship between these spectral weights in (4.87), and from this we see that if the expression for the
spectral weights of GV,0 given in Conjecture 3.1 is true, then the point process level hard edge to
bulk transition should follow from the convergence of the Weyl–Titchmarsh functions.

Suppose that _� is an eigenvalue of the shifted problem, that is, the canonical system �D′ =

−_��V,0,�D has a solution D� of the form D� = �−1
V,0,�

( ?V,0ℎ′�
ℎ�

)
for an ℎ� ∈ !2

�V,0
(0,∞) solving

GV,0,�ℎ� = _�ℎ� such that D� (0) = 40 and limC→∞ ?V,0 (C)ℎ′� (C) = 0. By Theorem 2.8, the spectral
weight associated with _� is `�V,0,�

(
{_� }

)
= ‖D� ‖−2

�V,0,�
. By construction of the canonical system,

since GV,0,� is a generalized Sturm–Liouville operator with weight FV,0

√
�/2, this yields

`�V,0,�

(
{_� }

)
=

1
‖D� ‖2

�V,0,�

=
1

‖ℎ� ‖2
FV,0

√
� /2

=
2

√
� ‖ℎ� ‖2

FV,0

. (4.85)

By definition ofGV,0,� , ℎ� is also an eigenfunction ofGV,0, since _�ℎ� = 2√
�
(GV,0 − �)ℎ� so

GV,0ℎ� = (� + 1
2_�

√
� )ℎ� . Set _̂ := � + 1

2_�
√
� and ℎ̂ := � −1/4ℎ� , so that ℎ̂ solves GV,0 ℎ̂ = _̂ℎ̂.

By construction of the canonical system for GV,0, this means that D̂ := �−1
V,0

( ?V,0 ℎ̂′
ℎ̂

)
solves �D̂′ =

−_̂�V,0D̂, where �V,0 is the coefficient matrix of the stochastic Bessel canonical system as defined
in (3.24) and �V,0 is the matrix (3.23) that maps between solutions to GV,0’s eigenvalue equation
and canonical system solutions. Now, by definition,

D̂(0) =
(
ℎ̂′(0)
ℎ̂(0)

)
= �

−1/4

(
ℎ′
�
(0)

ℎ� (0)

)
.

The initial condition D� (0) = 40 also requires that(
ℎ′
�
(0)

ℎ� (0)

)
= �V,0,� (0)D� (0) =

(
�

1/4 0
0 �

−1/4

) (
1
0

)
=

(
�

1/4

0

)
,
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and it follows that D̂(0) = 40. Therefore, again by Theorem 2.8, the spectral weight of �V,0 at _̂ is

`�V,0

(
{_̂}

)
=

1
‖D̂‖2

�V,0

=
1

‖ ℎ̂‖2
FV,0

. (4.86)

But ℎ̂ = �
−1/4ℎ� gives ‖ ℎ̂‖2

FV,0
= 1√

�
‖ℎ� ‖2

FV,0
, so comparing (4.85) and (4.86) shows that

`�V,0,�

(
{_� }

)
=

2
�
`�V,0

(
{_̂}

)
=

2
�
`�V,0

({
� + _�

√
�

2

})
. (4.87)

If Conjecture 3.1 is true, then `�V,0

(
{_̂}

)
= _̂Γ_̂ where Γ_̂ ∼ Γ(V/2, 2/V) is independent of the

eigenvalues and of the other Γ(V/2, 2/V) weights. Then (4.87) gives

`�V,0,�

(
{_� }

)
=

2
�

(
� + _�

√
�

2

)
Γ_̂ =

(
1 + _�

2
√
�

)
Γ′
_�
,

where now Γ′
_�

∼ Γ(V/2, 4/V), but it is still independent of the eigenvalues and of the other Γ(V/2, 4/V)
weights. Since the spectral weights of the stochastic sine operator are independent Γ(V/2, 4/V) ran-
dom variables also independent of the eigenvalues, the spectral weights ofGV,0,� as � → ∞ should
match those of the stochastic sine operator. Thus, if Conjecture 3.1 holds, randomizing the argu-
ment used to deduce the point process convergence from the convergence of spectral measures in
Proposition 2.17 can then be expected to yield the hard edge to bulk convergence at the point process
level.
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Chapter 5

Conclusion

In this thesis, we have seen several ways in which the theory of canonical systems can help in the
study of scaling limits of V-ensembles. Overall, the results highlight the potential of canonical
systems theory to provide a consistent, unifying framework under which to study these scaling
limits. This originates from this theory’s ability to represent in the same category all stochastic
differential operators that arise as scaling limits of V-ensembles as well as the familiar tridiagonal
models of V-ensembles from random matrix theory.

The results from §3.1.3 and §3.2.3 shed a new light on the convergences of V-ensembles in
the soft edge and hard edge scaling limits to the AiryV and BesselV,0 point processes, which were
first proven in the celebrated works [60] and [58]. Indeed, the canonical system embedding allows
for a more systematic method, at the operator level, to derive scaling limits of V-ensembles, and
makes more obvious the similarities between the different scaling limit problems. This also leads to
think that the canonical systems representation would be appropriate to derive other scaling limits
of V-ensembles, beyond those that have already been described.

We have also seen in Chapter 4 that, in their canonical systems representations, the shifted and
scaled stochastic Airy and Bessel operators V,� := 2

√
� (V − �) and GV,0,� := 2√

�
(GV,0 − �)

both converge to the stochastic sine operator as � → ∞. These results are certainly interesting in
their own right, and in addition they demonstrate how canonical systems theory can be effective at
describing the relationships between the different operators that arise as scaling limits.

Several other problems that appear in the theory of V-ensembles could also possibly be ap-
proached through canonical systems theory. An important example is the one mentioned in §3.3.2,
namely the canonical system level convergence of tridiagonal randommatrixmodels for V-ensembles
to the stochastic sine operator, which would reproduce results of [72, 76] at the canonical system
level. A simple version of this problem is the following.

Problem 5.1. Fix � ∈ (−2, 2), and let "= :=
√
(4 − �2)= (HV,= −

√
=�) for = ∈ ℕ where HV,= is

an = × = tridiagonal random matrix for the Hermite V-ensemble, as in (1.2). Let �V,= ∈ CS[0, 1)

187
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denote the coefficient matrix of a canonical system on [0, 1) that is equivalent to the eigenvalue
problem "=E = IE under appropriate boundary conditions. With 'V and h as in Definition 1.2,
prove that �V,=

law−−→ 'V ◦h vaguely on V as =→ ∞ where V := [0, 1) for V ≤ 2 and V := [0, 1]
for V > 2. Extend the convergence to transfer matrices and Weyl–Titchmarsh functions.

As the solution of this problem could be assumed to have important similarities with the proofs
of Theorems 3.8 and 3.23 and their corollaries, presumably the solution would extend to more
general random matrix models.

As discussed in §1.3.4, despite the success of canonical systems theory at providing a consistent
approach to the study of scaling limits of V-ensembles, the method still currently lacks a good way
of retrieving the eigenvalue point process convergence from a sequence of canonical systems which
otherwise converge in the various senses we have seen in §2.2. In Proposition 2.17 in §2.2.2.2, we
saw conditions on the spectral weights under which the convergence of spectral measures implies
the convergence of the eigenvalue point processes, but they are not necessarily easy to verify in
practice, especially if the canonical systems are not limit circle at both endpoints. Indeed, verifying
these conditions requires a rather precise description of the spectral weights, which is not easy to
obtain. This raises the following problem.

Problem 5.2. Given some interval  = [0, 1) or [0, 1], take coefficient matrices �=, � ∈ CS
with appropriate boundary conditions at endpoints. Suppose that the associated self-adjoint rela-
tions have discrete spectrum with only eigenvalues. Suppose also that �= → � vaguely on  as
= → ∞ and that the associated transfer matrices and Weyl–Titchmarsh functions also converge.
Are there simple conditions on any of these objects under which the associated eigenvalue point
processes also converge vaguely?

It is possible that this problem could be approached through a more careful analysis of the
eigenfunctions, as their canonical system norms are related to the spectral weights by Theorem 2.8,
but maybe other avenues are also possible.

Besides the interest of being able to deduce the convergence of the eigenvalue point processes
themselves, a motivation for solving Problem 5.2 is that if both the spectral measures and the eigen-
value point processes converge, then the spectral weights also have to converge, so a description
of the pre-limit spectral weights can give a description of the limit spectral weights. In particular,
the formula for the spectral weights of the stochastic Bessel operator from Conjecture 3.1 could be
proven using this type of strategy, using the ideas from §3.2.3.3.

The results from Chapter 4 suggest another interesting problem. The whole method we used to
describe both edge to bulk transitions applied very well to both problems, and we saw the stochastic
sine operator appearing quite naturally as a limit once the coefficient matrix was decomposed into
polar coordinates for a pair of fundamental solutions to V,� 5 = 0 or GV,0,� 5 = 0. It is there-
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fore natural to ask whether this generalizes further, and if one could find a larger class of random
generalized Sturm–Liouville operators with the stochastic sine operator as a scaling limit.

Problem 5.3. Find a class of random generalized Sturm–Liouville operators !V on [0,∞) such
that for somef� > 0, the canonical system for the rescaled operator !V,� := f� (!V−�) converges
to the stochastic sine canonical system as � → ∞.

Heuristically, it appears plausible that the necessary characteristics of !V to have the stochastic
sine operator as a scaling limit should mostly be to have infinitely many eigenvalues and the right
sort of “noise”, so that the stochastic sine operator is retrieved when zooming in the direction of
the eigenvalues while rescaling the space so that they are equally spaced on average.

A first step towards this problem is suggested by the method that we used in §4.3 to prove the
vague convergence of coefficient matrices in the edge to bulk transitions. Recall that to prove this
vague convergence, we started by deriving SDEs driving polar coordinates for solutions to both
V,� 5 = 0 and GV,0,� 5 = 0. We then noticed that we could slightly generalize these SDEs to
obtain polar coordinates which, in a sense, interpolate between those for the two problems, and
we worked exclusively with these generalized polar coordinates to prove the vague convergence.
It seems plausible to think that these polar coordinates could be used to represent (possibly time-
changed) solutions to !V,� 5 = 0 for some other random generalized Sturm–Liouville operator !V,� ,
which would have a general form that could be specialized to describe eitherV,� orGV,0,� . If this
is true, then the operator !V,� can possibly be inferred from the polar coordinates themselves, and
this would provide a first step towards solving Problem 5.3.

Problems 5.1 and 5.3 are only two examples of open problems related to V-ensembles that could
be solved through the theory of canonical systems, but there are certainly many others. I hope that
this thesis can convince others of the usefulness of canonical systems as tools to study problems
related to V-ensembles, and more generally in random matrix theory.
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Appendix

A.1 Growth bounds on paths of continuous martingales

Proposition A.1 [55, Proposition 19]. Let " be a continuous martingale on an interval [0, ))
with " (0) = 0. For any Y, X > 0, there is a � > 0 such that

ℙ

[
sup
C∈[0,))

|" (C) |
1 + 〈"〉(C)1/2+X ≥ �

]
< Y.

Proof. Setting )C := inf{B ≥ 0 : 〈"〉(B) > C}, by the Dambis–Dubins–Schwarz theorem, �(C) :=
" ()C) is a standard Brownian motion on

[
0, 〈"〉())

)
and " (C) = �

(
〈"〉(C)

)
for any C ∈ [0, )).

Therefore,

sup
C∈[0,))

|" (C) |
1 + 〈"〉(C)1/2+X = sup

C∈[0,〈"〉()))

|�(C) |
1 + C1/2+X ,

and the result will follow if we can prove that for any Y, X > 0, there is a � > 0 such that

ℙ

[
sup

C∈[0,∞)

|�(C) |
1 + C1/2+X ≥ �

]
< Y.

Now, since √
2C log log C
1 + C1/2+X → 0 as C → ∞,

then

lim sup
C→∞

|�(C) |
1 + C1/2+X ≤

(
lim sup
C→∞

|�(C) |√
2C log log C

) (
lim sup
C→∞

√
2C log log C
1 + C1/2+X

)
= 0

a.s. by the law of the iterated logarithm. Since the map C ↦→ |�(C) | (1 + C1/2+X)−1 is a.s. continuous,
it follows that the random variable supC∈[0,∞) |�(C) | (1 + C1/2+X)−1 is a.s. finite, and because{

sup
C∈[0,∞)

|�(C) |
1 + C1/2+X < ∞

}
=

⋃
=∈ℕ

{
sup

C∈[0,∞)

|�(C) |
1 + C1/2+X < =

}
,

the result follows by continuity of measures. �
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A.2 Concentration inequalities for martingales

The purpose of this appendix, which is reproduced from [55, §A], is to recall and prove some
concentration inequalities for martingales that are used in the main text. The results we need are
simple extensions of classical concentration inequalities (Freedman’s and Azuma’s) to martingales
with subgaussian increments.

Throughout, for a discrete-timemartingale" = {"=}=∈ℕ0 with respect to a filtration {ℱ=}=∈ℕ0 ,
we denote by Δ"= := "=−"=−1 the increments of" . We define the bracket or quadratic variation
process of " as

〈"〉= :=
=∑
9=1

�
[
(Δ" 9 )2 | ℱ9−1

]
.

Moreover, given an adapted process + = {+=}=∈ℕ, we say that " is +-conditionally subgaussian if
each increment Δ"= is +=-subgaussian given ℱ=−1, that is, if for all = ∈ ℕ and all _ ∈ ℝ,

�
[
4_Δ"= | ℱ=−1

]
≤ 4_

2+=/2 a.s.

We then define the subgaussian bracket 〈〈"〉〉 of " as the smallest nonnegative, nondecreasing
predictable process so that " is +-conditionally subgaussian for += := 〈〈"〉〉= − 〈〈"〉〉=−1, and we
say that " is subgaussian if 〈〈"〉〉 < ∞.

The first concentration inequality that we need is an extension of Freedman’s inequality [37].
Our starting point is the following formulation of Freedman’s inequality.

Theorem A.2 (Freedman’s inequality). Let " = {"=}=∈ℕ0 be a discrete-time martingale with
respect to a filtration {ℱ=}=∈ℕ0 and with "0 = 0. Suppose that for some 0 > 0, the increments of
" satisfy |Δ"= | ≤ 0 for all = ∈ ℕ. Then for any # ∈ ℕ and any G, H > 0,

ℙ

[
sup

1≤=≤#
|"= | > G, 〈"〉# ≤ H

]
≤ 2 exp

(
− log 2

2

( G
0
∧ G2

H

))
.

Proof. Since 〈"〉 is a non-decreasing process, the event that sup1≤=≤# "= > G and 〈"〉# ≤ H is
contained in the event that "= > G and 〈"〉= ≤ H for some =. Hence, it follows from the original
statement of Freedman’s inequality [37, Theorem 1.6] that

ℙ

[
sup

1≤=≤#
"= > G, 〈"〉# ≤ H

]
≤ 4G/0

(
H/02

G/0 + H/02

) G/0+H/02

= exp
(
H

02

(
−
(
1 + 0G

H

)
log

(
1 + 0G

H

)
+ 0G

H

))
.

(A.1)
To get a simpler expression for the exponent, let

1? (b) := −�b ? + (1 + b) log(1 + b) − b
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for ? = 1 or ? = 2, with � > 0 to be determined. Note that 1′? (b) = −�?b ?−1 + log(1 + b), so
in particular for b ≥ 1, 1′1(b) = −� + log(1 + b) ≥ −� + log 2, and 11 is increasing on [1,∞) if
� < log 2. Because 11(1) = −�+2 log 2−1, this guarantees that 11 ≥ 0 on [1,∞) if� < 2 log 2−1.
Then, using the concavity of log(1 + ·), we see that if b ∈ [0, 1], then 1′2(b) ≥ −2�b + b log 2 ≥ 0
if � ≤ 1

2 log 2, so 12 ≥ 0 on [0, 1] under the same condition, since 12(0) = 0.
Combining the condition for 12 on [0, 1] with that for 11 on [1,∞), we get that if� ≤ 1

2 log 2 <
2 log 2 − 1, then −(1 + b) log(1 + b) + b ≤ −� (b ∧ b2) for any b ≥ 0. Taking the best constant
� = 1

2 log 2, this shows that the exponent of the tail bound (A.1) is bounded by

− log 2
2

H

02

(0G
H

∧ 02G2

H2

)
= − log 2

2

( G
0
∧ G2

H

)
.

The theorem now follows by applying the above to both " and −" , and combining the results with
a union bound. �

We now prove the following extension of Freedman’s inequality, in which the condition that
increments are bounded is weakened at the price of increasing the tail bound.

Corollary A.2.1. Let " = {"=}=∈ℕ0 be a discrete-time martingale with respect to a filtration
{ℱ=}=∈ℕ0 and with "0 = 0. Suppose there are  ,+ > 0 such that for each =, the increment
Δ"= satisfies �

[
(Δ"=)2 | ℱ=−1

]
≤ + and is  -subgaussian both conditionally on ℱ=−1 and

unconditionally. Then for any # ∈ ℕ and any G > 0,

ℙ

[
sup

1≤=≤#
|"= | > G

]
≤

(
2 + # (# + 1)

)
exp

(
−1

2
min

{(G log 2
6
√
 

)2/3
,
G2 log 2
9#+

})
+ 2 exp

(
− G log 2

3#
√

2+
exp

(
1
4

(G log 2
6
√
 

)2/3
))
.

Proof. Take 0 > 0 to be determined later. Notice that " can be decomposed as

"= =
=∑
9=1

(
Δ" 9 − �[Δ" 9 | ℱ9−1]

)
= "≤

= + ">
=

where "≤
= := ∑=

9=1 Δ"
≤
9
and ">

= := ∑=
9=1 Δ"

>
9
are martingales with increments

Δ"≤
9

:= Δ" 91{|Δ" 9 |≤0} − �
[
Δ" 91{|Δ" 9 |≤0} | ℱ9−1

]
and

Δ">
9 := Δ" 91{|Δ" 9 |>0} − �

[
Δ" 91{|Δ" 9 |>0} | ℱ9−1

]
.
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Now, since "≤ has bounded increments and has 〈"〉# ≤ #+ , Freedman’s inequality (Theo-
rem A.2) shows that

ℙ

[
sup

1≤=≤#
|"≤

= | > G
]
≤ 2 exp

(
− log 2

2

( G
20

∧ G2

#+

))
. (A.2)

Thus, to control the supremum of " , we only need to to control the supremum of ">. Note that if
0 < G ≤ 0, then

ℙ
[
|Δ" 9 |1{|Δ" 9 |>0} > G

]
= ℙ

[
|Δ" 9 | > 0

]
,

because for |Δ" 9 |1{|Δ" 9 |>0} > G, the indicator must not vanish, so it must be that |Δ" 9 | > 0, in
which case it is also true that |Δ" 9 | > G. If G > 0, then when |Δ" 9 |1{|Δ" 9 |>0} > G it must also be
true that |Δ" 9 | > 0, and we conclude that for any G > 0,

ℙ
[
|Δ" 9 |1{|Δ" 9 |>0} > G

]
≤ ℙ

[
|Δ" 9 | > 0

]
.

Hence, for any G > 0,

ℙ

[
sup

1≤=≤#

��� =∑
9=1

Δ" 91{|Δ" 9 |>0}

��� > G] ≤
#∑
==1

=∑
9=1

ℙ

[��Δ" 91{|Δ" 9 |>0}
�� > G

=

]
≤

#∑
==1

=∑
9=1

ℙ
[
|Δ" 9 | > 0

]
,

and as increments are  -subgaussian,

ℙ

[
sup

1≤=≤#

��� =∑
9=1

Δ" 91{|Δ" 9 |>0}

��� > G] ≤ # (# + 1) exp
(
− 0

2

2 

)
. (A.3)

It remains to control the mean terms of the increments of ">. By Cauchy–Schwarz, for each 9 ,���[
Δ" 91{|Δ" 9 |>0} | ℱ9−1

] �� ≤ √
�

[
(Δ" 9 )2 | ℱ9−1

]
ℙ
[
|Δ" 9 | > 0 | ℱ9−1

]
,

and as each increment Δ" 9 is also  -subgaussian conditionally on ℱ9−1, it follows that���� =∑
9=1

�
[
Δ" 91{|Δ" 9 |>0} | ℱ9−1

] ���� ≤ =√2+ exp
(
− 0

2

4 

)
.

With the subgaussian tail bound of bounded random variables, this also gives for any G > 0

ℙ

[
sup

1≤=≤#

��� =∑
9=1

�
[
Δ" 91{|Δ" 9 |>0} | ℱ9−1

] ��� > G] ≤ 2 exp
(
− G log 2
#
√

2+
exp

( 02

4 

))
. (A.4)

To conclude, we write

sup
1≤=≤#

|"= | ≤ sup
1≤=≤#

|"≤
= | + sup

1≤=≤#

��� =∑
9=1

Δ" 91{|Δ" 9 |>0}

��� + sup
1≤=≤#

��� =∑
9=1

�
[
Δ" 91{|Δ" 9 |>0} | ℱ9−1

] ���.
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Then the tail bounds we got in (A.2), (A.3) and (A.4) give

ℙ

[
sup

1≤=≤#
|"= | > G

]
≤ 2 exp

(
− log 2

2

( G
60

∧ G2

9#+

))
+ # (# + 1) exp

(
− 0

2

2 

)
+ 2 exp

(
− G log 2

3#
√

2+
exp

( 02

4 

))
.

We now choose 0 in such a way that the exponents in the first two tail bounds match, that is, so that

G log 2
120

=
02

2 
⇐⇒ 03 =

 G log 2
6

, which gives
G log 2
120

=
02

2 
=

1
2

(G log 2
6
√
 

)2/3
.

Using this value for 0 in the tail bounds yields the desired inequality. �

Finally, we prove a version of Azuma’s inequality for martingales with subgaussian increments.

Theorem A.3 (Azuma’s inequality). Let " = {"=}=∈ℕ0
be a martingale with respect to a filtra-

tion {ℱ=}=∈ℕ0 and with "0 = 0. If " is subgaussian, then for any # ∈ ℕ and any G, H > 0,

ℙ

[
sup

1≤=≤#
|"= | > G, 〈〈"〉〉# ≤ H

]
≤ 2 exp

(
− G

2

2H

)
.

Proof. For _ > 0, let

= := exp
(
_"= −

_2

2
〈〈"〉〉=

)
.

Then {=}=∈ℕ0 is a supermartingale by definition of the subgaussian bracket of " , and it satisfies
0 = 1. Hence, if ) := inf{= ∈ ℕ : "= > G or 〈〈"〉〉= > H}, the optional stopping theorem shows
that � )∧# ≤ 1 for any # ∈ ℕ.

Now, let �# := {) ≤ #} ∩ {〈〈"〉〉# ≤ H}. Note that for �# to occur, it must be that ") > G,
because this is the only way that ) ≤ # can occur at the same time as 〈〈"〉〉# ≤ H. It follows that

1 ≥ � )∧# ≥ �[)∧# | �# ]ℙ(�# ) ≥ exp
(
_G − _

2

2
H

)
ℙ(�# ),

which gives an upper bound on ℙ(�# ). Optimizing over _, we see that the best upper bound is
achieved with _ = G/H. Unraveling the definition of �# , we get that

ℙ

[
sup

1≤=≤#
"= > G, 〈〈"〉〉# ≤ H

]
≤ exp

(
− G

2

2H

)
,

which is half of the desired bound. The full result follows from applying the above to −" and
combining the results for " and −" with a union bound. �
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A.3 Proof of Corollary 1.10.1

In this section, we detail the proof of Corollary 1.10.1. The proof, reproduced from [55, §C],
simply amounts to understanding how to express the Weyl–Titchmarsh functions of the Airy and
sine systems in terms of the stochastic Airy and zeta functions.

The Weyl–Titchmarsh function of the shifted and scaled Airy system is <�V,�
(I) = �D(0, I)

where D : [0,∞) × ℂ → ℂ2 is defined so that for each I ∈ ℂ, D(·, I) is an integrable solution to
�m1D(·, I) = −I�V,�D(·, I). By construction of the canonical system,

D(0, I) = �−1
V,� (0)

(
m1ℎ(0, I)
ℎ(0, I)

)
where ℎ(·, I) is an integrable solution to V,�ℎ(·, I) = Iℎ(·, I) for each I ∈ ℂ. This means that
ℎ(·, I) also solves Vℎ(·, I) = (� + I

2
√
�
)ℎ(·, I), and therefore by definition of the stochastic Airy

function, ℎ(0, I) has the same law as 0 SAi−�−I/2
√
� (0) for some (possibly random and I-dependent)

0 ∈ ℂ \ {0}. Hence,

<�V,�
(I) law

=
SAi′

_� (I) (0)√
� SAi_� (I) (0)

where _� (I) = −� − I

2
√
�
, (A.5)

and where the prime denotes a time derivative.
We now recall the definition of the stochastic zeta function ZV introduced by Valkó and Virág

in [75]. Let 11 and 12 be two independent two-sided standard Brownian motions on ℝ, and define
the processes

H(C) := exp
(
12(C) −

C

2

)
and G(C) :=


−

∫ 0
C
H(B) d11(B) if B ≤ 0,∫ C

0 H(B) d11(B) if B ≥ 0.

Then, set

'gV (C) :=
1

2H( 4
V

log C)
-∗
gV

( 4
V

log C
)
-gV

( 4
V

log C
)

where -gV :=

(
1 −G
0 H

)
.

Following [75, Definition 43], we now define gV as the randomDirac operator mapping D : (0, 1) →
ℂ to '−1

gV
�D′ with boundary conditions u∗0�D(0) = u∗1�D(1) = 0 where again u0 := (1, 0), but now

u1 := (−@,−1) where @ is a standard Cauchy random variable independent of 11 and 12.
The stochastic zeta function ZV is the secular function of gV as defined in [75, Definitions 13

and 43]. For our purposes, it suffices to understand ZV through its characterization as the solution
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of a differential equation: if E : (0, 1] × ℂ → ℂ2 is defined so that for each I ∈ ℂ, E(·, I) is the
unique solution to

'−1
gV
�m1E(·, I) = IE(·, I) with lim

C→0
E(C, I) =

(
1
0

)
,

then ZV (I) = (1,−@)E(1, I). This can be taken as a definition of ZV, since by [75, Proposition 18],
this differential equation always has a unique solution (see also [75, Section 5.1]).

As explained in [75, Section 4.2], the operator gV is unitarily equivalent to the stochastic sine
operator. Indeed, if

( :=

(
1 0
0 −1

)
and & :=

1√
@2 + 1

(
@ 1
−1 @

)
and if d denotes a transformation acting on a function 5 on (0, 1] by sending it to d 5 (C) = 5 (1− C),
then the operator d−1(&gV ((&)−1d has the same distribution as the stochastic sine operator by
[75, Proposition 46]. Writing gV = '−1

gV
�m with m being a derivative operator, this means that the

stochastic sine operator ('−1
V

◦ h)�m has the same distribution as d−1(&'−1
gV
�m ((&)−1d. Now,

md = −dm, so this equivalence yields the equivalence of coefficient matrices

'−1
V ◦ h law

= d−1(&'−1
gV
� ((&)−1�d. (A.6)

With E as above, define D : [0, 1)×ℂ → ℂ2 by setting D(C, I) := d(&E(C,−I). Then by definition
of E, for C ∈ [0, 1) and I ∈ ℂ, D solves

�m1D(C, I) = −�(&m1E(1−C,−I) = −I�(&�'gV (1−C)E(1−C,−I) = −I�(&�'gV (1−C) ((&)−1D(C, I),

which shows that D(·, I) solves the sine canonical system with spectral parameter I. Moreover, by
definition of E, as C → 1,

D(C, I) → (&

(
1
0

)
=

1√
@2 + 1

(
@

1

)
.

By [75, Lemma 45], @ is the point to which converges the hyperbolic Brownian motion that drives
the sine system in this setup (i.e., with coefficient matrix d−1�(&�'gV ((&)−1d). This shows that
D(·, I) satisfies the sine system’s boundary condition at 1 when V > 2. When V ≤ 2, there is no
boundary condition at 1, but it is easy to see from the definition of the sine system’s norm that an
integrable solution must become parallel to (@, 1) as time goes to 1. Indeed,

‖ 5 ‖2
'V◦h =

1
2

∫ 1

0

‖-V ◦ h(C) 5 (C)‖2

ImV ◦ h(C)
dC
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and

-V ◦ h(C) 5 (C) =
(
51(C) − 52(C) ReV ◦ h(C)

52(C) ImV ◦ h(C)

)
.

Because ReV (C) a.s. does not vanish as C → ∞ but ImV (C) does, 5 (C) must become parallel to
(ReV (∞), 1) as C → 1 for ‖ 5 ‖'V◦h to be finite. As an integrable solution exists, the uniqueness
statement of [75, Proposition 18] therefore implies that D(·, I) is (a multiple of) that integrable
solution. Hence, for any V > 0, D can be taken as the solution that defines the system’s Weyl–
Titchmarsh function, that is, <'V

(I) law
= �D(0, I).

Now, E(1, I) = ((&)−1D(0,−I), and as (−1 = ( and &−1 = &T, a direct computation shows
that

ZV (I) =
(
1 −@

)
E(1, I) =

√
@2 + 1 D2(0,−I).

Therefore,
<'V

(I) law
=
D1(0, I)
D2(0, I)

=
√
@2 + 1

D1(0, I)
ZV (−I)

. (A.7)

By general canonical systems theory, the function b (I) := D1(0, I) is entire. Moreover, since @ is
independent of the Brownian motions from which gV is defined, it is independent of the solution D,
and therefore of b and ZV.

Thus, Corollary 1.10.1 simply follows from Theorem 1.10 because of the representations (A.5)
and (A.7) of the two Weyl–Titchmarsh functions.
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