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Abstract

The general goal of this thesis is to argue that canonical systems theory can be used to improve
our understanding of scaling limits of S-ensembles, in the sense that it provides an appropriate
framework under which to describe all of the possible scaling limits, and therefore is especially
suited to studying the relationships between them.

Over the last twenty years, important progress has been made in understanding scaling limits of
B-ensembles. Scaling limits in the three main regimes, the soft edge, the hard edge, and the bulk,
have been described as the spectra of three random differential operators called the stochastic Airy,
Bessel and sine operators. The former two are random Sturm—Liouville operators, while the latter
is a random Dirac operator, a type of two-dimensional first-order differential operator. As these
operators belong to different classes, much of the analysis of their properties has, so far, been done
using different methods. However, all of them—and in fact even the tridiagonal random matrix
models for S-ensembles—can also be realized as random canonical systems. This allows for a
consistent analysis of the relationships between all of these models.

A first contribution of this thesis is a proof that the canonical system representations of certain
tridiagonal random matrix models converge in law to the canonical system representations of the
stochastic Airy and Bessel operators. The classes of random matrices considered in these two cases
include what are arguably the most important examples: the tridiagonal models for the Hermite and
Laguerre S-ensembles scaled at the soft edge, and that for the Laguerre S-ensemble scaled at the
hard edge. The convergence considered is first that of the coefficient matrices of the canonical
systems under their vague topology, which is then upgraded to the compact convergence of the
associated Weyl-Titchmarsh functions and thus to the vague convergence of the spectral measures.
This provides an alternative operator level picture of the convergence of tridiagonal random matrix
models of B-ensembles to the stochastic Airy and Bessel operators to the existing theory.

Another contribution is a description of soft and hard edge to bulk transitions, at the operator
level, again using canonical systems theory. More precisely, it is shown that the canonical system
for the stochastic sine operator can be recovered as a limit of the canonical system for a suitably
scaled version of either the stochastic Airy or Bessel operator. Again, the convergence is proven in
the vague topology of the coefficient matrices, and then upgraded to the compact convergence of

the Weyl-Titchmarsh functions and therefore to the vague convergence of the spectral measures.
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Résumé

L’objectif général de cette these est de montrer que la théorie des systémes canoniques peut tre
exploitée pour améliorer notre compréhension des limites d’échelle des S-ensembles, au sens ol
elle donne un cadre théorique cohérent dans lequel les diftérentes limites d’échelle peuvent toutes
étre décrites, et est donc particulierement appropriée pour étudier les relations entre elles.

Au cours des vingt dernieres années, d’importants progres ont été réalisés dans I’étude des
limites d’échelle des S-ensembles. Les limites d’échelle dans les trois principaux régimes, c’est-
a-dire le bord mou, le bord ferme et I'intérieur du spectre, ont été décrites comme les spectres de
trois opérateurs différentiels aléatoires appelés les opérateurs d’Airy, de Bessel et sinus stochas-
tiques. Les deux premiers sont des opérateurs de Sturm—Liouville aléatoires, mais 1’autre est plutdt
un opérateur de Dirac aléatoire, qui est un type d’opérateur différentiel de premier ordre, mais bi-
dimensionnel. Comme ces opérateurs appartiennent a des classes distinctes, 1’analyse de plusieurs
de leurs propriétés repose sur des méthodes distinctes. Cependant, ces trois opérateurs peuvent tre
représentés comme des systemes canoniques aléatoires, de méme que les modeles de matrices aléa-
toires tridiagonales qui décrivent les S-ensembles. Ces représentations permettent ainsi une analyse
plus cohérente des relations entre ces différents modeles.

Une premiere contribution de cette thése est une preuve que les systemes canoniques associés
a certains modeles de matrices aléatoires tridiagonales convergent en loi vers les systemes cano-
niques associés aux opérateurs d’Airy et de Bessel stochastiques. Les modeles de matrices aléatoires
considérés dans les deux cas incluent certains des exemples les plus importants : les modeles de
matrices tridiagonales pour les S-ensembles d’Hermite et de Laguerre au bord mou, ainsi que celui
pour le S-ensemble de Laguerre au bord ferme. La convergence étudiée est d’abord celle des ma-
trices coefficient des systemes canoniques dans leur topologie vague. Elle est ensuite renforcée en
la convergence localement uniforme des fonctions de Weyl-Titchmarsh des systemes canoniques,
et donc en la convergence vague des mesures spectrales associées. Par rapport aux descriptions déja
présentes dans la littérature, ceci donne une fagon alternative, au niveau des opérateurs, de com-
prendre la convergence de modeles de matrices aléatoires tridiagonales vers les opérateurs d’Airy
et de Bessel stochastiques.

Une autre contribution importante est une nouvelle description des transitions du bord mou et

du bord ferme vers I’intérieur du spectre des S-ensembles, au niveau des systeémes canoniques. Plus
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précisément, il est démontré que le systeéme canonique associé a I’opérateur sinus stochastique peut
étre obtenu comme une limite du systeme canonique associé a une version a 1’échelle de I’opérateur
d’Airy ou de Bessel stochastique. A nouveau, la convergence est d’abord prouvée sous la topologie
vague des matrices coefficient des systemes canoniques, puis renforcée en la convergence locale-
ment uniforme des fonctions de Weyl-Titchmarsh, et donc en la convergence vague des mesures

spectrales.



xi

Mais c’est quelquefois au moment ou tout
nous semble perdu que I’avertissement
arrive qui peut nous sauver : on a frappé a
toutes les portes qui ne donnent sur rien, et
la seule par ou on peut entrer et qu’on
aurait cherchée en vain pendant cent ans,

on y heurte sans le savoir et elle s’ouvre.

Marcel Proust, Le Temps retrouvé
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With a few exceptions, the material in this thesis is either review from previous work or based on
two preprints [54, 55]. I am the sole author of [54], but [55] was written in collaboration with my
advisor Elliot Paquette. I wrote the proofs of all of the results taken from [55] that appear in the
thesis, but Elliot provided significant input on proof strategies.

The thesis is split in three main chapters.

Chapter 2 is essentially review of existing theory, with the exceptions of §2.2.3 and §2.3 which
are (to my knowledge) original, although rather elementary.

Chapter 3 is partly review, and partly original. The material from §3.1.2 is taken from [55].
Then, Propositions 3.15 and 3.17 and Lemma 3.16 as well as the content of §3.2.2 are taken
from [54]. The results proven in §3.1.3 and §3.2.3 are original in their present formulation, but
have important similarities with celebrated results from other authors [7, 58, 59, 60].

Chapter 4 is based on [54, 55], and slightly extends some of the results.
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Chapter 1

Introduction

1.1 p-ensembles

This thesis is concerned with random canonical systems that arise in random matrix theory as
scaling limits of tridiagonal matrix models of S-ensembles. A B-ensemble on a domain D C R is

a point process with an explicit density of the form

A=A ) !
= R —
1» n Zn,V,ﬁ

eXp(—ﬁ;V(ﬂj)) [T 1) - (L.1)

J 1<j<k<n

where n € N, B > 0 is a parameter usual called the inverse temperature, and V: D — R is a
constraining potential. These point processes originate from the work of Dyson in the 1960’s [25,
26, 27, 28], and have attracted a lot of attention in random matrix theory [3, 51] and statistical

physics [35, 66] ever since.

1.1.1 The Hermite S-ensemble

Perhaps the most important example of a 8-ensemble is the Hermite or Gaussian -ensemble, which
is obtained in (1.1) with a quadratic potential V(1) := 4°/4. One of the reasons this particular ex-
ample is interesting is that it generalizes the eigenvalue distribution of the Gaussian orthogonal,
unitary and symplectic ensembles from random matrix theory, which we now introduce briefly. A
random matrix is said to follow a Gaussian orthogonal (8 = 1), unitary (8 = 2) or symplectic
(B = 4) ensemble distribution if it is self-dual with N (0,2/p) diagonal entries and standard real,
complex or quaternionic normal off-diagonal entries, with all entries independent up to the sym-
metry constraint. Here, by standard complex and quaternionic normal distributions, we mean the

distributions of
1

\5(51 +ié2) and %(é’l +ié + jé3 + kéy)



2 CHAPTER 1. INTRODUCTION

respectively, where all £;’s are independent standard normals. It can be shown that these three
random matrix models have eigenvalue point processes with density (1.1) for V(1) = 4*/4 and
B =1, 2 and 4 for the orthogonal, unitary and symplectic case respectively [3, §4.1].

While these three classical random matrix models were introduced by Dyson in the 1960’s [28],
it was unknown for a long time whether it was possible to build a random matrix model that would
have the Hermite -ensemble as its eigenvalue point process for a general 5 > 0. This question was
answered positively by Dumitriu and Edelman in 2002 [24]. Expanding on the work of Trotter [71],
they extrapolated the result of tridiagonalizing the Gaussian orthogonal and unitary ensembles, and

showed that for any 8 > 0, the tridiagonal random matrix

\/zé:n,l Xn,l
1| X, wi~ N(0,1
LI e where o™ © (1.2)
VB e e Xt Xnj ~ X(n—j)B>

Xn,n—l \/Eérnn

with all &, ;’s and X, ;’s independent, has eigenvalue point process with density (1.1) for V(1) =
4’/4 [24, Theorem 2.12]. An important property of the Hermite S-ensemble is that as the number
of points increases, their density on the real line takes the shape of a semicircle. Indeed, if A is the

Hermite 8-ensemble with n points and dug.(x) = ﬁ\/4 — x2 T2 (x) dx is a semicircle measure,

>
o >

i o i

Figure 1.1: Empirical spectral distribution of a Hermite -ensemble matrix Hg ,, as givenin (1.2) with 8 = 8
and n = 2048. The solid line is a semicircle density between —2+/n and 2+/n"
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then

1 n a.s.
2 Ol S50 He (1.3

J

vaguely (see [42] or [23, Theorem 6.4.1]). Intuitively, this means that when 7 is large, the density of
points in the Hermite S-ensemble roughly forms a semicircle between —2+/n and 2+/n, as illustrated
on Figure 1.1. The figure pictures the empirical spectral distribution of a tridiagonal Hermite (-
ensemble matrix, which is the measure Z;?zl 0,4, placing a Dirac mass at each eigenvalue 4; of the
matrix. In a sense, this result extends the classical Wigner semicircle law for Wigner matrices [3,
Theorem 2.1.1], a class to which Gaussian orthogonal, unitary and symplectic ensemble matrices

all belong.

1.1.2 The Laguerre S-ensemble

Another important example of a S-ensemble is the Laguerre 3-ensemble, which is obtained in (1.1)
with the potential V(1) = % - % - é) log A where m > n — 1 is an extra parameter. This 3-
ensemble generalizes the eigenvalue distribution of real (8 = 1), complex (5 = 2) and quaternionic
(B = 4) Wishart matrices, which are classical random matrix models of the form X X* where X is
an n X m matrix with independent standard real, complex or quaternionic normal entries [3, §4.1].

Like for the Hermite case, there is a tridiagonal random matrix model that interpolates between

the classical values of . Indeed, Dumitriu and Edelman have shown that for any 8 > 0, if

1 Yij ~ X(m-j+1
Lgn = — where mj ~ Alm=j+ B (1.4)

\/F e Xan Xnj ~ X(n-j)B

with all X, ;’s and Y, ;’s independent, then Lﬁ,nL;,n has eigenvalue point process with density (1.1)
for V(AQ) := % - m'T”“ — /1—5,) log A [24, Theorem 3.4].

The macroscopic behavior of the Laguerre S-ensemble has a similar (but distinct) description as
that of the Hermite S-ensemble, which is illustrated on Figure 1.2. If 4 is the Laguerre S-ensemble

with n points and if #/m — vy € (0, 1], then in the vague topology of measures,

a.s.

1 & 1 |
= >0y —— pwp where  dump(x) = s—V (2 —x0)(x -y ) dx  (L5)
nig n—c0 2ryx

with y, = (1 £y )2 [23, Theorem 6.5.1]. The measure uyp is called a Marcenko—Pastur distri-
bution [50].
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1.1.3 Rank-1 perturbations of matrix models of 5-ensembles

It can also be natural to consider perturbations of the random matrix models for S-ensembles.

An example of this is the so-called spiked version of the Laguerre S-ensemble, which originates
from the work on Johnstone [43] and has important applications in high-dimensional statistics. In
the classical cases where 8 € {1, 2,4}, this is the eigenvalue point process of random matrices of
the form XX X* where again X is n X m with independent standard real (8 = 1), complex (8 = 2) or
quaternionic (8 = 4) normal entries, but X := diag(¢,, 1,...,1) for an £, > 0. The description of
this point process has garnered a lot of interest in the random matrix theory community [5, 31, 34].
In particular, Baik, Ben Arous and Péché famously showed in [5] that a phase transition occurs in
the complex model: if 7/m — y € (0, 1], then the largest eigenvalue has the same behavior as in
the unspiked case when ¢, — £ < 1 + 4/y, but it separates from the bulk when £, — £ > 1 + 4/y..

It is also possible to extend the Dumitriu—Edelman method to build tridiagonal matrix models

for these spiked ensembles [7]. The resulting tridiagonal matrix has the form Lg ,, ¢, Lg where

n,tn
‘/f—nYn,l Xn,l
1 Yoi~ X(m-j+1
Lgne, = — and again mi X mojrl)f (1.6)
VB e Xon Xn.j ~ X(n-))B
Yn,n
with all X, ;’s and Y, ;’s independent.
A
i 4n.

i

Figure 1.2: Empirical spectral distribution of a Laguerre S-ensemble matrix Lﬁ,nL;’n with Lg , asin (1.2)

with 8 = 8 and n = m = 2048. The solid line is a Marc¢enko—Pastur distribution rescaled between 0 and 4n.
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Another example of a perturbed matrix model of a S-ensemble comes from perturbed Gaussian
orthogonal, unitary or symplectic matrices where the expectation of every entry has been shifted
by the same constant. These are sometimes called deformed ensembles, and have been studied
before by several authors—see e.g. [33, 56]. As a specific example, one might shift every entry of
a Gaussian orthogonal ensemble matrix by ¢/» for some @ € R which, by orthogonal invariance,
has the same effect on the spectrum as shifting only the first entry of the matrix by @. Using the
method of Dumitriu and Edelman, this matrix can still be tridiagonalized [7], and the resulting

matrix simply has the form Hg,, + ao:lelT where Hg ,, is as in (1.2) and ¢; = (1,0, ...,0).

1.2 Local statistics of S-ensembles

Convergence results like those from (1.3) and (1.5) describe the global statistics of S-ensembles in
the asymptotic regime where the number of points diverges. To get a more complete description of
the point process, one can then try to understand its local statistics in the same asymptotic regime.
This is usually done by taking scaling limits of the point process, the idea being to “zoom in”
somewhere in the spectrum to see how points are spaced in that region, asymptotically.

It is far from obvious to understand what happens to the point process under a scaling limit, but
Edelman and Sutton introduced in [30] a groundbreaking idea to do so: to describe these scaling
limits as the spectra of stochastic differential operators. It turns out that for large classes of (-

ensembles, only a few (families of) point processes suffice to describe all possible scaling limits.

1.2.1 The soft edge

A first scaling limit is the soft edge limit, which corresponds to the behavior of points in S-ensembles
near the edges of the spectrum when the density vanishes like a square root—this is the behavior
at both ends of the semicircle in the Hermite S-ensemble (see Figure 1.1), and at the top end of
the spectrum in the Laguerre S-ensemble (see Figure 1.2). The soft edge limit is described by
the spectum of the stochastic Airy operator Hg, whose action on a function f: [0,00) — Ris

heuristically given by

4 2 /
Haf () = ="+ (14 2B 0) /0 (1.7)

where B is a standard Brownian motion. Of course, the white noise B’ is not actually defined as a
function, so it is not obvious that one can even define such an operator Hpg, and if so how it can be
done rigorously—we will come back to this in detail in §3.1. The idea of this operator comes from
Edelman and Sutton [30], but it was first defined in a rigorous way by Ramirez, Rider and Virdg

in [60]. As we will see later, this operator can be shown to be almost surely self-adjoint with real
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eigenvalues on the appropriate domain under a boundary condition at 0. Its precise relationship

with the Hermite and Laguerre S-ensembles is given by the following.

Theorem 1.1 [60, Theorems 1.1 and 1.4]. Let Ay < Ay < ... denote the eigenvalues of Hg for

the boundary condition f(0) = 0, and let /lgl R /lg’n and /lIB" [ 2 ’llﬁ,n denote the

points of the Hermite and Laguerre [3-ensembles, assuming that m > n — 1 in the latter. Write
m = (N +m)? and oy = ,unz,/,inl/6 /s Then for any fixed k € N, both

{nl/ﬁ(ZW— )}] | {A} and {O'n,m(ﬂn,m )}j 1 {A}

The negatives of the eigenvalues A; of the stochastic Airy operator are the points of the Airy,
point process. This point process has more generally been shown to arise as a universal scaling
limit in the soft edge regime of S-ensembles for large classes of potentials [6, 10, 48].

The results of Theorem 1.1 were extended by Bloemendal and Virdg in [7] to perturbed models
of B-ensembles, such as the spiked Laguerre S-ensemble and the deformed Hermite 5-ensemble
mentioned before. They showed that, for suitably scaled perturbations, these point processes con-

verge to the eigenvalues of the stochastic Airy operator for a different boundary condition at O.

1.2.2 The hard edge

Another important scaling limit is the hard edge limit, which corresponds to the behavior of points
in B-ensembles near the edges of the spectrum where the density diverges like x +— 1/yx. This
regime never appears in the Hermite 8-ensemble, but it corresponds to points near the left edge of
the Laguerre S-ensemble when m =~ n + a for some constant a > —1, as one can see on Figure 1.2.

The hard edge limit is described by another stochastic differential operator.

Definition 1.1. Let 8 > O and @ > —1, and let B = { B(¢) };>0 be a standard Brownian motion. The
stochastic Bessel operator is the second-order differential operator ®g , that maps f: [0,00) — R

to
1

Gpaf = T (Ppaf’) (1.8)

where

2 2
Ppalt) = exp(—at - ﬁB(z)) and  wpa(f) = exp(—(a + 1)t - ﬁB(t)). (1.9)
The idea of this operator, again, comes from Edelman and Sutton [30], but the above definition
is that of Ramirez and Rider [58], who were the first to relate it in a rigorous way to the Laguerre
S-ensemble.
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Theorem 1.2 [58, Theorem 1]. With probability one, with boundary conditions f(0) = 0 and
lim; 00 ppa(t) f'(t) = 0, ®p, has discrete spectrum comprised of simple eigenvalues 0 < Ay <
Ay < ... 7T co. Moreover, if /l]l;,l <...< /llﬁ"n denote the points of the Laguerre 3-ensemble with
m = n + a, then for any k € N,

law

k
{n/l],,g,j}j:l —2 {Aj}le.

These eigenvalues A; are the points of the Besselg , point process, and again, this scaling limit
has been shown to be the universal description of the hard edge regime for a wide class of po-
tentials [63]. Ramirez and Rider also extended their results from Theorem 1.2 to show that for a
suitably scaled perturbation, the spiked Laguerre S-ensemble converges to the eigenvalues of the

stochastic Bessel operator for a different boundary condition at 0 [59].

1.2.3 The bulk

Finally, another important scaling limit is the bulk limit, which corresponds to the behavior of
points in the middle of S-ensembles when the density is bounded from below. In particular, this is
the case anywhere away from the edges in the Hermite and Laguerre S-ensembles, as can be seen in
Figures 1.1 and 1.2. The point process associated with this scaling limit, the sineg point process, is
a symmetric, translation invariant point process that was first constructed independently by Valké
and Virdg in [72] and by Killip and Stoiciu in [47], and was later realized as the spectrum of a
stochastic differential operator in [76]. This operator is defined in terms of a hyperbolic Brownian
motion, which is a complex-valued stochastic process B defined as a strong solution to the stochastic
differential equation

dB(t) = oo Im B(r) dW(r) (1.10)

2 > 0 is refered to as the variance of B, and where W is a standard complex Brownian

where o
motion, that is, a complex-valued process whose real and imaginary parts are independent standard

(real) Brownian motions. Having defined this process, we can introduce the following.

Definition 1.2. With g > 0, let Bg be a hyperbolic Brownian motion with variance 4/ started at i
in the upper half-plane, and let

1

. 1 —ReBy
P 2det X,

0 Im Bﬁ

(XIB)TXﬁ with Xp =

The stochastic sine operator is the operator acting on u: (0,1) — C? as u — (REl ov)Ju’ where
u(r) = —log(l—r)and J := (¥ ).

The stochastic sine operator was introduced by Valké and Virdg in [76], where they proved that
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it is almost surely self-adjoint on a domain with appropriate boundary conditions, with a discrete
spectrum distributed as the sineg point process. Connecting with their earlier work [72], this yields

the following link with the Hermite S-ensemble.

Theorem 1.3 [72, Theorem 1]. For 8 > 0, let A, denote the Hermite [3-ensemble with n points,
and let {11, }nen C R be a sequence satisfying n'/*(2/n — |,|) — oo as n — co. Then

1 .
4n — 112 (A = n) =, sineg
n—0oo

with respect to the vague topology for the counting measure of the point processes.

As in the other cases, it has also been shown that this limit object is the universal description of
the bulk regime of S-ensembles [6, 11, 12, 67].

1.3 Canonical systems for scaling limits of S-ensembles

1.3.1 Motivation

The stochastic Airy, Bessel and sine operators that we introduced in the last section allow us to
describe the local behavior of S-ensembles in the soft edge, hard edge and bulk asymptotic regimes.
However, these three operators are not all of the same type: the stochastic Airy and Bessel operators
are both random (generalized) Sturm-Liouville operators, whereas the stochastic sine operator is a
random two-dimensional first-order differential operator.

This discrepancy complicates the study of the relationships that might exist between these op-
erators. An example of this is that one could expect that it is possible, in some sense, to retrieve
the stochastic sine operator as a scaling limit of the stochastic Airy or Bessel operator. The reason
for this is that the Airy, and Besselg,, point processes both represent an infinite number of points
on a half-line, with the density of points increasing or decreasing when going away from the edge.
The sineg point process, on the other hand, is translation invariant, and has points on the whole real
line, equally spaced on average. Since all of these occur as scaling limits of the same 5-ensembles,
one might expect that, starting from the Airy, or Besselg , point process, one can shift the process
in order to zoom in the direction where there are infinitely many points, rescale the shifted process
to make the density of points constant, and retrieve the sineg process. Heuristically, looking at the
pictures of Figures 1.1 and 1.2, the idea is to start from the edge process and zoom back in the bulk.

In fact, this was proven by Valké and Virdg when they introduced the sineg point process.

Theorem 1.4 [72, Corollary 3]. 2VE' (Airyg + E) — sineg vaguely in law as E — .
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Because these point processes are the spectra of the stochastic Airy and sine operators, one
might expect to be able to upgrade this convergence statement to the associated operators. However,
because they are of different types, it is not obvious to see how to even formulate a convergence
statement that would make sense.

Another reason to seek a unifying framework is that because the types of operators are different,
the ways to relate them to -ensembles (and to prove for example Theorems 1.1, 1.2 and 1.3) are
different, and would not necessarily be obvious to generalize in order to derive other scaling limits
of B-ensembles.

Fortunately, there exists a type of object that can be used to represent all of these three operators:

the canonical system.

Definition 1.3. A canonical system on a possibly infinite interval (a,b) C R is a differential

equation of the form

, . 0 -1
Ju' = —zHu with J = ,
1 0

where z € C, u: (a,b) — C?> and H: (a,b) — C>2. The matrix H is called the coefficient

matrix of the system.

As we will see in detail in Chapter 2, a canonical system should be thought of as an eigenvalue
equation. This is particularly obvious if the coefficient matrix H is invertible on the whole domain,
in which case the canonical system can be written as the eigenvalue equation —H~!'Ju’ = zu for the
differential operator u — —H ~1Ju’, which we will call a Dirac operator, following [76]. Canonical
systems offer a very general framework for second-order differential operators. In addition to the
Dirac operators mentioned above, they can also represent for example Sturm-Liouville operators

and Jacobi difference operators.

The fact that the stochastic Airy, Bessel and sine operators can all be represented as canonical
systems was already noticed by Valké and Virag in [76]. In this work, they developed a theory of a
certain class of Dirac operators, and they applied it to describe the stochastic sine operator as well

as another Dirac operator equivalent to the stochastic Bessel operator.

One of the main points of this thesis is to argue that the canonical system representation, in its
full generality, appears to be the right framework to study scaling limits of S-ensembles. Indeed,
this framework is general enough to encompass all of the three operators introduced in §1.2, and be-
cause canonical systems can reproduce Jacobi difference operators, there are even canonical system
representations of the tridiagonal random matrix models for S-ensembles! Hence, it can be used
not only to describe the relationships between the different operators that occur as scaling limits,

but also those between the operators and the random matrix models.
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1.3.2 Canonical system convergence of tridiagonal random matrix models

The observation made at the end of the last subsection leads to an interesting point: using canonical
systems, one can formalize the idea that the operators introduced in §1.2 are scaling limits of the
tridiagonal matrix models in a consistent way, for all scaling limits. A contribution of this thesis
is to prove, at the canonical system level, the convergence of suitably scaled tridiagonal random
matrix models for S-ensembles to the stochastic Airy and Bessel operators. The precise results are
given in §3.1.3 for the Airy case and in §3.2.3 for the Bessel case, and we give a glimpse of the
main consequences here.

As we will see in detail in §2.4, using a suitable change of variables, it is possible to represent
as a canonical system the eigenvalue equation for a (generalized) Sturm-Liouville operator. For
instance, taking two solutions fz and gg of Hgf = 0 with initial conditions gg(0) = fg(O) =0and
f(0) = g}i(O) = 1, it can be shown that if

r_ 2 ’ 2
Ag = &s \/FBgﬁ flg \/FBfﬁ)’
gp fg

then a function f: [0,c0) — R solves the eigenvalue equation Hgf = zf if and only if u =

2
A'[gl ( ! \J/F Br ) solves the canonical system

Ju' = —zHgu on (0, ) where Hp = (fgé f'gfﬂ) , (1.11)
pgs 13
An eigenvalue problem for Hg transfers to an eigenvalue problem for this canonical system. As we
will see in detail in §2.5, there is a similar way to represent the eigenvalue equation for a tridiagonal
matrix as a canonical system.

There are various ways to describe how a sequence of canonical systems can converge. The
simplest one is probably to use their coefficient matrices, by topologizing them through a vague
topology. Essentially, this is done by thinking of coefficient matrices as 2 X 2 matrix-valued mea-
sures, and testing them against compactly supported continuous functions—we will come back to
this in detail in §2.2. So, a first way to write the results from Theorem 1.1 at the canonical system

level is the following.

Theorem 1.5. Let Hg , be the coefficient matrix built from the tridiagonal matrix n'*(2/n - Hg.n)
or oum (Hn.m —ng’nLgn) where [, m = (NI +~\m)? and o, = ,u;,z,éfnl/ﬁm%, withHg, as in (1.2)
and Lg, asin (1.4). Then Hg, — Hpg vaguely in law as n — oo, where Hpg is as in (1.11).

We will prove a more general version of this in Theorem 3.8, in §3.1.3, with weaker conditions
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on the tridiagonal random matrix model and allowing for perturbations, so that this will include
spiked versions of the Laguerre -ensemble as well as deformed Hermite S-ensembles.

In the same way, we will see in §3.2.1 that the eigenvalue equation for the stochastic Bessel
operator is equivalent to a canonical system on (0, co) with a coeflicient matrix Gg,. We will then

prove the following.

Theorem 1.6. Let Gg ., denote the coefficient matrix of the canonical system built from the
tridiagonal matrix nLﬁ,nL;n where Lg ,, is as in (1.4) for m = n + a with a > -1 fixed. Then

Gpan — Gpq vaguely inlaw as n — oo,

We will prove a more general version of this in Theorem 3.23, in §3.2.3, again with weaker
conditions on the tridiagonal matrix model and allowing for a spiked version of the model.

Now, the vague convergence of coeflicient matrices doesn’t say anything, a priori, about the
spectral information of the system. This motivates to improve the results of Theorems 1.5 and 1.6
to obtain a stronger result. To do so, we use the canonical systems’ Weyl-Titchmarsh functions.

As we will see in §2.1, given suitable boundary conditions depending on the system’s behavior
near the endpoints of its domain (a, b), a canonical system Ju’ = —zHu can be associated with a
holomorphic function mg: H — He from the upper half-plane H := {z € C : Imz > 0} to its
closure H,, into the Riemann sphere. This function my is called the Weyl-Titchmarsh function of
the system, and is especially useful from a spectral theoretic point of view because it actually extends
to a meromorphic function on C, with poles on the real line placed at the system’s eigenvalues. It
also has an integral representation with respect to a measure puy on R, called the system’s spectral
measure.

Building on Theorem 1.5, we will also show the following in §3.1.3.

Theorem 1.7. Let Hg, be as in Theorem 1.5, and let my,, and pp,, be the system’s Weyl—
Titchmarsh function and spectral measure. Likewise, let my, and up, be the stochastic Airy
system’s Weyl-Titchmarsh function and spectral measure. Then mpy,, — mp, compactly on H

in law and pp,, — pp, vaguely in law as n — oo. This holds jointly, and jointly with the

convergence of coefficient matrices in Theorem 1.5.

In §3.2.3 we will also extend the convergence to the stochastic Bessel operator from Theorem 1.6

to the following.

Theorem 1.8. Let G 4. De as in Theorem 1.6, and let mg,, ,,, and ugy ., be the system’s Weyl—
Titchmarsh function and spectral measure. Likewise, let mg, , and uG, , be the stochastic Bessel
system’s Weyl-Titchmarsh function and spectral measure. Then mg, ,, — mcg,, compactly on

H in law and uc,,, — HGs, vaguely in law as n — co. This holds jointly, and jointly with the

convergence of coefficient matrices in Theorem 1.6.
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As in the cases of Theorems 1.5 and 1.6, we will in fact prove this for more general tridiagonal
models, and possibly allowing for perturbations in the first entry of the matrix. All of the precise

results are given in §3.1.3 for the Airy case and in §3.2.3 for the Bessel case.

1.3.3 Edge to bulk transitions via canonical systems

As mentioned earlier, one of the main motivations to study canonical system representations of the
stochastic Airy, Bessel and sine operators is that it allows one to describe relationships between
them, which is otherwise not obvious to do since the stochastic sine operator is of a different type
than the other two.

An example of such a relationship is the operator level version of the soft edge to bulk transition
from Theorem 1.4. Indeed, since 2VE (Airygz + E) — sineg vaguely in law as E — oo, we can
expect that a similar result should hold at the operator level: the operator Hg g = 2VE (Hg - E)
should be expected to converge, in some sense, to the stochastic sine operator. Of course, this
question doesn’t make sense when talking about the operators themselves, but once they are rep-
resented as canonical systems, the convergence can be given a precise meaning. In the same way,
one should also expect an operator level hard edge to bulk transition to be possible, although with
a different scaling. In that case, an analysis of the deterministic limit case 8 = oo suggests that
CpurE = \%((ﬁﬁ,a — E) should converge to the stochastic sine operator as E — oo.

These two edge to bulk transitions, at the canonical system level, are the main subject of Chap-
ter 4. These two problems were addressed separately in the two preprints [54, 55], and the results
are reproduced here.

In the same way as we described earlier for Hg, the two operators Hg g and ®g, g can be
associated with canonical systems on (0, co) with coefficient matrices Hg g and Gg, g that are
built in terms of solutions to the eigenvalue equations Hgrf = 0 and ®©p,gf = 0. The first

canonical system convergence that we prove is the vague convergence of the coefficient matrices.

Theorem 1.9 [54, 55, Theorems 1]. Let Ip := [0,1) if 8 <2 and 1 = [0, 1] if § > 2. For any
diverging sequence {E,}nen C (0, 00), there are €' bijections nag,: [0,1 + eag,) — [0, 00)

where e g, — 0 such that
7 ’ law ~
H,B»En =TMNAE, (I_Iﬁ’,E,1 o 77A,En) ’H—Oo> ng = Rﬁ ouvu

vaguely on 1g, where Rg and v are as in Definition 1.2. Likewise, there are &' bijections

nme.E,: [0,1+epE,) = [0,00) where g g, — O such that

~ law ~
GpaE, =g, (GpakE, ©NB.E,) — ks

vaguely on Tg.
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To retrieve information about the canonical systems’ spectra, this result is then extended to the

convergence of the Weyl-Titchmarsh functions.

Theorem 1.10 [54, 55, Theorems 2]. Let {E, },en C (0, 00) be a diverging sequence, and let
Mgy MG 0p MRy H — H., be the Weyl-Titchmarsh functions of the shifted and scaled Airy

and Bessel systems and of the sine system. Then

law d law
m —— mp an mg — mp
HgEn oo | Rp Gpa.En pooo  Kp

compactly on H, jointly with the respective coefficient and transfer matrices. In particular, the

spectral measures of the corresponding systems converge vaguely in law, also jointly with the other

objects.

1.3.4 Remarks on spectral measures and eigenvalue point processes

Consider a canonical system Ju’ = —zHu with appropriate boundary conditions, and suppose that
it has purely discrete spectrum. The spectral measure py of such a system is discrete, and has the
form
ur =D, nu({d})oa
Aespec Sy

where spec Sy denotes the spectrum for this boundary value problem, which is in this case the set
of eigenvalues. The number pp ({1}) is called the spectral weight for the eigenvalue A € spec Sy.
This spectral measure is distinct from the eigenvalue point process vy of the same spectral problem,
which is simply

vy = Z 5/1.

Aespec Sy

Although these two measures are obviously related, they are distinct objects. In particular,
given a sequence of boundary value problems for canonical systems with purely discrete spectra,
the convergence of their spectral measures is distinct from the convergence of their eigenvalue point
processes: neither implies the other one. Indeed, the atoms of a sequence of spectral measures can
merge or disappear in the vague limit, but these two phenomena are impossible for the associated
point processes, since they require the spectral weights to combine or vanish in the limit, whereas
the “weights” of the point process are always 1. Conversely, the convergence of the eigenvalue
point processes does not imply the convergence of the spectral measures either, because the point
processes carry no information at all about the spectral weights.

This distinction means, in particular, that the vague convergences of spectral measures that

we prove in Theorems 1.7, 1.8 and 1.10 from canonical systems theory are not equivalent to the
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corresponding results at the eigenvalue level, which are already known from [58, 60, 72] as pointed
out earlier.

While the tools from canonical systems theory are very well adapted to study the convergence
of spectral problems up to the convergence of the spectral measures, it is less natural to deduce
the convergence of the associated eigenvalue point processes. We will say a few words about this
problem in a general setting in §2.2.2.2, but we won’t tackle it in the context of problems from
B-ensembles theory in this thesis.

Nevertheless, the convergence of the eigenvalues themselves is, in a sense, a more natural goal
from the point of view of random matrix theory, and for that reason it would be valuable to be able
to strengthen the results from Theorems 1.7, 1.8 and 1.10 in that sense, in order to complete the
canonical system theoretic picture of these scaling limits. This could possibly be done through an
analysis of the spectral weights. As we will see later, the spectral weights can be described from
norms of eigenfunctions, or from residues of the Weyl-Titchmarsh functions. Maybe these tools
could allow us to get a sufficient understanding of their asymptotic behavior to be able to deduce

the convergence of eigenvalues.

1.4 Organization of the thesis

The rest of the thesis is organized in three chapters as follows. Each chapter also starts with a more
detailed overview of its contents.

In Chapter 2, we review important concepts of the theory of canonical systems that will be
needed in the sequel. We review the classical theory in §2.1, and then we present topologies on
canonical systems and associated objects in §2.2. Some extensions and adaptations to random
canonical systems are given in §2.3. Finally, we present in §2.4 and §2.5 the methods used to
represent generalized Sturm-Liouville operators and tridiagonal matrices or Jacobi operators as
canonical systems.

Then, Chapter 3 is split in three sections in which are successively presented in more detail the
stochastic Airy (§3.1), Bessel (§3.2) and sine (§3.3) operators. For the stochastic Airy and Bessel
operators, we review important properties, derive asymptotics of solutions to the eigenvalue equa-
tion on the negative real line, and prove convergence from tridiagonal random matrix models at the
canonical system level. In particular, Theorems 1.5 and 1.7 are proven in §3.1.3, and Theorems 1.6
and 1.8 are proven in §3.2.3. For the stochastic sine operator, we only review some important
properties.

Finally, Chapter 4 is about the operator level soft and hard edge to bulk transitions described
earlier. The goals of this chapter are essentially to prove Theorems 1.9 and 1.10.
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1.5 Notation

Below is a list of symbols used repeatedly throughout the thesis.

ACo¢ (a, b)

€(X.Y)
C(X,Y)

Unif S
I'(a,0)

Set of locally absolutely continuous functions on (a, b), i.e., functions f: (a,b) — C
such that (1) = f(t9) + f[; g(t)dtforaty e (a,b)andag € Llloc(a, b).

Set of continuous functions X — Y.

Set of compactly supported continuous functions X — Y.

Riemann sphere.

Vector (cos ¢, sin ¢) € R? for ¢ € [0, 27).

Basis vector in R” or C", with a 1 in jth position and zeros elsewhere.

Upper half-plane {z € C : Imz > 0}.

Closure of H in the Riemann sphere.

n X n identity matrix.

Lebesgue measure.

Normal distribution with mean y and variance o2.

Big-o notation. We say that f () = O(g(¢)) as t — oo if there is a C > 0 such that
for all 7 large enough, f(¢) < Cg(t). Sometimes we add subscripts to O to indicate
parameters on which C might depend.

Probabilistic version of the big-o notation. We say that f (1) = Op(g(?)) ast — oo if
for all € > 0, there is a C, > 0 such that f(7) < C.g(¢) with probability at least 1 —¢.
Little-o notation. We say that (1) = o(g(r)) ast — oo if fO/g(1) — 0 ast — oo.
Sometimes we add subscripts to o to refer to a set of parameters over which the
convergence f(1)/g(r) — 0 is uniform.

Probabilistic version of the little-o notation. We say that f(r) = op(g(¢)) ast — o
if /(0/g(r) — 0 in probability as t — oco.

Mapping C? — Cq defined by P () = 2/w.

Unit circle {z € C : |z]| = 1}.

Uniform distribution on a set S.

I distribution with shape « and scale 8, hence with mean a6 and variance ab?.

We use f < g or f(t) < g(¢) as an alternative notation for f(r) = O(g(1)).
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Chapter 2

Canonical systems theory

In this chapter, we introduce the concepts from the theory of canonical systems that will be used
in the sequel. In §2.1, we recall what canonical systems are, and we introduce the main objects
that are used to describe their spectral theory. In §2.2, we introduce topologies that are used to
characterize the convergence of a sequence of canonical systems. Some of these ideas are then
adapted to random canonical systems in §2.3. Finally, §2.4 and §2.5 present methods to represent
generalized Sturm—Liouville operators and tridiagonal matrices or Jacobi operators as canonical
systems.

The classical concepts of canonical systems theory are due to de Branges [14, 15, 16, 17, 18].
The presentation given here is essentially taken or extended from Remling’s book [61], with the

exceptions of §2.2.3 and §2.3. More specific references are given throughout the chapter.

2.1 Classical theory

2.1.1 Canonical systems and their solutions
Recall the definition of a canonical system from the introduction.
Definition 1.3. A canonical system on a possibly infinite interval (a,b) C R is a differential

equation of the form

, . 0 -1
Ju' = —zHu with J = ,
1 0

where z € C, u: (a,b) — C> and H: (a,b) — C>?. The matrix H is called the coefficient

matrix of the system.

Here, we make a few hypotheses on the coefficient matrix that will be assumed to hold unless

specified otherwise.

17
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Hypothesis 2.1. The coefficient matrix H of a canonical system on an interval (a, b) has the
following properties:

i) H: (a,b) —» R¥>?;

ii) H € Llloc(a, b) entrywise;

iii) H(t) = 0 for almost every t € (a, b).
iv) H(t) # 0 for almost every ¢ € (a, b).

The coefficient matrix does not have to be invertible. The most dramatic way in which this
can happen is that H could be a projector onto a particular direction, which leads to the following

classification of times in the domain.

Definition 2.1. A point ¢ € (a, b) of the domain of a canonical system Ju’ = —zHu is called
singular if there is an & > 0 and a v € R?\ {0} such that H(s)v = O for almost all s € (t—&, 1 +¢).
The connected components of the set of singular points are called singular intervals, and points

that are not singular are called regular.

Based on the above, we will sometimes add another hypothesis to the list from Hypothesis 2.1.

| Hypothesis 2.2. The domain of a canonical system is not a single singular interval.

We now turn to the description of a canonical system’s solutions. Since the coefficient matrix

does not have to be very regular, solutions are understood in the following weak sense.

Definition 2.2. A function u: (a, b) — C? is said to solve a canonical system Ju’ = —zHu on an
interval (a, b) if u € ACjoc(a, b) and if Ju’ = —zHu holds a.e. on (a, b).

With this definition of solutions, it can be shown that for any initial condition v € C? at some
¢ € (a,b), a canonical system has a unique solution u such that u(c) = v [61, Theorem 1.1].
Moreover, since the equation Ju’ = —zHu only has to hold almost everywhere on the interval for
u to be a solution, two coefficient matrices that are equal almost everywhere yield two canonical
systems with the exact same solutions. Therefore, we never distinguish between two such canonical
systems.

In Definition 1.3, we defined a canonical system on an open interval, but sometimes it is possible
to extend its solutions to the endpoints. Whether this is possible depends on the system’s behavior

near the endpoints.

Definition 2.3. Consider a canonical system Ju’ = —zHu on an interval (a, b). The endpoint a is
said to be limit circle if H € L' (a, a + €) for some & > 0, and limit point otherwise. In the same

way, b is limit circle if H € L (b — &, b) for some & > 0 and limit point otherwise.

Remark. The names “limit point” and “limit circle” originate from Weyl theory, where they have
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a clear geometrical interpretation. In fact, the above definition is not the usual way to define these
terms when building the theory, and the fact that this characterization is equivalent is an important
result. We refer the interested reader to [61, Definition 2.6] for the usual definition, and to [61,

§3.4] for the theory leading to the geometrical interpretation.

This classification of endpoints plays a major role in the spectral theory of canonical systems,

but for now we only point out the following.

Lemma 2.1 [61, Lemma 2.6]. Consider a canonical system Ju' = —zHu that satisfies Hypothe-
sis 2.2 on an interval (a, b). If a is limit circle, then any solution to Ju’" = —zHu has a continuous

extension to [a, b), and in fact u € AC\oc[a, b). The analogous result holds at b if it is limit circle.

Many important features of canonical systems are preserved by monotone changes of variables.

Indeed, the following result is easily verified by direct calculation (see also [61, Theorem 1.5]).

Theorem 2.2. Consider a canonical system Ju' = —zHu on an interval (a,b). Letn: (A, B) —
(a, b) be an absolutely continuous bijection, where (A, B) is another real interval. Then the initial

canonical system is equivalent to
JV =-zHv on (A,B) with H:==5'-Honp

in the sense that an absolutely continuous function u: (a,b) — C? solves Ju' = —zHu if and only

if v i=u on solves Jv' = —zHv.

An important example of such an equivalence is the case where n satisfies 7V =tH ae.,
which can always be defined since tr H is locally integrable. In that case, ' = m, and it follows
that tr H = 1. The resulting canonical system Jv' = —zHv is said to be trace-normed. Such
systems have a special theoretical importance in that they give a natural way to choose a particular
representative of a class of systems that are equivalent up to a time change, but we will not need to

use them much here.

2.1.2 Transfer matrices

A useful tool in the study of a canonical system’s solutions is a specific matrix solution defined as

follows.

Definition 2.4. The transfer matrix associated with a canonical system Ju’ = —zHu on an interval
(a,b) is the map Ty : (a,b)? x C — C>*? such that for each s € (a, b), Ty(-, 5, z) is the (matrix)
solution to JT" = —zHT with T (s) = I>.

Because 0,7y = zJHTy and H is symmetric, the determinant of 7 is constant. Indeed, it is
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easy to check by direct computation that 8, detTy = —tr(JT5J01Ty) = ztr(JTSHTy), but this
also equals ztr(TJ H TyJ") = —ztr(JT HTy) by the cyclic property of the trace, and it follows
that 9 detTy = 0. As Ty (¢,t,z) = I, for any ¢, this shows that det Ty = 1.

The existence and uniqueness of canonical system solutions has rather immediate and very
useful consequences on transfer matrices. If v € C2, then the unique solution with initial value
u(s) = visu = Ty(-,s,z)v. Moreover, for any times ¢,r, s in the canonical system’s domain,
Ty(t,s,z) =Ty(t,r,2)Ty(r, s, z), which also implies that T,}l(t, s,z) = Ty(s,t,z). These proper-
ties lead to the important intuition that the transfer matrix T (¢, s, z) updates the system’s solutions
from time s to time ¢. They also imply that there is no loss of generality in considering the transfer
matrix as a function of two arguments, in the sense that the second one can be taken to be constant.
Indeed, having fixed some time r, we can always write Ty (t,s,z) = Ty(t,r, z)T; (s,r,z). When
the left endpoint a of the domain is limit circle, by Lemma 2.1 the transfer matrix extends to a, so
we will often base it at that point and drop the dependence on the second argument in the notation.

As transfer matrices are SL(2, C) transforms, they act on the Riemann sphere C., by Mdbius

transforms.

| Definition 2.5. Given T = (¢ ) € SL(2,C) and z € C, we define Tz = 42

T cz+d”

Remark. The identity acts as Iz = z, and it is easy to verify by direct calculation that if 7, S €
SL(2,C), then T(Sz) = (TS)z. Hence, the above does define a group action of SL(2, C) on Ce,.

2.1.3 Associated L* spaces

A canonical system Ju’ = —zHu on an interval (a, b) can naturally be associated with a specific

Hilbert space. To build this space, given a measurable u: (a, b) — C2, we define

b
|2, = / w*(O)H()u(r) dr. 2.1)
Then, we define the family of functions
L= {u: (a,b) — C? : u is measurable, ||u||y < 00},

and ||-|| is a seminorm on L, as in the case of usual L? spaces. To get a normed space, we use the
usual method and define
Li(a,b) =L [ {ueL:|ullg=0}. (2.2)

This is a separable, infinite-dimensional Hilbert space [61, §1.4].
This construction is, for the most part, entirely analogous to the classical one. However, it should

be noted that it is not always the case that two functions u and v that are equivalent in L%l(a, b) are
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equal almost everywhere. Indeed, the equivalence of u and v in L%I(a, b) means that ||u —v||g =0,
but this only means that (« — v)*H(u — v) is zero a.e., which only requires Hu = Hv a.e. Since H

can have a kernel, it is therefore possible for u and v to be two distinct continuous functions.

2.1.4 Relations on Hilbert spaces

A canonical system has the structure of an eigenvalue equation: whenever the coefficient matrix H
is invertible, the equation Ju’ = —zHu can be written as —H ~lJu’ = zu, which is an eigenvalue
equation for a differential operator u +— —H~'Ju’. As in general H may fail to be invertible, in
order to develop this point of view we have to use the more general theory of relations rather than

operators. We start this section by introducing important concepts from the theory of relations.

| Definition 2.6. A relation on a Hilbert space 7 is a linear subspace of # @& 7 .

In particular, an operator on a Hilbert space can be seen as a relation by identifying it with its
graph.

The following objects associated to a relation will be useful in the sequel.

Definition 2.7. Let 7 be a relation on a Hilbert space 7.
i) The domainof T isdom7T ={x e # :Aye I, (x,y) € T }.
ii) The kernel of T iskerT ={x € & : (x,0) € T }.
iii) The multi-valued part of T is T (0) ={y e & : (0,y) € T }.
iv) The inverse of T is the relation 7! == {(y,x) e X ® F : (x,y) € T }.
v) The closure T of T is its closure in % & %, and T is closed if T = T.
vi) The adjoint of T is the relation 7* == {(z,w) e X @ # :V(x,y) € T,{z,y) = (W, x)}.
vii) T is symmetric if T C T* and self-adjoint if T = T*.

The spectral theory of self-adjoint relations can be studied in a similar fashion as that of (un-
bounded) operators. In fact, a self-adjoint relation contains (the graph of) a self-adjoint operator on
a possibly smaller space, to which is added the multi-valued part of the relation as the orthogonal

complement.

Theorem 2.3 [61, Theorem 2.11]. Let S be a self-adjoint relation from a Hilbert space # to
itself. Let #\ = dom S and %, = S (0). Then I = 1 ® #>, and this decomposition reduces S
in the sense that S = S| ® Sy where S; .= SN (X ®#;). Moreover, S\ is a self-adjoint operator
onZy,and S, ={(0,y) e X ©H :y € >}

This naturally leads to defining the spectrum of a self-adjoint relation from that of the corre-

sponding self-adjoint operator.
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Definition 2.8. Let S be a self-adjoint relation from a Hilbert space # to itself, and let S := SN

(dom S@dom S) be its operator part. The spectrum spec S of S is the spectrum of S if dom S # 0,
or @ ifdom S = 0. The discrete spectrum specy S of S is the set of isolated eigenvalues with finite

multiplicity, and its essential spectrum is spec, S := spec S \ specy S.

Furthermore, a complete spectral representation can be given, like for a self-adjoint operator.

Definition 2.9. Let S be a self-adjoint relation from a Hilbert space # to itself. A spectral rep-
resentation of S is a collection {;};es, where A is some index set, of Borel measures on R,
together with a partial isometry U: # — @ jca L*(R, u ;), such that
i) kerU = S(0);
iiy U: domS — @ jea L*(R, y;) is unitary;
iif) USU™ = M, the operator of multiplication by the variable in @ jc4 Lz(lR, Hi).

The measures y; are called the spectral measures of S.

More generally, if one does not have a self-adjoint relation but rather a closed and symmetric
relation 7, one can still study the spectral theory of 7 by considering a self-adjoint extension S,
that is, a self-adjoint relation such that 7 € S C 7*. It is possible to find conditions for the
existence of such an extension (as done in [61, Chapter 2]) by generalizing von Neumann’s theory
of symmetric operators, which uses Cayley transforms and their relations to deficiency spaces (see
e.g. [13, Chapter X] or [64, Chapter 13] for short introductions and [65] for a more comprehensive
treatment). We will not dive into the details of this theory here, and will rather settle for stating the

results for relations that arise from canonical systems.

2.1.5 Self-adjoint relations associated with canonical systems
A canonical system Ju’ = —zHu on an interval (a, b) can be naturally associated with a relation.

Definition 2.10. Consider a canonical system Ju’ = —zHu on an interval (a, b). The maximal

relation associated with this canonical system is

Ty = {(u, V) € L%I(a, b) ® leq(a, b) : u has a representative ug € ACjoc(a, b) 23)
s.t. Juy = —Hv a.e.}. .

The minimal relation of the canonical system is 7.
Remark. To make this definition a bit more intuitive, note that when H is invertible on all of (a, b),
Ty is exactly the graph of the operator u +— —H ' Ju’.

It can be shown that when Hypothesis 2.2 holds, a canonical system’s maximal relation is closed,

and its minimal relation is closed and symmetric (see e.g. [61, Theorem 2.5]). Hence, there is hope
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in finding self-adjoint extensions of the minimal relation, which we simply refer to as self-adjoint
realizations of the canonical system’s relations. Their description can be obtained from Cayley

transforms through von Neumann’s theory, and this leads to the following classification.

Theorem 2.4 [61, Theorem 2.25]. Consider a canonical system Ju' = —zHu that satisfies Hy-
pothesis 2.2 on an interval (a, b).

i) If both endpoints are limit point, then Ty is self-adjoint.

ii) If a is limit circle and b is limit point, then for ¢ € [0, n), the restriction of Ty by the
boundary condition eZJu(a) = 0 with ey = (cos ¢,sin¢) is a self-adjoint relation. All
self-adjoint realizations of Ty are obtained in this way.

iii) If both endpoints are limit circle, then for ¢, 0 € [0, rr), the restriction of Ty by the boundary

conditions e:;J u(a) = eyJu(b) = Ois a self-adjoint relation. Other self-adjoint realizations

exist, with coupled boundary conditions.

In other words, to obtain a self-adjoint realization of a canonical system, one adds boundary
conditions at limit circle endpoints. At limit point endpoints, the integrability condition essentially
plays the role of a boundary condition: it can be shown that if (u,v), (w,x) € Ty, then representa-
tives up, wo € ACjoc(a, b) of u and w have the property that uy(z)Jwo(1) — 0 as t converges to a
limit point endpoint (this is contained e.g. in [61, Theorem 2.24]).

It can also be shown that, given a self-adjoint realization, there is always a unique (up to mulit-

plicative constant) solution that has the correct behavior near an endpoint.

Proposition 2.5 [61, Lemma 3.2]. Consider a canonical system Ju' = —zHu that satisfies Hy-
pothesis 2.2 on an interval (a, b), and take a self-adjoint realization of Ty of the appropriate form
from Theorem 2.4. Then for any z € C \ R, at each endpoint t € {a, b}, there is a unique (up to

muliplicative constant) non-trivial solution u to Ju' = —zHu that is L%{(L) for a neighborhood

1, of t and that satisfies the boundary condition at t if there is one (i.e., if t is limit circle).

2.1.6 Weyl-Titchmarsh functions and spectral representations

An object that is especially useful in the study of the spectral theory of canonical systems is the
Weyl-Titchmarsh function, which is a holomorphic function on the upper half-plane H := {z € C :
Imz > 0} with values in its closure H,, in the Riemann sphere. We introduce this function only
for canonical systems that are limit circle at their left endpoint, as this simplifies the treatment and
suffices for our purposes. However, as we impose no condition on the right endpoint, technically
this also covers systems that are limit point on the left but limit circle on the right, by time reversal.
The interested reader is refered to [61, §3.7] for the generalization of the theory to systems that are

limit point at both endpoints.
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To simplify notation below, we write Ry € SL(2,R) for the rotation matrix with columns e
and Jes. We also write & C? — C., for the mapping Pw := wi/w,. We point out right away that
this mapping has the property that if 7 € SL(2,C) and w € C2, then PTw = TPw, where the
latter is understood as the action of 7 on Pw € C.

Definition 2.11. Consider a canonical system Ju’ = —zHu on (a, b) that is limit circle at a with
boundary condition e:;J u(a) = 0 fora ¢ € [0,7). Suppose either that b is limit point, or that
b is limit circle with boundary condition e,Ju(b) = 0 for a 6 € [0, 7). The Weyl-Titchmarsh
function for this problem is the function mfl : H — H.,, defined as mg(z) = PR_su(a,z) where
u: [a,b) x H — C? is defined so that u(-,z) € L%{(a, b) solves Jou(-,z) = —zHu(-, z) for any

z € H and satisfies the boundary condition at b (if it is limit circle).

Remark. By Proposition 2.5, the function « used above is well defined up to a multiplicative constant
(which might even depend on z), and this suffices for mz to be well defined since the multiplicative
constant cancels out in the ratio.

¢
H

boundary condition, if any, is kept the same). Indeed, Ry = I, so m% = Pu(a,-), and therefore

Remark. The Weyl-Titchmarsh function m;, can be written in terms of m% (as long as the right

mg = R_¢m10q. This can be useful to deduce properties of m?{ from those of m%.

The Weyl-Titchmarsh function can be related to the transfer matrix 7y of the system. In the
case where b is limit circle, this is especially explicit, since the boundary condition actually forces
u(-,z)tobe Tg' (b, -, z)eq (up to a multiplicative constant), so that mZ(z) = @R-ﬂ; (b,a,z)eg =
R_¢TI;1(b, a,z)cotd. When b is limit point, such a relation does not hold since the solutions
cannot be continued up to the endpoint, but Weyl theory in fact still shows that for any 6, € [0, 7),
m9(z) = lim, R_yT5' (7, a,2) cot 6, (see e.g. [61, §3.4]).

Weyl-Titchmarsh functions belong to a specific class of holomorphic function: the generalized

Herglotz functions.

Definition 2.12. A Herglotz function is a holomorphic map H — H. A generalized Herglotz

function is a holomorphic map H — H..

Remark. In fact, by the open mapping theorem, a generalized Herglotz function is either a genuine

Herglotz function or an extended real constant.

It can be shown that the Weyl-Titchmarsh function of a canonical system that satisfies Hypoth-
esis 2.2 is a Herglotz function (this is contained in [61, Theorems 3.10 and 3.15]), while that of a
canonical system that does not satisfies Hypothesis 2.2 can be computed explicitly and shown to be
a Herglotz function when b is limit circle and an extended real constant when b is limit point.

For us, the most important property of Herglotz functions is the following representation.
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Theorem 2.6 (Herglotz representation theorem). Let m: H — H be a Herglotz function. Then,
there are A € R, B > 0, and a positive regular Borel measure u on R with /]R ﬁ du(t) < oo such
that

1 b
m(2) :A+Bz+/R(/l—_Z— 1+/12)d,u(/1), (2.4)

and A, B and u are uniquely determined by m. Conversely, any function F defined as such is a

Herglotz function.

As one can guess from the above representation, Herglotz functions can often be seen as Stieltjes
transforms of finite positive Borel measures on R. Thus, the measure u associated with a Herglotz
function m by the Herglotz representation theorem can often be recovered by Stieltjes inversion. In
particular, the absolutely continuous part y,. of u satisfies duae (1) = % Imm (A1) d4, and its singular

part can be obtained through the relation
u({A}) =lim—iem(A + i),
el0

which is valid for all 1 € R. We refer to [65, Appendix F] for a survey of the important properties
of these functions and their relations to Stieltjes transforms. Classical references include [1, 20].

The Weyl-Titchmarsh function actually leads to a spectral representation of the canonical sys-
tem in the sense of Definition 2.9.

Theorem 2.7. Consider a canonical system Ju' = —zHu on (a, b) that satisfies Hypothesis 2.2.
Suppose that a is limit circle with boundary condition e;‘j]u(a) = 0, and suppose either that b
is limit point or that it is limit circle with a boundary condition. Let Sfl denote the correspond-
ing self-adjoint realization of the system’s relations, and let /‘Z denote the measure induced by
the Weyl-Titchmarsh function mg from its Herglotz representation. If b is limit circle, define
U: L%{(a, b) — L*(R, ,ufl) as

b
U(v)(A) ::/ uy(t, VH(t)v (1) dt

where ug: (a,b) x C — C? is defined so that for each z, ug(+,z) solves the canonical system
with ug(a,z) = eg. If b is limit point, define U: L%{(a,b) — L2(IR,,uZ) as above for v €
Ure(a,b) L?{(a, 1), oras U(v) = lim;—, U(1(4,)V) for other v € L%i(a, b). In both cases, U and

:“Z set up a spectral representation of Sz.

Proof. The case ¢ = 0 is contained in [61, Theorems 3.16 and 3.17], and this easily extends to the
general case by rotating the system, using the idea from [61, Theorem 3.20].
To do so, let H = R_¢HRy, and define Ry: L7 (a,b) — Ly (a,b) by Ryu = Ryu. A direct
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computation readily shows that the adjoint of R4 is the mapping R _: L%I(a, b) — L}zq(a, b) that
sends v = R_4v, and it follows that R4 is unitary.

This unitary mapping rotates the spectral problem: the boundary condition eZJ u(a) = 0 of
H, which asks for u(a) to be parallel to ey, is equivalent to asking for a rotated solution to be
parallel to eq at a, and if b is limit circle then its boundary condition is rotated similarly. Thus,
the rotation induces a self-adjoint realization 51% of H’s maximal relation. Applying the theorem
(for ¢ = 0) shows the existence of a mapping U': L%(a, b) — L*(R, ,uoﬁ) that, together with the
spectral measure ,u% of the Weyl-Titchmarsh function m%, sets up a spectral representation of Sg.

Rotating back the system, U = U o R_,: L%I(a, b) — L*(R, ,u%) now sets up a spectral
representation of S? still with the spectral measure ,u%. By definition, ,u% is the spectral measure
of the Weyl-Titchmarsh function m% = Pii(a, ), where for each z, ii(-,z) € Lz(a, b) solves the

canonical system for H, and satisfies the boundary condition at b if any. But
JOii(t,z) = —zH(1)ii(1,2) = —zR_4H(1)Ryii(t,z) & JO1(Ryii)(1,2) = —zH(1)Ryil(t,2),

so u = Ryii solves the canonical system for H and has the appropriate boundary behavior at b.
Therefore, m% = Pii(a,-) = PR_su(a,-) = mg and ,uZ = y%. To conclude, it only remains
to note that U = U o R_4 has exactly the form announced in the theorem under the identification
ug = Ryiip where iig is the function that appears in the expression of U. But in the same way as
above, each u4(-, z) is now a solution to the canonical system for H with ug(a,z) = ey, so U is

indeed the desired mapping. [

It is sometimes possible to obtain a more explicit description of the spectral measure ,u}’; from
above. In particular, this is the case when the spectrum of the self-adjoint realization SZ is a
discrete set and comprises only eigenvalues. The system then also has a well-defined eigenvalue
point process

vii= > 6a (2.5)
Aespec 52
The spectral measure is then a weighted version of this point process, and the following result gives

a representation of the spectral weights.

Theorem 2.8. In the setting of Theorem 2.7, suppose that the spectrum of Sf] is purely discrete.

Then

1
Hiy = 704

/lespecSZ ||u¢(" /l)HH

where again ug: (a,b) X C — C? is defined so that for each z, ug(+,z) is a canonical system

solution with ug(a, z) = eg.
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Remark. An important case in which the hypotheses are satisfied is that where the operator part of
Sf] is densely defined and has a compact resolvent, for example when the canonical system (with
appropriate boundary conditions) has a Hilbert—Schmidt resolvent. In particular, this is the case for

systems that are limit circle at both endpoints (see [61, Theorem 3.4]).

Proof. This argument is adapted from the analogous argument for generalized Sturm-Liouville
operators in [29, Lemma 9.5]. See also [61, Theorem 3.16] for a proof using Weyl theory, for
canonical systems that are limit circle at both endpoints.

Because of the boundary condition at a, the eigenfunction at any A € spec Sfl is (proportional
to) the solution uy (-, A), which means in particular that uy(-, 1) € L%{(a, b). This means that

regardless of the system’s behavior at b, as long as A4, A" € spec S ¢

b
U(u¢(.,/l))(/l’):/ uZ(t,/l’)H(t)u¢(t,/l)dt.

However, as S[‘z is self-adjoint, eigenfunctions associated with distinct eigenvalues are orthogonal,
so in fact the above shows that U (i (+,4)) (') = 0if A # A" and U(ug(-, 1)) () = [lug (-, 2)||%. As

U is an isometry, it follows that if ||- ||ﬂ¢ denotes the norm on L?(R, ,uZ), then for A € spec S ¢
H

lutg C DIy = 10 (g ()2 = 35 [0l G ) QO () = Dl Dy (23),

A’ espec Sg

and the result follows. [ ]

2.1.7 Resolvents

Another way to study the spectral theory of a canonical system is through a resolvent.
| Definition 2.13. The resolvent of a self-adjoint relation S at a z € C is the relation (S — z)~L.

Because relations always have inverses, the resolvent always exists. It can moreover be shown
that away from the spectrum, a relation’s resolvent is in fact an operator [61, Theorem 3.1].
In a similar way as for self-adjoint operators on Hilbert spaces, resolvents of self-adjoint real-

izations of canonical systems’ relations can be described explicitly using integral representations.

Theorem 2.9 [61, Theorem 3.3]. Consider a canonical system Ju' = —zHu on (a, b), and let Sy
be a self-adjoint realization of the system’s relations as in Theorem 2.4. Fix 7 € C\R, and for each
endpoint t € {a, b}, let u; denote a non-trivial solution of Ju' = —zHu that satisfies the boundary

or integrability condition at t, normalized so that uaTJ up = —1. Then the resolvent (Sy — z)~ ! is



28 CHAPTER 2. CANONICAL SYSTEMS THEORY
an operator L%{(a, b) — L%{(a, b) given by

up(Hul (s) ifs <t,

b
((Su - Z)_lv) (1) = / G(t,s,2)H(s)v(s)ds where G(t,s,2) =
a ua(t)ubT(s) ifs>t.

Remark. The solutions u, and u;, exist and are unique up to a multiplicative constant by Propo-
sition 2.5. Moreover, while the normalization condition u} Ju;, = —1 might look very strong at
first glance, it only concerns the ambiguity in these multiplicative constants. Indeed, the quantity

ul] up, which can be seen as the Wronskian of u, and u, is already constant:
(u;rJub)’ = —(Ju;)Tub + ul]u; = z(Huy) "up - zu;rHub =0

since H is symmetric.

When the system is limit circle at a and z € H, the integral kernel G of the resolvent can
be expressed in terms of the transfer matrix Ty and of its Weyl-Titchmarsh function mpg. For
simplicity, we consider here only the case where the left boundary condition is e;jJu(a) = 0, but
the more general result could be obtained by rotating the system, using the same ideas as in the
proof of Theorem 2.7.

By definition of the transfer matrix, u, = Ty (-, a,z)eo and up = Ty(-, a, z)(m%l(z)) are Sso-
lutions to the canonical system, and u, clearly satisfies the boundary condition at a. If b is limit
circle, uy satisfies the boundary condition at b by definition of the Weyl-Titchmarsh function, and
it can be shown from Weyl theory that u;, € Lf{ (a, b) if b is limit point—see [61, Theorem 3.14(a)].
A direct computation then shows that u],—J u, = —1, so these two solutions can indeed be used as

those appearing in the kernel G from Theorem 2.9. This yields the representation

md () Tpp)(s)

G(t, S, Z) = TH(L a, Z)
1](a,z‘)(s) 0

) Ty (s, a,z). (2.6)

2.2 Topologies on canonical systems

The goal of this section is to give a precise meaning to the idea of a sequence of canonical systems
converging. As a canonical system is really defined from a coefficient matrix, we start by introduc-
ing a topology on such matrices in §2.2.1. Then, we describe what this topology can and cannot
capture about canonical systems’ spectral information, and we see how to relate the convergence of
a sequence of coefficient matrices to that of the associated transfer matrices and Weyl-Titchmarsh
functions in §2.2.2. We will see that the behavior of canonical systems at the endpoints of their do-

mains plays an important role in this. Finally, §2.2.3 presents a method to describe the convergence
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of a sequence of canonical systems when the endpoint behavior changes from limit point to limit
circle in the limit.

The material presented in §2.2.1 and §2.2.2 is essentially extended from [61, §5.2], which
presents the theory for trace-normed canonical systems, and from standard results from functional
analysis that can be found for example in [13, 64]. The material from §2.2.3, however, is my own
understanding of the problem of a sequence of canonical systems whose endpoint behavior changes
in the limit. Indeed, after having failed at finding an approach to this problem in the literature, this

is what I came up with, but I do not know whether something similar exists elsewhere.

2.2.1 Coeflicient matrices
We start by studying spaces of coeflicient matrices. First, we set up some notation.

Definition 2.14. Let 7 C R be an interval that could be open, closed or half-open. We denote
by CS T the set of coeflicient matrices of canonical systems defined on the interior of 7 and for

which the endpoints included in 7 (if any) are limit circle, and where coeflicient matrices that

1

are equal a.e. are identified. Given f € L,

CS;T={HeCST:trH< fael}.

(I), we write CS T for the trace-dominated subset

By definition, a coefficient matrix H € CS T is always locally integrable, and therefore it always
defines a 2 X 2 matrix-valued measure A — /A H d<Z on Borel sets A C T, where & denotes the
Lebesgue measure. Here, by “2 X 2 matrix-valued measure”, we simply mean a countably additive
function from a c-algebra to R¥? that is zero at @. Such a measure can be understood as a 2 X 2
array of signed measures on IR, so that integration with respect to a matrix-valued measure is simply
understood as entrywise integration with respect to the measures of the entries, using the usual
conventions of matrix products.

Given this correspondence, we can use a topology on measures, such as the vague topology, to

describe a convergence of coefficient matrices.

Definition 2.15. Let 7 C R be an interval, and let €.(Z, C) be the set of continuous compactly
supported functions T — C. Let .# (1) be the set of locally finite signed measures on 7. The
vague topology on A (1) is the coarsest topology on .# (1) under which all maps y +— fI pdu

for ¢ € €.(I,C) are continuous.

From this, we can topologize CS I with the topology of vague convergence, using it entry-
wise. The following result, which extends part of [61, Theorem 5.3], gives criteria for the vague

convergence of coefficient matrices in terms of different kinds of test functions.
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Theorem 2.10. Let T C R be an interval, and let m € N. Let {u,}nen be a sequence of locally
finite m X m matrix-valued measures on 1, and let u be another such measure. Then, the following
statements are equivalent.
i) u, — uvaguely entrywise;
ii) Foreach ¢ € €.(1,C™), /I du, ¢ — /1 du g asn — oo.
iii) For each ¢,y € €.(1,C"), fI vrdu, ¢ — /Z Yyrdugasn — oo.
If in addition the measures u, and u are symmetric, then both statements are also equivalent to:

iv) Foreach ¢ € €.(1,C™), /1 ¢ du, ¢ — /Zgo* dugpasn — co.

Proof. 1t is clear that i) implies both ii) and iii) by linearity. To see that ii) implies i), let ¢ €
6.(1,C), and notice that for k € {1,...,m}, applying ii) to ge; € €.(1,C") shows that for
each j € {1,...,m}, fI edu, jx — fI ¢ dujr. Similarly, we can see that iii) implies i) by fixing
¢ € 6.(1,C) first with ¢ > 0, and applying iii) with \/¢e; and \/pe,. The hypothesis that ¢ > 0
can then be lifted by writing ¢ = (Re )™ — (Re ¢)™ +i(Im ¢)* —i(Im ¢)~ and using the result for
nonnegative test functions.

To prove the equivalence of iv) with the other statements when the measures are symmetric,
note that the symmetry of u, implies that (¢, ), = /I Y™ du, ¢ is conjugate symmetric, so it is a
semi-inner product. Therefore, the polarization identity

1
<Q0’w>n: Z((<P+l//,90+lﬁ>n—(sﬂ—lﬂ,QD—lﬂ)n+i<¢+ilﬁ,¢+ilﬂ>n—i<¢—ilﬁ,<ﬁ—ilﬂ>n)

holds for any ¢, ¥ € €.(I,C?), and as the same construction also works with g, it follows that iv)

implies 7ii). As iii) trivially implies iv), this completes the proof. [

The matrix-valued measures induced by coefficient matrices of canonical systems are always
locally finite and symmetric, since coefficient matrices are locally integrable and positive semi-
definite. Therefore, Theorem 2.10 shows that H,, — H vaguely on T if and only if for each ¢ €
€. (I,0C?), fZ 'HpdZ — /I ¢*HpdZ. This leads to introduce on CS T the pseudometrics

dy(H,H') = ‘ /Z o' (H - H)pdZ @2.7)

for ¢ € G.(I,C?), where by “pseudometric”, we mean a function that satisfies all properties of a
metric with the exception that d,(H, H") = 0 does not necessarily imply that H = H’. Indeed, it
could be that ¢ € ker H = ker H” a.e. on I, in which case d,(H, H’) = 0. These pseudometrics
can be turned into an actual metric on CS T using standard techniques from functional analysis
(c.f. [64, §8.2] or [13, §IV.2]; see also [45, Theorem 4.2] which shows that the space of locally

finite measures on a complete separable metric space is Polish under the vague topology).
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Theorem 2.11. Let T C R be an interval. There is a countable collection of functions {¢, } meN

that is dense in €.(I,C?) with respect to the topology of compact convergence, and such that
dcs7: CST XCST — [0, 00) given by

© 1 d,, (H H)

dest(HH') = 2, 507 +d, (H,H’)

m=1

is a metric on CS 1 that induces the vague topology. Moreover, the resulting space is separable.

Proof. Let {¢}men be dense in €. (I, C?) with respect to the topology of compact convergence.
It is clear that dcs7 is at least a pseudometric on CS T since every d,, is a pseudometric. To
see that it is an actual metric, take H, H' € CST with dcs7(H,H’) = 0, and let A denote an
eigenvalue of H — H” with corresponding normalized eigenvector v. Suppose that A is positive on a
set A C T of positive measure. Taking a subset of A if necessary, we may assume that it is compact
so that 14V is integrable. By density of €.(Z,C?) in L*(I), there are y,, € €.(I,C?) such that
ln — T4v|l» = 0 as n — oo. Then, by density of the ¢,,’s in €. (I, C?), for each n there are i g
such that ¢,,,, — ¥, compactly as £ — oo. Since all of these are compactly supported, we can

recursively pick £, > ;-1 so that [[@m, , —¥nllo < 1/n, and ||@m, , — Tav|l2 — 0asn — co. Now,

dy, (H,H')> ‘/ vi(H-H")v dff) - “/((ﬁmn[ —1av)"(H-H')(pm,, —Tav) d5£|
" A r . 2.8)

- ‘/ v (H = H)(gm,, —14v) d:z) - ‘/(gpwn - T]Av)*(H—H’)vd,‘Z‘.
A A

Here, by hypothesis, the first term is some constant ¢ = fA vi(H - H)vdZ = fA AdZ > 0.
Because H — H' is locally integrable and ||¢,, , —T1av[[2 — 0, the other three terms in (2.8) vanish
as n — oo. It follows that d%n,[n (H,H’) > 0 for n large enough. As this contradicts the fact that
dcs1(H,H’) = 0, we conclude that H — H’ cannot have an eigenvalue that is positive on a set of
positive measure. Applying this argument to H” — H, we conclude that H — H’ can also not have an
eigenvalue that is negative on a set of positive measure, and by symmetry of H and H’ this implies
that H = H" a.e. on 7, so that H = H’ in CS I. This proves that dcs 7 is indeed a metric on CS 7.

We now show that the ¢,,’s can be taken so that dcs 7 induces the vague topology. To do so,
it suffices to show that given H,,, H € CS 1, dcs1(H,, H) — 0 if and only if H, — H vaguely
on 7. It is clear by definition of dcs 7 that the “if” part holds. To see that the other implication is
also true, note that if ¢ € €.(I, C?) then by density there are ¢, . s such that ¢,,,, — ¢ compactly
as k — oo. Because ¢ is compactly supported, we can assume without loss of generality that the

supports of all ¢, ’s are contained in a compact set K C 7, so that actually ||¢ — ¢, || — 0. Now,
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if dcs 71 (Hy, H) — 0, then for any n and my,
(o H) < dgy () +| [ (0= )" (Hy = 1002 | | [ 0o = D0 = ) 07
< oy (He )+l = o (Il + i )| | et~ ) 02 29)

Because H € L, (1) entrywise, it is clear that /K trHdZ < oo, and we can easily verify that
fK tr H, d is bounded uniformly in n. Indeed, by density there is certainly a ¢,,, with @, 1 > 1

on K, and adding (¢, 0) to the list if necessary, we may assume that ¢,,,2» = 0. For this ¢,,,

/SojnoHn‘Pmo d*=%Z‘/I'In,lldm?+/ 90:10H”90m0 dZ.
1 K 1\K

Because all terms here are nonnegative and the left-hand side converges to fI OmyHPp, dZL < oo by
hypothesis, both terms in the right-hand side must be bounded in n. Using the same idea with ¢,
such that ¢,,,2 > 1 on K and ¢,,, 1 = 0 (where, again, we might have to add (0, ¢, 2) to the list),
we conclude that /K tr H, d< is bounded in n. Therefore, for any € > 0, we can take k large enough
so that the second term of (2.9) is bounded by ¢/2 for all n. With this & fixed, de,, (Hy,H) < g2
for all n large enough, and it follows that d,(H,, H) — 0 as n — oo. Because ¢ was arbitrary in
€. (I,C?), this shows that H,, — H vaguely on 7.

We finally turn to the separability of the resulting space. Let Q%>

=0
mials P: T — R>*? with rational coefficients, modified so that the value P(x) is replaced with the

[x] denote the set of polyno-

identity matrix at all x such that otherwise P(x) would not be positive semi-definite. We will show
that Q%z [x] is dense in CS T, which implies separability as this set is countable.

Let H € CS 1, and take an increasing sequence of compacts K,, C T such that U,n K,, = T.
For each n, H|Kn is integrable, so by density of € (K,,R) in L' (K,,) there are H,,; € € (K,, R>?)
such that ||H,x — H | Knlll — 0 entrywise as k — oco. By the Stone—Weierstrass theorem and
by density of Q in R, there are 2 X 2 matrix polynomials P, ; , with rational coefficients such that
”Pn’k’f|Kn —H, klloo = Oas{ — oo. Because K}, is compact, this means that ”P”»kf|K,1 -Huxlli — 0
as { — oo, and thus we can choose k, and ¢, such that ||(P,,.c, — H)|K”||1 < 1/n. Note that it is
clear that all P, x ¢’s can be chosen to be symmetric, and because the eigenvalues are continuous
functions of the matrix entries, they can also be taken to be positive semi-definite for k and ¢ large
enough so that P, € Q¥?[x]. Now, let ¢ € B.(I,C?). Then for all n large enough that

=0
supp ¢ € K,

2
HelZ

[ 6 Pass, = 0002| < [ 16P1Pus 0, - Hllop o <
1 Ky

As this holds for any ¢, it follows that P, , ;. — H vaguely on T, and we can conclude that Q?Sz [x]

is indeed dense in CS T. [ ]
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2.2.2 Transfer matrices, Weyl-Titchmarsh functions and associated objects

2.2.2.1 Transfer matrices and Weyl-Titchmarsh functions

It is more straightforward to introduce relevant topologies to describe the convergence of transfer
matrices or Weyl-Titchmarsh functions: all of these are continuous functions, which can be topol-
ogized using the compact-open topology. Since all codomains here are metric, the compact-open
topology is the topology of compact convergence.

We now introduce a notation for spaces of transfer matrices. To simplify the discussion and to
be able to use Weyl-Titchmarsh functions as they were defined in §2.1.6, we restrict ourselves to

systems defined on intervals that are closed on the left.

Definition 2.16. Let 7 = [a, b) or [a, b] be a real interval. We denote by TM T the set of transfer
matrices T: T x C — C>? of canonical systems with coefficient matrices from CS I and that
are fixed at a, that is, with T'(a, z) = I, for any z € C. We also denote by TM,, T and TM, T

the subsets of TM T corresponding to canonical systems that are respectively limit point and limit

circle at b.

Remark. Here, we consider transfer matrices to be functions of only two arguments, rather than
three as in Definition 2.4, by fixing them at a. More precisely, if 7: I? x C is a transfer matrix in
the notation of Definition 2.4, if a is limit circle then 7'(-,a,-) € TM 1. Note that this is allowed

by Lemma 2.1 since the canonical systems are limit circle at a.

A space TM T, like the space Hol(H, H.,,) of generalized Herglotz functions, is a space of con-
tinuous functions X — Y between locally compact metric spaces X and Y. Because in both cases
the domain X is also hemicompact (that is, it contains a sequence of compacts sets K,, € X with
the property that any compact K C X of the space is contained in one of the K,,’s), the topol-
ogy of compact convergence is metrizable—see e.g. [13, Proposition IV.2.1 and Example 1V.2.2]
for an explicit construction of a metric. Moreover, in both cases the spaces X and Y are second-
countable Hausdorff spaces, so €(X,Y) is second-countable under the compact-open topology
(see e.g. [21, Theorem XII.5.2]). As second-countability and separability are equivalent in metric
spaces, it follows that any space TM T and the space Hol(H, He.) of generalized Herglotz functions
are separable metric spaces.

Now, a coefficient matrix always defines a transfer matrix and a Weyl-Titchmarsh function. This
raises the question as to whether the maps that relate these objects are continuous. The following
result answers this question positively. It is a simple generalization of [61, Theorem 5.7(a)], which
restricts to trace-normed coefficient matrices. The proof is heavily based on the proof given in [61],

and essentially replaces the trace-norming condition by a weaker trace-domination condition.
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Theorem 2.12. Let T = [a,b) or [a,b]. Forany f € L} (I), the mapping CSy1 — TM1I

loc
sending a coefficient matrix to the corresponding transfer matrix is continuous.

Remark. Recall that the transfer matrix acts as a fundamental basis of solutions, in the sense that
the solution u to Ju’ = —zHu with u(a) = v forav € C?is u = Ty(-, z)v. Hence, this result also
shows that canonical system solutions converge in a more general sense: if H,,H € CS; T and
Vn, v € C% are such that H, — H vaguely and v, — v, then the solution u, to Ju, = —zH,u, with

uy(a) = v, converges compactly to the solution u to Ju’ = —zHu with u(a) = v.

Proof. Let {H,},en € CSy T be a sequence of coefficient matrices that converges vaguely to some
H € CSy1, and let Ty, , Ty € TM T denote the corresponding transfer matrices. As the spaces
CS; T and TM T are metric, it suffices to prove that Ty, — Ty compactly.

Given 7 € T, we first prove uniform convergence on [a, 7] for fixed z € C. By definition of the

transfer matrix, 0,7y, (-, z) = zJH, Ty, (-, z) and Ty, (a, z) = I, sofort € [a, 7],

t
Ty, (t,2) =L+ zJ/ H,(s)Ty,(s,z)ds. (2.10)

Note that ||H,|lop < f on (a,7) for all n since ||H,||op, being the maximal eigenvalue of H,, is

bounded by its trace. Therefore, taking norms in (2.10) shows that

t
1T, (1 2)llop < 1+ ] / F) 1T, (5,2 lop ds.
a

Gronwall’s lemma then shows that for any ¢ € [a, 7], [Ty, (2, 2)[lop < el Nall | which also
implies that ||01Tg, (-, 2)|lop < |z|elFVanll £ Tt follows that for 7, s € [a, 7],

/St f(u) du).

Since f is integrable on [a, 7], the map ¢ +— /a ! f(u) du is uniformly continuous on [a, 7], and

I Tw, (2, 2) = T, (5, 2)llop = < |z|ell Vanlly

t
/ 01Th, (u, z) du
N

op

therefore ||Ty, (¢, 2) — T, (s, 2)|lop can be made arbitrarily small by taking ¢ and s sufficiently close
to each other. We thus conclude that the family {7y, (-, z)},en is equicontinuous on [a, 7], and
it follows by Arzeld-Ascoli’s theorem that there is a subsequence {7y, (-, 2)}ren that converges
uniformly to some continuous S: [a, 7] — C>*2.

To prove that this limit is in fact Ty (-, z), we fix t € [a, 7] and define for each ¢ € N a function
S¢ € B.(I,C>?) to be a continuous approximation of S1 [a,r]- Specifically, if t = b we can directly
take Sy = S, and otherwise we define S; for each ¢ € N large enough so that ¢ + 1/¢ < b as

S(s) ifa<s<rt,
Se(s) = 4S(1) exp(—lf_zé(s;_?)) ift <s<t+1,

0 ifs>1+1e
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In any case, Sy = S on [a, t] and the support of Sy shrinks to [a, t] as £ grows. Then for any ¢,
/t Hy, (5)Tw,, (s,2)ds = /t H(s)S(s)ds + /I(an (s) — H(s))S(s)ds
+ /tan(s) (Tm,, (s.2) = S(s)) ds
t b ‘
= / H(s)S(s)ds + / (Hy, (s) — H(5))Se(s)ds
b ¢ t
_/ (an(s) - H(s))Sg(s) ds + / H,, (s) (Tan (s,2) — S(s)) ds.

Let € > 0. By definition of S, and by integrability of f on [a, 7], it is clear that it is possible to
take ¢ large enough so that for any &,

(Here, ift = b, the first inequality of course does not make sense, strictly speaking, but this has no in-

t+1/e

b
[ s o) s <2500l [ s91a <5
t op p

cidence on the argument since the left-hand side is zero in that case). Then, since S; € €.(I, C>?)

the fact that H,, — H vaguely on 7 implies that for k large enough,

Finally, by definition of S, enlarging k if needed,

E
< —=.
op 3

b
/ (Hp, (s) — H(s))S¢(s) ds

t
&
/ Hy (5) (T (5.2) = S) ds|| < 117D arly s0p i, (5:2) = S(5)lop < 5
a s€la,t
It follows that

<&
op

for any k large enough, and fat Hy, (s)Tan (s,z)ds — /at H(s)S(s) ds. But this means that for any
t €la,t],

/t an(s)Tan (s,z)ds — /t H(s)S(s)ds

t t
S(t) = klim Ty, (t,2) = klim (12 + zJ/ Hy, ($)THh,, (s,2) ds) =L+ zJ/ H(s)S(s)ds,
—00 —00 a a

which implies that S = Ty (-, z) by uniqueness of the transfer matrix.
The above argument shows that every uniformly convergent subsequence of {7y, (-, z) }nen On
[a, 7] converges to Ty (-, z). If the whole sequence was not uniformly convergent, there would be

an £ > 0 and a subsequence {Tan (+, 2) }xen such that ||Tan (+,2) =Ty (-, 2)|le = € for each k, but
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then by Arlezd—Ascoli’s theorem we could still extract a uniformly convergent subsequence from
{Tw,, (-, 2)}ken. This contradiction shows that Ty, (-, z) — Tx (-, z) uniformly on [a, 7].

To prove that this convergence is uniform on compacts in z, note that for any ¢ € [a, 7] and
z€C, 00Ty, (t,2) = JH, ()T, (t,2) + zJH,(1)0:Ty, (1, 2), SO

t
0Ty, (t,2) = J/ H,(5)(Tw, (s, 2) + 02Ty, (5,2)) ds.

Taking norms and using the bound ||7,,(s, 2)[lop < el Tall it follows that

t
102Ta, (2, ) llop < 1f Vjaryll 1M Ttamtlt 4 IZI/ J($)102TH, (s, 2)llop ds,
a

and Gronwall’s lemma now shows that [|02Tg, (£, 2) llop < || fT[a,7] || €2/ Tar1ll - Since this holds
for any z € C, then for any compact K ¢ C and any ¢t € [a, 7], the sequence {Ty, (7, ")}neN 1S
equicontinuous when restriced to K. Thus, Arzeld—Ascoli’s theorem gives again a subsequence
that converges uniformly, and as the pointwise convergence holds, any uniformly convergent subse-
quence has to converge to Ty (¢, -). As before, if the whole sequence does not converge, we can build
a subsequence that cannot converge but from which we can still extract a convergent subsequence,
and this contradiction shows that the whole sequence {7y, (7, -) }sen must converge uniformly to

Ty (t,-) when restricted to K. [

Theorem 2.12 relates the convergence of coeflicient matrices to that of transfer matrices, and
the convergence of transfer matices can then be related to that of Weyl-Titchmarsh functions. To
simplify the discussion, we restrict our attention to systems that are subject to the boundary con-
dition ejJu(a) = O on the left. The results are easily generalized to more general left boundary
conditions using the fact that the Weyl-Titchmarsh function for another boundary condition e is
simply the action of the Mobius transform R_g on that for the boundary condition e, as seen in the
remark following Definition 2.11. We split the treatment in two different cases, depending on the
right endpoint behavior of the system to which the sequence converges.

The first case is the following, which can be proven like [61, Theorem 5.7(b)].

Theorem 2.13. Let T = [a,b) or [a,b]. LetT, € TMTI and T € TM,; I be transfer ma-

trices. Suppose that the system for T, is given a boundary condition at b if necessary, and let

m%, m® € Hol(H, He.) be the Weyl-Titchmarsh functions of the corresponding canonical systems

0

with boundary condition eyJu(a) = 0. If T, = T compactly on T X C, then mY — m® compactly

on H. In particular, the corresponding map TM,, T — Hol(H, Hy,) is continuous.

When the sequence converges to a system that is limit circle on the right, its Weyl-Titchmarsh
function also depends on the right boundary condition. In the following, we allow for extra flexi-

bility on what qualifies as the “right boundary condition” for reasons that will become clear later.
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Theorem 2.14. Define M : TM, [a, b] x €(H,C?) — CH by M(T, w)(z) = PT~' (b, 2)w(2).
Then M is continuous on M~ (Hol(]H, ﬁoo)) under the topology of compact convergence.

Remark. If w is a constant in «R? \ {0} for some & € C, then M (T, w) is the Weyl-Titchmarsh
function of the canonical system associated to 7" with boundary conditions ey at @ and w at b, as
defined in Definition 2.11. However, M also maps other points to generalized Herglotz functions,
which motivates to enlarge its domain. An example of this arises when T is the transfer matrix of

a canonical system on [a, ¢) with ¢ > b. This will be discussed in detail in §2.2.3.

Proof. 1t suffices to prove that M (T,,w,) — M(T,w) compactly if (T,,, w,) — (T, w) compactly
in M~'(Hol(H, He)), and to do so, it suffices to prove that M (T,, w,)(z) — M(T,w)(z) for
every z € H, since the space of generalized Herglotz functions is sequentially compact (see [61,
Theorem 5.6(a)] for a proof of this).

Fix z € H. As T, — T compactly, (éz 52') = T, (b,z) - T '(b,z) = (£B). If
both |[M(T,w)(z)| < oo and |Pw(z)| < oo, then CPw(z) + D is bounded away from zero, so

C,Pw,(z) + D, is bounded away from zero for n large enough, and

A, Pw,(2) + B, APw(z) + B

M(Tywn) () = G2t > D

=M(T,w)(z2).

If [ M(T,w)(z)] < oo but Pw(z) = oo, then M(T,,w,)(z) — A/c = M(T,w)(z). Finally, if
M(T,w)(z) = oo, then CPw(z)+D = 0, and it must be that PPw(z) < oo and that APw(z)+B # 0
because detT(b,z) = 1, so M(T,,,w,)(z) — oo. [

2.2.2.2 Spectral measures and eigenvalue point processes

As we have seen before, it is possible to extract from a canonical system’s Weyl-Titchmarsh function
a spectral measure through the Herglotz representation (see Theorem 2.6). This spectral measure
can then be used in the description of the canonical system’s spectral representation, as in Theo-
rem 2.7. It is therefore natural to ask what does the convergence of a sequence of Weyl-Titchmarsh
functions imply about the associated spectral measures.

The following result is contained in [61, Theorem 7.3(a)]. Below, we write .Z .. (R) for the space

of locally finite (nonnegative) measures on R equipped with the vague topology.

Theorem 2.15. The mapping Hol(H, H) — .. (R) sending a Herglotz function to the spectral

measure u from its Herglotz representation is continuous.

The vague convergence of the spectral measures provides, of course, important information
about the convergence of the spectrum of a sequence of canonical systems. However, this informa-

tion can be insufficient to provide a clear picture of the asymptotic behavior of the spectrum. For
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example, if all spectral measures involved are discrete, with only eigenvalues, then the vague con-
vergence of the spectral measures does not imply the convergence of the eigenvalues themselves;
heuristically, this is because atoms could merge or disappear in the limit. Thus, it can be desirable
to upgrade the vague convergence of the spectral measures to that of the eigenvalue point processes.

To clarify what the vague convergence implies about the eigenvalues, a very simple first step is

the following.

Lemma 2.16. Let u,,, u € M. (R) be discrete measures supported on discrete sets such that u,, —
u vaguely as n — oo. If A is an atom of u, then there is a sequence of atoms A, of u, such that

A, > dasn — oo,

Proof. Take an atom A of y and set A,, := arg min{l/l - | : A € supp ,un}. Given &€ > 0 small
enough, there is a ¢, € €. (R) supported on [A — &, 1 + &] such that ¢.(1) = 1 and ¢.(1") = 0 for
all other A’ € supp u. But then f]R pedu = ,u({/l}) > 0, so for all n large enough, y,, must have at

least one atom in (4 — &, 4 + &), and in particular |1 — 4,| < &. [

From this, it is easy to find sufficient conditions to be able to deduce from the convergence of

discrete measures the convergence of the associated point processes.

Proposition 2.17. Let u,, u € M (R) be discrete measures supported on discrete sets such that
Un — pvaguely as n — co. Suppose that
i) The spectral weights of u are limits of those of u,, in the sense that for any A € supp y, if
An € Supp py satisfy Ay — A then p,({A,}) — p({a});
ii) For any compact K C R, there is an € > 0 such that limsup,,_, ., u,({1,}) > & whenever
Ap € K N supp py.

Then vy '= Xaesuppu, 04 — V = Zaesuppu 04 vaguely as n — oo,

Intuitively, the first condition prevents atoms from merging in the limit whereas the second one

prevents them from disappearing.

N
k=

N € N. By Lemma 2.16, for all n large enough, there are A € supp ¢ Nsupp u,, such that 1¥ — A%,

Proof. Let ¢ € €,(R, [0, »)), and to simplify notation, enumerate supp ¢ N supp u = {Ak} | for

and we may assume that this correspondence between {A% g:l and {1% g:l is one-to-one (because

the A¥’s are distinct, so the sequences that converge to them must eventually be distinct). Now,

N N
/R edu =" e(A)u({2*}) and /R odun = D oA ua({A8}) + >3 e(Dpa({2})

k=1 k=1 A€S,

where S, = (supp ¢ Nsupp i) \ {24 g:l' A priori, S, could be nonempty, but ¢(1¥) — ¢(A¥) and
hypothesis i) on spectral weights ensures that u, ({1X}) — u({A*}) for each k. By hypothesis ii) on
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the spectral weights of the u1,’s, 3 1es, ¢ () n({A}) cannot vanish as n — oo unless S, is eventually
empty (or unless the A € S, evolve in a specific way depending on the details of ¢, but this can be
ruled out by repeating the argument for a slightly different ¢). Therefore, S, is empty for all n large
enough, and

N N
/sodvn =2 p(y) = 2 e = / ¢ dv
R k=1 k=1 R
so v, — v vaguely. [ |

For spectral measures of canonical systems that are limit circle at both endpoints, it is easy to
show that the spectral weights converge once the coefficient matrices and boundary conditions also

converge.

Proposition 2.18. Let H,,H € CSyla,b] with f € L'[a,b] have boundary conditions

e’;nJu(a) = eszu(b) = 0 and e’;Ju(a) = epJu(b) = 0 respectively for ¢, ¢,6,,6 € [0, x], and
én

Hy’
functions. If H,, — H vaguely on on |a, b], ¢, — ¢ and 6,, — 0, then the spectral weights of,ug

®n
H,

let u F‘i{ € M+ (R) be the spectral measures induced from the corresponding Weyl-Titchmarsh

are limits of those of u,,' in the sense of hypothesis i) from Proposition 2.17.

Proof. By Theorem 2.8, the spectral weights have the form

b)) = — d uh({y) =
L T

1

— 2.11)
lug (-, DI

for up g, = Tn,eq, and uy = Tyey, where Ty, and Ty are the transfer matrices of the two systems.
By Theorem 2.12, Ty, — Ty compactly on [a, b] XC, which also means that u,, 5, — u4 compactly
on [a, b] X C, and then by Theorems 2.14 and 2.15, ,u}’;'; — :“Z vaguely.

Now, fix a 4 € supp ,LCZ, and take A,, € supp ,uZ'; such that 4,, — A. Then

b
||un,¢n(~,/ln)||,2qn — g (-, D13, = / 6 g (£, ) Ha(8) (tn g, (1, A) = ug (2, 1)) dt
b
+ / (tng, (1, 20) = ug(t, 1)) Hy(Dug(t,)dr - (2.12)
. b
o [ a0 - HOugr. ) .

The first two lines vanish as n — oo by dominated convergence, since u, 4, — ug compactly on
[a,b] x Cand trH, < f € L'[a, b] by hypothesis. The last line also vanishes as n — oo, because
ug(-,A) € Gc([a,b],C?) and H, — H vaguely on [a, b]. Thus, |[usg, (- ), — llugC,D)lla
and the associated spectral weights also converge. [
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Hence, for a sequence of canonical systems that are limit circle at both endpoints, the conver-
gence of the eigenvalue point processes can be deduced from Propositions 2.17 and 2.18 once the
spectral weights are shown not to vanish in the limit (e.g., hypothesis ii) of Proposition 2.17 is
shown to be satisfied by the spectral measures).

For a sequence of canonical systems on [a, b) that are limit point at b instead of being limit
circle, when the spectra are still discrete with only eigenvalues, it can be possible to prove the
convergence of the spectral weights using a similar analysis as in the proof of Proposition 2.18, but
this requires a better control on the eigenfunctions. Indeed, in that case Theorem 2.8 still applies so
the spectral weights are as in (2.11), where the solutions u4 still have the same representations in
terms of transfer matrices and boundary conditions, but now only converge compactly on [a, b) XC.
Hence, the decomposition (2.12) is not sufficient to show the convergence of the spectral weights,
and a better uniform control on the decay of the u, 4, near b is needed to localize the argument on

a compact time interval in [a, b).

2.2.2.3 Remarks on resolvents

We have seen in §2.1.7 that a self-adjoint realization of a canonical system’s relations can be given
a resolvent, which can possibly be expressed exclusively in terms of the system’s transfer matrix
and Weyl-Titchmarsh function. Indeed, consider a canonical system on T = [a, b) or [a, b] with
coeflicient matrix H, subject to the boundary condition ejJu(a) = 0 at @ and to some other bound-
ary condition at b if it is limit circle. This yields a self-adjoint realization Sy of its relations, and
combining Theorem 2.9 with the expression of the integral kernel given in (2.6), for z € C \ R the
resolvent (Sy —z)~!: L%I(a, b) — L%{(a, b) acts as

m%(z) T (s)

b

) Ty (s, 2)H(s)v(s) ds
where Ty and m% are the associated transfer matrix and Weyl-Titchmarsh function.

Now, it is clear from the above that given a sequence of systems H,, € CS 7, if H, — H vaguely,
Ty, — Ty compactly on 7 X C and m%n — m% compactly on H, then (Sy, —2)"'¢ — (Sy—2)"'¢
whenever z € H and ¢ € @.(I,C?). This type of convergence is similar to a strong resolvent
convergence (i.e., the convergence of resolvents in the strong operator topology, see [69, §6.6] for
precise definitions and more details), and it is natural to ask whether it can be upgraded to an
actual operator level convergence. To do so, one would need to overcome the problem that these
resolvents act on a priori distinct Hilbert spaces (namely the spaces L%{n (a, b)). It is possible that
this could lead to a generalized strong resolvent convergence—where the Hilbert spaces on which
the operators act are allowed to be different—following or extending the methods from [57, 70], for

example, but we won’t investigate this further here.
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2.2.3 Change of behavior at the right endpoint

Theorems 2.13 and 2.14 allow us to deduce the convergence of a sequence of Weyl-Titchmarsh
function from that of the associated transfer matrices in several cases, but they a priori leave out
an important one: that in which a sequence of systems that are limit point on the right converges
to a system which is limit circle on the right. As far as I know, this phenomenon appears not to
be considered in the standard theory—for example, I have not seen it in [61]—perhaps because it
cannot happen for trace-normed systems: whether a trace-normed system on an interval [a, b) is
limit circle or limit point at b entirely depends on whether b is finite or not.

The purpose of this section is to present a method to tackle this problem. Let H,, H € CS[a, b)
with associated transfer matrices Ty, € TM,;[a,b) and Ty € TM,[a, b]. Suppose that both
systems are subject to the usual boundary condition ejJu(a) = 0 on the left, and add a boundary
condition ey Ju(b) = 0 at b for H. Let m%n and m?{ denote the Weyl-Titchmarsh functions of the
two systems. By definition, these Weyl-Titchmarsh functions both depend on the transfer matrices
Ty, and Ty, but m% also depends on the boundary condition at . This suggests that the convergence
of the transfer matrices Ty, — Ty cannot be enough for the systems to converge: the integrability
conditions of the systems in the sequences have to converge in some sense to the boundary condition
of the limit system.

To see how this can happen, recall that by definition, mOH = T;II (b, -) cot@, while for any ¢ €
[a, b), we can write m‘}ln = T}}i (t,-)Puy(t,-) where foreach z € C, u,(+, z) is an integrable solution
to Ju' = —zH,u. Comparing these two expressions leads to the following observation: for any
z € H, a sufficient condition for m%ﬂ (z) = mY(z) is the existence of a sequence {f,}nen C [a, b)
such that Tﬁj (tn, 2)Puun(tn, z) — Ty (b, z) coth. If t, T b, we can then think of this convergence
as that of the systems restricted to [a, t,] (which effectively become limit circle at ¢,) to the limit
system, along with the convergence of the “boundary conditions” at #,, (this being Pu,(t,,z)) to
that at b. In that sense, we can think of the convergence H,, — H as a convergence of systems that
are all limit circle at both endpoints. However, here the “boundary conditions” at t,, of the systems
in the sequence are not actual boundary conditions, as they depend on z.

The above interpretation also has the important drawback that the domains [a, ;] grow larger
with n, so there is no direct way to study the vague convergence of the coeflicient matrices on all
of these domains at the same time. Fortunately, one can always rescale time, at least when b < oo:
given t, T b it is always possible to define a map n,,: [a, b,] — [a, b] by
(b -a)?

ty, — .
Yt-a) with by=a+——2 2.13)
b—a t,—a

M () =a+

This is a ! bijection: indeed it satisfies 1/, = tg%g > 0, so it is increasing from n,(a) = a to

na(by) = b. As n,(b) = t,, n, is also a bijection [a, b] — [a,t,], so it can be taken as a time
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change to make the system on [a,1,] act on [a, b]. Moreover, 17, () = a + tb;_‘;(t — a) satisfies

1. b—a (t—a)yb-t,) (b-a)(b-t,)
||17,11 - 1d[a,b]||oo = sup ‘a + (t—a)—t|= sup = ,
tefa,b) t,—a tefa,b] t,—a t,—a

son,! — id(, ] uniformly on [a, b] since 1, T b.

Using such time changes 7, we arrive at the following plan to work out the convergence of the
canonical systems H, to H and deduce the convergence of their Weyl-Titchmarsh functions.

i) Find a sequence of times t, € [a, b) such that t, T b, which would be expected to have the

property that Ty (t,,) — Tu(b,-).

it) Define &' bijections ,: [a, b,] — [a, b] withn,(b) = t, and b, | b (e.g. as in (2.13)), and
prove that ;,(H, o n,) — H vaguely on the closed interval [a, b].

iit) Deduce using Theorem 2.12 that Ty, (17,,:) — Tu compactly on [a, b] X C. Note that this
proves in particular that Ty, (17,(b), ) = Tw, (ts, ) = Tu(b,-).

iv) Prove the convergence of the z-dependent “boundary conditions” u,(n,(b), z) to eg, and
deduce the convergence of the Weyl-Titchmarsh functions from Theorem 2.14.

It can be verified that in a sense, this plan always describes what happens if the systems converge
at all. More precisely, if the transfer matrices converge, then it is always possible to build such
a sequence of times ¢, (this will be shown in Proposition 2.19). Moreover, if both the transfer
matrices and the Weyl-Titchmarsh functions converge, then the z-dependent “boundary conditions”

do converge to the boundary condition of the limit system (this will be shown in Proposition 2.20).

Proposition 2.19. Let T,, € TM|[a, b) and T € TM,|a, b) with b < oo. IfT,, — T compactly on
[a, b) X C, then there is a sequence t, T b such that for all z € C, T, (t,,z) — T(b,z) as n — oo.

Proof. Let {K;}ren C C be an increasing sequence of compacts with U;en Ky = C. It suffices to
build two sequences {t, },en and {&, },en as well as a subsequence {ny }xen such that
i) {tn}nen is nondecreasing, and for all k, |t,, — b| < l/kand t, = t,,, if ny < n < Ny,
ii) {&n}nen is nonincreasing, and for all k, g,,,, = &én/m and €, = &, if nx < n < ngyy,
iii) Forall k, all n > ny and all z € Ky, ||T,,(tp, 2) = T(b, 2)llop < Eny-
Having done so, the proof is completed by noting that the sequence {¢, },en has the desired proper-
ties. By construction, it is nondecreasing and satisfies |¢,, —b| < !/k for all k, so t,, T b. Moreover,
because the sequence {&, },enN is constant over n € {ng,...,ng+; — 1} and because the Kj’s form
an increasing sequence, the last condition actually shows that if z € Kj, then for all n > ny,
T (tn,2) =T (b, 2)|lop < £x. But the sequence {&,},en is nonincreasing and satisfies g, = &n/n;
for all k, so itis clear that &, | 0. As for any z € C there must be an £ such that z € K forall k > ¢,
it follows that T,,(¢,,z) — T(b, z) for any z € C.
We now construct these sequences recursively. Since K is compact, 7" is uniformly continuous
on [a,b] X K1, and therefore there is a t € [a,b) with |t — b| < 1 such that for all z € Kj,
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T (t,z) —T(b,z)|lop < !/2. Then, since T,, — T compactly, there is an n; such that for all z € K
and all n > ny, [|T,(t,2) = T(t,2)|lop < !/2. Sett, :=tand &, := 1 for all n < ny. Then for all

n>nyandall z € Ky, ||T,(t,,2) = T(b,z)|lop < 1, and all of the desired properties are satisfied for
{ta},L > {en},L, and {ni}.

Now, suppose that for some k we have built {z,}"* , {,}"*  and {n,}}_, that satisfy the three
conditions up to k. As T is uniformly continuous on [a, b] X Kj1, there is again a t > ¢, with
|t —b| < /(k+1) such that for all z € Ky, [|T(¢,z2) =T (b, z)|lop < &nc/2ns. Since T, — T compactly,
there is an m such that for all n > m and all z € Kyy1, ||T,,(¢,2) = T(t,2)|lop < €x/2nc. Here, there
are two possibilities:

i) If m <ny +1, wesetngy :=ng+1anddefinet,,,, :=tand &,,,, = en/ny.

ii) If m > ny +1, we set ngy1 := m and define ¢,,,,, =t and &,,,, := &n/n;, and we fill in the rest

by setting ¢, :=t and &, := g,, for ny <n < ng41.

In both cases, the updated sequences {t,,}Z’:l1 , {sn}Z’:l‘ and {ng}’gill now satisfy the three conditions
upto k + 1. [
Proposition 2.20. Let H,, H € CS|a, b) satisfy Hypothesis 2.2 and have transfer matrices Ty, €
TM;sla, b) and Ty € TM,|a, b]. Let m%n and mOH be their Weyl-Titchmarsh functions for the
boundary condition ejJu(a) = 0, adding ey Ju(b) = 0 for some 6 € [0, ) for H. Suppose that the
sequence {ty}neN C [a, b) satisfiest, T b and Ty, (t,,2) — T (b, z) forall z € H. Ifm%n — mY

H
compactly, then Puy,(t,,z) — cot@ for all z € H where uy,: [a,b) x H — C? is defined so that

foreach z € H, u, (-, z) is an integrable solution to Ju' = —zH,u.
Proof. Let z € H. By definition of the Weyl-Titchmarsh function, Pu,,(t,, z) = Ty, (t,, z)m?{n(z)
and cot@ = Ty (b, z)m%(z). If Ty (b, z)m%(z) < o0, then

| P (tn, 2) = cot 0] < [T, (ta, )My, (2) = T (b, 2)m%y (2)] + |[Tu(b, 2)mYy (2) = Tu(b, 2)mf(2)|

and both terms vanish in the limit. It remains to see what happens when Ty (b, z)m%(z) = oo. By
Hypothesis 2.2, it is impossible that m?{(z) = 090, so this can happen only if mOH(z) = -D/c with
C # 0 where (2 B) := Tu(b, 2). In that case, writing (" 3 = Tp, (b, 2),

1
Comyy (2) + Dy = E(CD,, — CuD) + Cy(my (2) — my(2)),

and both terms vanish in the limit. Because Anm% (z) + B, — Am%(z) + B # 0 (this being equal
to zero would imply that det T (b, z) = 0, but this determinant is always equal to 1), this shows that
T, (1 2 (2) = o0, .

We finish this section by pointing out a simple result. When working out the vague convergence

of the time-changed systems 1, (H, on,) — H on [a, b], one might worry that information is lost
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since the time intervals (b, b,,), which correspond to (¢,, b) for the original systems H,,, are removed

from the analysis. We now verify that this is not the case.

Proposition 2.21. Let H,, H € CS[a, b) with b < co. Letn,: [a, b,] — [a,b] be € increasing
bijections with b,, | b, and suppose that ||77,;1 - id[a,b]”OO — 0. Then H, — H vaguely on [a, b)
if and only if ), (H, o n,) — H vaguely on [a, D).

Remark. Thus, the vague convergence 7, (H, 0n,) — H on [a, b] is in fact a stronger condition than
the vague convergence H,, — H on [a, b), since the latter is equivalent to the vague convergence
n,(H, on,) — H on [a,b), with b excluded.

Proof. Let ¢ € €.([a,b),C?). Ift = b ort = by, then

t nﬂ(t) Un(t)
/ o' (Hyonp)pdZ = / ¢'HypdZ + / (¢"om,! = ¢*)HypdZ
a a a (2.14)

Un(t)
+/ ¢ oy Hy(gom,' — ¢)dZ.
a

The last two terms are bounded by

lellllp o ;! —90||oo/ H,d,
supp ¢

If either H, — H or n),(H, o n,) — H vaguely on [a, b), the compactness of supp ¢ ensures
that [ trHyd<Z is bounded in n. Indeed, if yr € G.([a,b),C?) has ¢; > 1 on supp ¢ for
j = 1lor2andy; = 0 for the other component, then /Supp‘p H,;idZ < /ab Y*H,y d<Z, but this
cannot diverge if H, — H vaguely. The same argument applies if 7, (H, o ,) — H vaguely since
= id[g,p]llc — O, as this implies that all 17, (supp ) are contained in a given compact in [a, b)

for n large enough. Now, if w,, is a modulus of continuity for ¢, then

lpom,' = ¢l = sup pon, (1) —e®)]| < sup wy(ln," (1) —1]) < we(lln," = idpaplle) — O,
tela,b] tela,b]

and therefore the last two terms of (2.14) vanish in the limit if either H, — H orn,,(H,on,) — H
vaguely on [a, D).

Finally, notice that for both# = b and ¢ = b,,, the upper bounds of the first two integrals in (2.14)
can be replaced with b for all n large enough, since 7,(b) — b and ¢ is compactly supported in
[a, b). Given our previous conclusions, this allows us to rewrite (2.14) as

b b
/ Oy (Hyomp)edZ = / ¢ HypdZ +0(1)

whenever H, — H or n),(H, on,) — H vaguely on [a, b), and it is now clear that either condition

implies the other one. u
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2.3 Random canonical systems

The purpose of this section is to introduce a few properties of random canonical systems. We start
by discussing the measurability of their solutions, and then we make a few basic remarks about the
applicability of some convergence results from §2.2 to random canonical systems.

Although I haven’t seen these results articulated anywhere else, they are quite elementary so it

is very much possible that they are not new. They are given mostly for the sake of completeness.

2.3.1 Random canonical systems and their solutions

By a random canonical system on an interval 7 C R, we simply mean a canonical system whose
coeflicient matrix is a CS 7-valued random variable. We saw in Theorem 2.11 that CS T is always
a separable metric space, which ensures that it has good measurability properties.

Given a random canonical system, at every point of the probability space it is certainly possible
to define its solutions, but it is not immediately obvious that these are measurable. Thus, in order
to be able to say anything about a random canonical system, the first step is to verify that it can be
given a transfer matrix which is a well-defined random variable.

If the trace of the coefficient matrix is bounded at every point of the probability space by a
suitable locally integrable function, then the continuity of the map from a coefficient matrix to the
associated transfer matrix (i.e., Theorem 2.12) implies that the transfer matrix is indeed a random
variable. This criterion can easily be relaxed to the following, which should cover all of the cases

we’ll be interested in.

Proposition 2.22. Let T = [a, b) or [a, b], and let H be a random coefficient matrix on 1. Suppose
that for every € > 0, there is an f € LIIOC(I) such that P[trH < f| > 1 — &. Then, there is a
TM 1 -valued random variable that is equal to the transfer matrix of H with probability 1.

When the hypotheses of the above result are met, we won’t distinguish between the random
canonical system’s transfer matrix and its measurable modification, as they only differ on an event

of zero probability.

Proof. For eachn € N, take f, € LIIOC(I) such that P[tr H < f,] > 1 — 1/n, choosing the f,,’s to
form a pointwise increasing sequence with the property that {tr H < f,,} C {tr H < f,+1} for each
n. It is clear that this is possible: having chosen f;,, take fn+1 with P[tr H < fn+1] > 1 = Yn+1),
and then set fo41 := fy V fns1. Note that by continuity of measures, lP(UneN{trH < fn}) = 1.
Now, let : CST — TM1T denote the map sending a coefficient matrix to the associated
transfer matrix, and define 7, := (9 o H)lwp<s,y + I21(wn>s,)- Because I is continuous on

each CSy, T, each T, is measurable, and therefore T := lim,,_,, T,, is measurable. Because the sets



46 CHAPTER 2. CANONICAL SYSTEMS THEORY

{tr H < f,} form an increasing sequence, T = (I o H)1, y(wH<f) + 121, cn{tr H> £} Which is

equal to the transfer matrix J o H on an event of probability 1. [

Once we add appropriate boundary conditions to a random canonical system, we can also define
a Weyl-Titchmarsh function. The boundary conditions could also be random: as before they take
the form e;;J u(t) = 0 at an endpoint ¢, but now ¢ could be a [0, 7)-valued random variable. By
Theorems 2.13 and 2.14, there are continuous maps from transfer matrices and boundary conditions
to Weyl-Titchmarsh functions, so Proposition 2.22 (together with the fact that changing the left
boundary condition from e to ey changes the Weyl-Titchmarsh function by an application of a

Mobius transform R_y) immediately yields the following.

Corollary 2.22.1. In the setting of Proposition 2.22, suppose also that the system is subject to
a (possibly random) boundary condition e:;.lu(a) = 0 at a, and either that the system is a.s.
limit point at b, or that it is a.s. limit circle at b with (possibly random) boundary condition
epJu(b) = 0. Then the associated Weyl-Titchmarsh function is a Hol(H, He)-valued random

variable.

These results also yield the measurability of other important objects. For instance, when the
system is limit point at b, it can be shown from Weyl theory (this is done for example in [61,
Theorem 3.14(a)]) that an integrable solution to the system for z € H is given by Ty (-, 2) ( m(,’,l(z) ),
where as usual 7y and m% denote the transfer matrix and the Weyl-Titchmarsh function for the
boundary condition eé]u(a) = 0. Therefore, the integrable solution is a well-defined random

variable whenever Ty and m% are.

Moreover, whenever the system’s Weyl-Titchmarsh function is a well-defined random variable,
the continuity of the Herglotz representation implies that the spectral measure is a well-defined
random variable with values in the space .Z.(R) of locally finite (nonnegative) measures on R.
The latter is a separable metric space under the vague topology—see e.g. [45, Theorem 4.2] for a

proof.

2.3.2 Convergence of random canonical systems

A sequence of random coefficient matrices, as a sequence of random variables with values in a
separable metric space, can be said to converge with the usual probabilistic meanings. The follow-
ing result gives a straightforward criterion to test the vague convergence in probability of random

canonical systems.



2.3. RANDOM CANONICAL SYSTEMS 47

Proposition 2.23. Let T C R be an interval, and let {H,,} ,en be a sequence of random coefficient

matrices on . Ifthere is another random coefficient matrix H on I such that for all ¢ € €.(I,C?),

/ o (Hy - H)pdZ —F— 0,
I n—oo

P
then H, — H vaguely on 1.

Proof. Let € > 0. By definition of the metric dcs 7 from Theorem 2.11, if dcs 7 (Hy, H) > € and
N € Nis large enough so that 3>, |, 27" < ¢/2, then there is an m < N with d, (H,, H) > #/2;
indeed, otherwise dcs 7 (H,, H) < %an’:l 27+ 3 . 27" < e Hence, Pldcs1(Hy, H) > €]
< Zzzl Pl(d,, (H,, H) > ¢/2], and the result follows. [

In a similar way, unsurprisingly, it suffices to check the convergence of random transfer matrices

on compact sets of times.

Proposition 2.24. Let T C R be an interval, and let T,,, T be random transfer matrices on 1 x C.
If T, — T compactly on K X C in probability for any compact K C 1, then T,, — T compactly on
1 x C in probability.

Proof. Take a sequence of compact sets Ky C I X C such that Uzen Kx = T X C. Then a metric
on TM T is given by
1 di(T,T)

dmt(T.T') = D, e where dp(T,T") = sup [T(t,z) =T'(t,2)|.
; 2k I+ dk(T9 T ) (Z,Z)EKkl |

Let £,6 > 0, and fix N large enough so that 3}° 27% < 6/2. If T, — T compactly on each
Ky, then di(T,,,T) < ¢/2n for all k € {1,...,N} and all n large enough with probability at least
1 —¢/n. Hence, drm 1 (T, T) < 6 with probability at least 1 — ¢ for all n large enough, and 7, — T
compactly on 7 x C in probability. [ |

Given a vaguely convergent sequence of random canonical systems, a trace domination condi-
tion that holds a.s. automatically upgrades the convergence to the compact convergence of transfer
matrices by Theorem 2.12. This criterion can be relaxed to allow the trace domination condition to

hold only with high probability.

Proposition 2.25. Let T = [a, b) or |a, b] be a real interval. Let H,, H be CS 1-valued random
coefficient matrices, and let Ty, Ty be their transfer matrices. Suppose that for all € > 0, there
are fe, g € LIIOC(I) such that P[trH < f;] > 1 —eand P[trH, < g.] > 1 — € for any n large
enough. If H, — H vaguely on 1 in probability, then Ty, — Ty compactly in probability.
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Proof. Let dtm 1 denote the metric on TM I. If £,6 > 0, by hypothesis there is an N € N such
that forall n > N,

Pldtmz(Th,, Ta) > 6] < Pldtm1(Th,.Th) > 6,tr H < fe,tr H, < g.] + 2¢.
Now, pick some H € CS T such that tr H < f, + g, and set
H' = HI1 {tr H<fe} + I:IT] {tr H>f,} and H;, = Hn]] {trH,<g:} + I:”] {trHy,>gs}-

Then H; — H'’ vaguely on 1 in probability, and because they are CSy, 1, I-valued, Theorem 2.12
guarantees that their transfer matrices Ty, — Ty compactly so P[dtmz(Tw;, Thr) > 6] < & for all
n large enough. Because Ty = Ty on {tr H < f;} and Ty, = Ty, on {tr H, < g}, it follows that
Pldtm1(TH,, TH) > 6] < 3¢ for all n large enough, and 7y, — Ty compactly in probability. [ |

2.4 Sturm-Liouville operators as canonical systems

In this section, we outline a general method to find a canonical system that is equivalent to a Sturm—
Liouville operator, based on the analogous construction for Schrodinger operators that can be found
in [61, §1.3]. To allow for more flexibility in the coefficients of the operator, we focus on generalized

Sturm-Liouville operators, in the sense used by Eckhardt et al. in [29].

2.4.1 Generalized Sturm-Liouville operators

By a generalized Sturm—Liouville operator, we mean an operator of the form

L:fr~ (MY + s My gf with — fI = p(f +5f) (2.15)
w

where p,q,s,w: (a,b) — Rsatisfy p # 0and w > O a.e. on (a,b), and p~',q,5,w € L, (a,b).
Here, f11 is called the (first) quasi-derivative of f, and L is a priori assumed to act on functions
from

Dy = {f € ACic(a, b) : fI1 € ACjoc(a, b)}, (2.16)

sothat L: D; — Llloc((a, b),wdZ).
The spectral problem for L is studied on the Hilbert space L? ((a, b),wdZ ) with inner product

b
(Fogh = / fowd2.

L is first taken to act on functions f € Dy N L?((a, b),wdZ) such that Lf € L*((a,b),w dZ),

and self-adjoint realizations can be obtained by restricting the domain with appropriate boundary
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conditions, depending on whether the operator is limit point or limit circle at endpoints. We will
not go into further detail about these self-adjoint realizations as we will rather adopt the point of
view of studying the spectral theory of L by representing it as a canonical system, but the ideas are
similar to those from §2.1.5 and the details can be found in [29, §3].

This class of generalized Sturm—Liouville operators is studied in detail by Eckhardt et al. in [29].
The point of extending classical Sturm—Liouville operators to this class of operators is essentially
to allow L to have distributional potential, as s does not have to be differentiable. Still, the theory

of ordinary differential equations yields the following existence and uniqueness theorem.

Theorem 2.26 [29, Theorem 2.2]. For each g € L, ((a,b),wdZ), z € C, 1y € (a,b) and
v € C2, there is a unique solution f € Dy to (L —z)f = g such that (f, f11)(t9) = v. Moreover,

if g, v and z are real-valued, then f is real-valued.

Remark. Here, we restrict ¢y € (a, b), but when L is regular at an endpoint—that is, when p‘1 ,q,S
and w are integrable near that endpoint—then as long as g is also integrable near that endpoint,
every solution f to (L — z) f = g has a finite limit at that endpoint, and so does its quasi-derivative
(this is proven in [29, Theorem 2.6]). In fact, when L is regular at an endpoint ¢ € {a, b} and g is
integrable near ¢, the whole statement of the theorem is also valid if #y = 7.

2.4.2 Turning the eigenvalue equation into a canonical system

Given a generalized Sturm-Liouville operator L of the form (2.15), it is possible to convert the
eigenvalue equation Lh = zh to a canonical system. To do so, define F := (h!', k) for an h that
solves Lh = zh. Then (A1) = shlll + (¢ — zw)h, so

(h[l])’) (sh[l] +(q - zw)h) ( s q- zw)
_ =, F

F' =
n p~ Al —sh -5

For the spectral parameter z to be factored out in front of the matrix, as in a canonical system, a
change of variables must be introduced. To this end, fix two linearly independent solutions f and
gtoLf =Lg =0, and set

g q)A 2.17)

in the same way as above. Note that

detA = fglll = flllg = W(f.2)



50 CHAPTER 2. CANONICAL SYSTEMS THEORY

is the Wronskian of f and g. Because f and g solve Lf = Lg = 0, it is easy to see by a direct
computation that (W(f, g))' = 0. This Wronskian is therefore constant, and it is nonzero since f
and g are chosen to be linearly independent.

Now, set u := A"'F. Because 0 = (A™'A) = (A7')YA + A71A", we get (A71) = —A~1A’A"]

and
- 0 —
Fial|® 979 po gt M
-1 0 0

W=AYF+a P =oat| 0

p -s p -s

Substituting back F' = Au, we find that u solves the canonical system

01
Ju'=—-zHu on (a,b) with H:=wJA™! (O 0 A. (2.18)

Conversely, given a solution u to this system, the steps can be taken in reverse to see that the second
entry of Au solves Lf = zf. In that sense, these two equations are equivalent.
The coefficient matrix obtained in (2.18) can easily be computed more explicitly in terms of the

two solutions f and g. Indeed,

He " 0 -1\[f —-fI\ (o 1)[gM flUI o w [ o\ (g f
wiolt ofl-g ¢ floof\e ) WE\r -0 o)
which gives

w (¥ fg w . 3
_ __r h =%]. 2.19
H W2 (fg f2) Wir.2) 4% where ¥ (f) (2.19)

2.4.3 The associated L’ space

The factorization of the coefficient matrix H as a projector that we obtained in (2.19) yields an

interesting representation of the seminorm ||-||z. Indeed, if u: (a, b) — C2, then

b 1 b 1 b

This yields an explicit relationship between the norms of the solutions to the canonical systems and
those of the eigenvalue equation for the original operator. Indeed, let 4 denote the second entry of
the vector Au. Then

. 1 f _f[l] .
=y A= s (s f)(—g gm)(h):h’
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so in fact
1

llullz; = W e A2 (2.20)

where ||-||,, denotes the norm in the weighted L? space L*((a, b), w dZ).

In other words, the mapping between solutions of the generalized Sturm-Liouville operator,
which live in L2 ((a, b),wdZ ) , and those of the canonical system, which live in L%I(a, b), preserves
norms up to a factor of W(f, g).

2.5 Jacobi operators as canonical systems

Canonical systems can encode not only second-order differential operators, but also difference op-
erators. In this section, we describe how to make such a correspondence between a Jacobi operator
and a canonical system, essentially following the method outlined by Remling in [61, §5.3]. For

the general theory of Jacobi operators, we refer to Teschl’s book [68].

2.5.1 Jacobi operators and their matrix representations

Consider an n X n matrix

bi+a a;
al bz an
Y = a by . (2.21)

ap-1

an,-1 b, +tw

where b, @, w € R and either a; > O for all j or a; < 0 for all j. This matrix can be thought of as

a second-order difference operator 7. Indeed, the operator 7 acting on a sequence 1 € CN0 as
(Th)j =aj_1hj_1 +bjhj+ajhj+1 (222)

exactly reproduces the application of Y on a vector & € C", at least for the entries j € {2,...,n—1}.
This doesn’t directly extend to j = 1 and j = n, as these expressions involve the a priori undefined
components hg and /,,41.

To complete the correspondence, T can be taken to act on a domain D, C C!**1 which consists
of finite sequences that satisfy certain boundary conditions at both ends. Then 7 maps D, — C"
through the application of (2.22). To make this precise, add two values ag, a, € R\ {0}, and let

h = (ho, h, hpy1) € CH1 where h € C"—we think of this vector simply as / to which two extra
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components are added at both ends to have 7/ well-defined. Then Y/ and Th have the same first
entry if
(Yh); = (b1 + @)hy +arthy  and  (th); = apho + b1hy +aihy

are equal, that is, if @h| = aphg. In the same way, the last entries of Y h and 7h are equal if
(YR)n = an-thp-t + (by + W) hy = anthpot + buhy + anhys = (Th)y &= why = aphysi.
The appropriate domain for 7 is therefore
D, 1= {h = (ho, b, i) € €1 2 g = aﬁohl, st = ==, (2.23)

an

in the sense that now 7: ©; — C" exactly reproduces the action of Y: C" — C". In particular,
this makes the eigenvalue equations Y4 = zh and 7h = zh completely equivalent if 2 € D,. For
the rest of the section, we will slightly abuse notation and use the same symbols for elements of D,

and their restrictions to C" obtained by removing the first and last entries.

2.5.2 Turning the eigenvalue equation into a canonical system

The eigenvalue equation Y/ = zh, or equivalently 7h = zh with h € D;, can be turned into a
canonical system in a similar way as what we did in §2.4 for Sturm-Liouville operators. This is
done in two steps: first we build an equivalent discrete canonical system, and then we extend it to

an actual one.

2.5.2.1 Building an equivalent discrete canonical system

Suppose h € D; solves Th = zh, and set F; = (hj.1,—a;h;) for j € {0,...,n}. Then for
jed{l,...,n},

—b;
F, aij((z—bj)hj—aj_lhj_l)):(Zajf l)( h )

—a j h j —a j 0
which means that

ar aj

Fi=(Cj+zDj)F; where C, =

1/,.
/a") and D; =
0

Ve O). (2.24)
0 0

Now, let f,g € C!'*"*! be two linearly independent solutions to 7f = 7g = 0 (not necessarily in
D;), and define

A= 8 S sothat  Aj = CjA; (2.25)
—a;jgj —a;fj
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for j € {1,...,n}. Note that
detA; =aj(gjfi+1 — figj+1) == W;(g, f)

is the Wronskian of g and f. Because f and g solve 7f = 7g = 0, it is easy to see by a direct
computation that this Wronskian is actually constant, so it is always nonzero since we chose f and
g to be linearly independent.

Now, setu; = Aj_.lFJ- for j € {0,...,n}. Thenfor j € {1,...,n},

-1 ~—1 -1 -1
u; = Aj—lcj (Cj +ZD]')F]'_] =Uj-] +ZAJ~_1C]~ DjAj_ll/tj_l,

SO
J(uj—uj1) =—zHjujy  with  Hj=-JA7L,C/'DjA; . (2.26)

This can be understood as a discrete canonical system, and it is fully equivalent to the original
eigenvalue equation 7h = zh in the sense that given a solution {u; };:0 to (2.26), the steps can be
taken in reverse to see that a solution to 7/ = zh can be extracted from the first entries of the A ju;’s.

The coefficient matrix obtained in (2.26) can be computed more explicitly in terms of f and g.

Indeed, note that
0 ~Ya;\([Ya; O} [0 O
a; -bifa;)\ 0 0of \1 0]
o)

H.:; 0 1 _aj—lfj—l _fj 00 gj f]
J wO(g, f) -1 0 aj—lgj—l gj 1 O _aj—lf].—l _aj—lfj—l

_ 1 aj-18;-1 &[0 O
Wole, ) \aj-ifier £i)\es i)

-1

which gives

1 gr  fig 1 . 8;
Hi= —— J N h = . 2.27
= WG T (fjgj 7 ) Wo(g’f)%l//j where i (f] (2.27)

2.5.2.2 Extending to an actual canonical system

To turn the discrete canonical system into an actual canonical system that runs in continuous time,

fix an increasing sequence {t; }?:O, and define H: [fg, 1,) — R>? by setting

1
Iy —1tj

H=

Hj on [Zj_l, lj) (2.28)
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for each j € {1,...,n}. This coefficient matrix yields a canonical system that is equivalent to the

discrete system from (2.26). Indeed, define u: [to,?,) — C? as being continuous and given by

t—1t;_-
u(t) = u(tj—1) + z#JHju(tj_l) for t € [tj-1,t)), (2.29)
J -
for each j € {1,...,n}. The continuity of u requires that

J(u(t;) —u(tjsr)) = —zHju(t;-1),

so we already see that {u(t J')}?:o solves the discrete system (2.26). Moreover, because H; is pro-
portional to wjz//;‘., then H;JH; = 0 since (Jy;,¢;) = 0. It follows that H;u = Hju(t;_1) on
[#j-1,1;), so on that interval
/ 1 1
Ju' = —z——H;u(tj_1) = —z———H;u = —zHu
I —1j- I —1j

and u solves the canonical system on [f,,) with coefficient matrix H. By uniqueness, any so-
lution to the canonical system must have the form (2.29) for some u(zy), which means that any
solution contains a solution to the discrete canonical system, and therefore a solution to the original

eigenvalue equation 7h = zh.

2.5.2.3 Transferring the boundary conditions

When we introduced the operator 7 earlier, we restricted its domain ©; in (2.23) with boundary
conditions for the eigenvalue equation 7h = zh to be entirely equivalent to the eigenvalue equation
Yh = zh of the original matrix (2.21). These boundary conditions translate to boundary condi-
tions for the canonical system with coefficient matrix (2.28), which is clearly limit circle at both
endpoints.

Take an h € D, that satisfies Th = zh, and let u be the associated canonical system solution.
In particular, {u(tj)}?zo solves the discrete canonical system, and u(¢;) = AJ‘.lF ; where F; =

(hj+1,—ajh;). Then the left boundary condition agho = ah; implies that u must satisfy

i 1 —aofo —fi)| M|\ __ M —aofo+ afi
ulto) = Ao Fo = Wo(g. f) (aogo g1 ) (—ahl) Wo(g. f) (aogo - ag )

Likewise, the right boundary condition a,h,+; = wh, implies that u must satisfy

I/t([n) — A;an _ 1 (—Clnfn —fn+1) (whn/an) _ hn (—a)fn + anfn+l) .

WO(g’ f) an8n 8n+1 _anhn - WO(g’ f) wWEn — Anfn+1
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Conversely, if at both ends u is parallel to the prescribed vector, then because Ap and A,, are invert-
ible, the solution % obtained from u belongs to the domain D,.
To summarize, solutions to 7h = zh with h € D; can be extracted from canonical system
solutions that satisfy
. —apjo + a1 —-wWjf, +a 1
u; Ju(to) = uy Ju(t,) =0 with 1wy, = ( foraf ) u, = ( Ju ¥ dnfu

aogo — @81 WEn — An8n+1

) . (2.30)

In particular, if @ = 0 then the left boundary condition becomes (u(7g), ) = 0, and if w = 0 then
the right boundary condition becomes (u(t,,), ¥,+1) = 0.

2.5.3 The associated L> space

In the same way as in the case of a Sturm-Liouville operator, the factorization of the coefficient
matrix as a projector yields a useful representation of the associated seminorm ||-||y. Indeed, if
u: (to,t,) — C2, then

Iy n 1 lj
lluel2, :/ wHud? = > / WHjudZ,
)

j=1 lp=tj-1 Ji;,
and with the expression (2.27) of H;, we get
il = 35y 2 [Pz @31
ully = u, . .
7= Wo(g, f) St Jiy !

This yields a relationship between the norms of the solutions of the canonical system and those
of the eigenvectors of the original tridiagonal matrix. Indeed, if u is a solution to the canonical
system, then it has the form (2.29) so (u, ;) = (u(t;-1),¥;) on [t;_1,¢;). If h is the associated

solution to Th = zh, it then follows that

I’l] 1 _aj—lf_‘]'—l _.f] h_]
— (g; f; =h;.
—aj_lhj_l) Wi-1(g. f) ( ! ]) ( aj-18j-1 8 J\~aj-1hj- J

Therefore, the inner product (u, ;) is constant on [#;_1,;), and the expression (2.31) simplifies to

(. yj) = ¥;A7L

2 1 2
u — h 2.32

where ||| is the usual Euclidean norm.
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2.5.4 Embedding the right boundary condition into the system

An important reason why one would want to represent a Jacobi operator as a canonical system is
that such an operator can correspond to a discretization of a continuum operator, which could be for
example a differential operator. We will see examples of this in Chapter 3, when studying scaling
limits of tridiagonal random matrix models for S-ensembles like those of the Hermite and Laguerre
B-ensembles.

In that context, the convergence of the Jacobi operator to the continuum one can be described
by taking a limit as the size n of the original matrix tends to infinity. To get a meaningful limit,
the canonical systems must then be set up so that their domains (7, ) at least converge to a well-
defined interval. In particular, one could take 7 := 0 and t,, — oo, which might be the natural thing
to do especially if the canonical system for the limit continuum operator is limit point at infinity.

In that case, it can be more natural to modify the systems in the sequence so that they all act
on (0, co0). This can be done by building the right boundary conditions directly into the coefficient
matrices, and effectively making the systems limit point on the right.

To make this precise, consider the same setting as before: we have a canonical system on (0, #,,)
with coefficient matrix H given by (2.28), subject to the boundary conditions given in (2.30). Now,
extend the definition of H to the full interval (0, co) by setting

H = —n'Ju,u; J on [2,, ) (2.33)

for some increasing absolutely continuous function n: [t,,00) — [0, c0) such that i’ is not inte-
grable. Note that this implies that the system is always limit point at infinity. Now, because H is
still a projector, the system’s solution on [#,, c0) has the same structure as the solution (2.29) on the

intervals [¢;_1,1;). Indeed, a direct computation confirms that the solution for ¢ > ,, is
u(t) = u(ty) + z(n(r) = n(ta))ug,u; Ju(t,) (2.34)

where the first term makes the solution continuous at #,,. The norm on L%I (0, ) from (2.31) is

extended for a general u: (0, ) — C? to

1 n 1 tj 0

2 2 2 7

= Wi|fdZ + ,Ju dZ. 2.35
0 = Sty 27y N wP s [Py 2.39)

[j—l n

If u solves the canonical system, then it has the form (2.34) on [t,, c0), and therefore (u, Ju,, ) =
(u(t,),Ju,, ) on that interval. Because we chose 1" to be nonintegrable, it follows that the solu-
tion has finite L%I(O, oo) norm precisely when (u(t,), Ju,,) = 0. This integrability condition thus

reproduces the boundary condition at ¢, from (2.30).



Chapter 3

The stochastic Airy, Bessel and sine opera-

tors as canonical systems

This chapter is devoted to presenting the canonical system representations of the stochastic Airy,

Bessel and sine operators mentioned in the introduction.

§3.1 and §3.2 are devoted to the stochastic Airy and Bessel operators, and follow similar struc-
tures. In both cases, the section is divided in three subsections. In the first one, we present the
precise definition of the operator and give some of its most important properties, along with a
canonical system representation. In the second one, we construct asymptotics of eigenfunctions
on the negative real line, which we will need to apply later in Chapter 4. Finally, in the third one,
we prove the convergence of suitably scaled tridiagonal random matrix models to the stochastic
operator, at the canonical system level. This proves Theorems 1.5 to 1.8 given in the introduction.
Then, §3.3 is devoted to the stochastic sine operator. Our goals in this case are more modest: we
only review the operator’s definition and some of its important properties in §3.3.1, and then we
briefly comment on the possibility of working out a canonical system convergence from tridiagonal

random matrix models in §3.3.2.

The properties of the stochastic Airy operator presented in §3.1.1 are mostly review from earlier
works, with a few exceptions. A few of those of the stochastic Bessel operator that are givenin §3.2.1
are also review from earlier works, but in that case most of the section is in fact taken from [54]. The
asymptotics presented in §3.1.2 and §3.2.2 are original and taken respectively from [55] and [54].
The convergence results from tridiagonal random matrix models to the stochastic Airy and Bessel
operators presented in §3.1.3 and §3.2.3 are original and have not (at least to my knowledge) ap-
peared anywhere in this form before, but they are essentially reformulations, at the canonical system
level, of results from [7, 60] in the Airy case and from [58, 59] in the Bessel case. Finally, the ma-

terial of §3.3 is essentially review.

More specific references are given throughout the chapter.

57
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3.1 The stochastic Airy operator

This section is devoted to the stochastic Airy operator. In §3.1.1, we review a few of its important
properties. In §3.1.2, we derive asymptotics to solutions of Hg f = 0 ast — —oo. Finally, in §3.1.3,
we prove the convergence of suitably scaled tridiagonal random matrix models to the stochastic Airy

operator, at the canonical system level.

3.1.1 Basic properties of the stochastic Airy operator

A proper definition. Recall from (1.7) in §1.2 that the stochastic Airy operator Hg, heuristically,
should be thought of as acting on a function f: [0,c0) — R as

Hof ()= ~1"0)+ 1+ B 0) 0 (17)

where B is a standard Brownian motion. The idea of this operator was introduced by Edelman and
Sutton in [30], and there are several ways to make its definition rigorous, as of course because of
the white noise in the potential, this is not yet a proper definition for Hg.

Originally, in order to give a precise definition, Edelman and Sutton rather defined a different

operator Hg acting on functions f € L?([0, o), go%(t) dt) where @g(1) = exp(\/l[? /Ol B(s) ds) as

4
VB

Because the sample paths of Brownian motion are a.s. continuous, this operator is well defined

et ) = =10 = =BO 1)+ (1= B 0) 0.

pathwise as a classical Sturm-Liouville operator. In particular, it is self-adjoint when given appro-
priate boundary conditions. Differentiating formally the expression wﬁﬂﬁ(gp/}l f)(t) yields (1.7),
which motivated Edelman and Sutton to define the stochastic Airy operator as ®g o 7-73 o®_ ! with
®g: f +— @gf. It can further be shown that ®g: Lz([O, ), goé(t) dr) — L?[0, c0) is actually an
isometry between Hilbert spaces [8, Appendix A], and because Hp is a Sturm—Liouville operator
this could allow one to study the spectral theory of the stochastic Airy operator.

However, this definition is not completely satisfying, as it only defines Hg implicitly. The first
direct, rigorous definition of this operator was given by Ramirez, Rider and Virdg in [60], who used
the theory of Schwartz distributions in order to have a well-defined white noise.

Here, we adopt yet another approach: we see the stochastic Airy operator as a generalized
Sturm-Liouville operator in the sense used by Eckhardt et al. [29] that we already saw in §2.4. The

fact that the stochastic Airy operator fits this framework was first pointed out by Minami in [52].
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Definition 3.1. Let 8 > 0 and let B be a standard Brownian motion. The stochastic Airy operator

Hyp is the random generalized Sturm-Liouville operator defined pathwise by

Maf () = (1 - %Bf)’(t) - %B(x) (r- V%Bf)(r) (1= 5820) 0,

acting on functions f € Dy, = {f € ACioc(0,00) : f/ — %Bf € ACioc (0, oo)}.

Remark. This operator has the form (2.15) of a generalized Sturm-Liouville operator with p = 1,

q(t) =t— %Bz(t), 5= —%B andw = 1.

Like the distribution-based approach, this gives a direct definition of the stochastic Airy oper-

ator, in the sense that differentiating formally in the above, one retrieves the heuristic (1.7).

The spectrum of the stochastic Airy operator. When proposing to see the stochastic Airy op-

erator as a generalized Sturm—Liouville operator, Minami also proved the following.

Theorem 3.1 (Adapted from [52, Theorem 1]). The stochastic Airy operator is limit circle at O
and limit point at infinity. With Dirichlet boundary condition f(0) = 0, it is a.s. self-adjoint and

a.s. has purely discrete spectrum.

Remark. That the spectrum of the operator is a.s. discrete was also proven by Ramirez, Rider and

Virdg with their distribution-based characterization—see [60, Proposition 3.5].

The spectrum of the stochastic Airy operator under the Dirichlet boundary condition f(0) = 0,
which is the negative of the so-called Airy, point process, describes the soft edge scaling limit
of B-ensembles. We have seen an example of this in Theorem 1.1 (taken from [60, Theorems 1.1
and 1.4]), which shows that this spectrum is a scaling limit of the Hermite and Laguerre S-ensembles.
It has also been shown that the spectrum of the stochastic Airy operator with a different boundary
condition is a scaling limit for a perturbed version of the Hermite and Laguerre 5-ensembles [7, 8].
We will see a canonical system version of this in §3.1.3.

As mentioned in §1.2, the Airy, point process arises as a universal scaling limit in the soft
edge regime of S-ensembles for large classes of potentials, which go far beyond the Hermite and

Laguerre cases [6, 10, 48].

An SDE characterization of solutions to the eigenvalue equation. Since the stochastic Airy
operator is a random generalized Sturm—Liouville operator, a solution to its eigenvalue equation
Hpf = zf for some z € C can be defined pathwise. However, in order to understand the behavior
of f as a stochastic process, a different characterization can be obtained through 1t6 calculus when

the initial conditions f(0) and f’(0) are independent of the Brownian motion B that drives Hg.
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Indeed, if f solves Hgf = zf, then its sample paths are absolutely continuous and have a
derivative f” a.e. such that f" — \/LFB f is absolutely continuous. As long as f(0) and f’(0) are

independent of B, it follows that f is a semimartingale with finite variation. It6’s formula therefore

shows that 5 5 5
d{f" = —=Bf)@) =df'(t) - —=f (1) dB(t) - ——=B(1) (1) dt.
( VB ) VB VB
But " — \/Z_FB f is absolutely continuous, so its Itd differential is also equal to (f’ — \/—‘%B f )'(t) dr,

and thus it follows from the eigenvalue equation that

d(f’ - %Bf)(t) - —\/iFB(t) (f’ - %Bf)(t) dr + (r - %Bz(t))f(t) dt.

Comparing these two expressions for d(f” — %B f)(2) shows that f solves

df(n) = f'(r) dr,

df'(t) = (t —2) f(¢r)dr + %f(z) dB(1).

This stochastic differential equation, called the stochastic Airy equation, was studied in detail by
Lambert and Paquette in [49].

(3.1)

A translation property of solutions to the eigenvalue equation. We now point out a property

of the stochastic Airy operator that will be essential later in §4.4.

Proposition 3.2. Let Hg be defined on R from a two-sided standard Brownian motion B, and set
Hp g = 2\/F(Hﬁ — E) for some E > 0. Then f solves Hgpf = zf for some z € C if and only
if f(t) = f(t + E) solves ﬁﬁf = ﬁf where 7:[ﬁ has the law of Hpg, but is defined from the
two-sided standard Brownian motion B(- + E) — B(E).

Proof. By definition, for all r € R,

1 /
ﬁHﬁ,Ef(t +E) = —(f -

Bf)’(t +E) - %B(t +E)f(t+E)+1f(t +E)

SR

— —(f’ - = (B- B(E))f)'(r +E)

— 2 (B +E) = B(E) f(t+E) +1f(t + E),

VB

since the extra B(E) terms cancel out. But this is precisely the expression of 7:lﬁ f(1),soif Hpef =
zf then ﬁﬁf(t) = ﬁHﬁ,Ef(t +E)= ﬁf(t +E)= ﬁf(t) for all € R, and vice versa. ®
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Canonical system representation. As a random generalized Sturm-Liouville operator, the sto-
chastic Airy operator can be associated with a random canonical system that is equivalent to its

eigenvalue equation, following the method detailed in §2.4. The equivalence can be made through

the matrix B
r 2 r 2
f%:(% fﬁ)zfﬁ e bt (3.2)
gg I gs fs

where fg and gg are a pair of fundamental solutions to Hgh = 0 with initial conditions gg(0) =
fl’?(o) =0 and g;g(O) = f3(0) = 1, and where we write = p - %Bh for quasi-derivatives. The

matrix Ag thus solves

~-2B(t) t-2%B(t
A;;(l‘) = ( \/Fl @ lIBB(t() )) Aﬁ(t) with Ag(0) = I,. (3.3)
VB

The method from §2.4.2 shows that & solves Hgh = zh if and only if u = ABI ( hz] ) solves the

canonical system Ju’ = —zHgu on (0, c0), where

2
Hg = JA;1 (g (1)) Ag = (fjgﬁ fp;gﬂ) _ Wﬁ‘ﬁ; where Yp = (fﬁ) . 3.4)
This canonical system is limit circle at 0, and it is limit point at infinity because Hp is. Hence,
the eigenvalue problem Hgh = zh with h(0) = O corresponds to a self-adjoint realization of the
canonical system’s maximal relation obtained by restricting the maximal relation with the boundary
condition e;Ju(0) = 0.
As pointed out in §2.4.3, the norm of the associated L%{ﬁ (0, 00) space has a specific form in

terms of the solutions fg and gg. Indeed, if u: (0, 00) — CZ, then

lulfy, = [ o wa)f o (35)

In particular, if u = A;l(hz] ) for some h: (0, c0) — C, then ||ul|m, = [|Al|2.

3.1.2 Asymptotics of solutions to the eigenvalue equation as t — —co

In this section, we understand the stochastic Airy operator as being defined on the whole of R from
a two-sided Brownian motion, and we derive asymptotics for solutions to the eigenvalue equation
Hpf =0ast — —oco. In addition to providing helpful insight into the behavior of these solutions
on the negative real line, these asymptotics will be crucial in our spectral analysis of the soft edge
to bulk transition later in §4.4.2.

The asymptotics we derive, which are essentially taken from [55, §7.1], are the following.
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Theorem 3.3 [S5, Theorem 3]. Let Hg be defined on the full real line from a two-sided stan-
dard Brownian motion B. If f solves Hgf = 0 and if f(=1) and f'(—1) are independent of the
restriction of B to (—oo0, —1), then fort > 1,

f(=t) = Cpt 18X cosgp(r)  and  f/(~1) = Cptl+2 XD sin £4(7)

where C2 = f2(=D+ f?(-1), &g is a process that satisfies Eg(t) — 27r|_§ﬁ()J — U ~ Unif[0, 27)

inlaw ast — oo, and X is a process such that for any &, > 0, there is a C > 0 for which

PV > 1,1x(0)] < C(1+ (1ogt)‘/2+5)] >1-¢.
Remark. These asymptotics complement the 1 — oo asymptotics for the same solutions that were
derived in [49].

The idea of the proof is to construct a pair of polar coordinates to describe the growth and
oscillation of f and f’, and then to analyse their asymptotic behavior. So, our first step is the

following.

Proposition 3.4 [S5, Proposition 23]. Let Hg be defined from a two-sided standard Brownian
motion B, and let E(t) = B(=t). If f solves Hgf = 0 and f(-1) and f'(—1) are independent of
the restriction 0fl§ to (1, 00), then fort > 1,

f(=t) =t PDcosgg(r)  and  f(=1) = =" D singg(1)

where rg and &g solve the stochastic differential equations

drg(t) = ! ( ! cos 4§ﬂ(t)) dr — L sin 2&5(1) dB(t)

1\28 ﬁ /0

dég(t) = —Vrdr - —((;1 ;) sin 2&5(t) + _,3 sm4§/g(t)) dr — % cos fﬁ(t) dB(t)

withrg(1) = $log(f2(=1) + f2(~1)) and &5(1) = arctan(f'(-D/(-1)).

(i ,3) cos 2&p(1) + —

Proof. Set y(t) := f(—t). Reversing time in the equation Hgf = 0 shows that

0=~y + By) 0+ ZBO( 4 ZBy)0 - (14 B0 o),

and then applying It6’s formula in the same way as we did to derive the stochastic Airy equation (3.1)

(which is justified by the independence of y(1) and y’(1) on the restriction of B to (1, 00)) shows
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that y’ satisfies

dy’ (1) = —ty(¢) dt — \/iﬁy(t) dB(1).

Now, define the real-valued processes rg and &5 so that e+ = /4y (1) +it™"/*y'(1). By Ito’s

formula,

1
y(r) + ity (1) \4

drg(t) +idég(t) = o (1 SRy de = =Y () de + 1Y (1) dr + iy’ (t))

1 1 -1/2 ’
- d

_ e-zm(z)(( 1'2y2(1) — =t ’z(t))dt— %y(t)y (1) dB(1)

—i (Zy(t)y’(t) +y2 (1) + tyz(t)) dr — %y%) d1§(t))

2 _ _
+ Ee—‘”ﬁ@r 1/2y2<t>(t‘/2y2<r> — 1Py (1) - 2iy<r>y'<r>) dr

As e cos &p(t) = t'*y(t) and ¢"#® sinég(t) = t™/*y'(¢), this simplifies to

drg(r) +idég(r) = ! (cos Ep(t) — sin® Ep(2)) dt — 2 cos &g(1) sin &g(1) dB(1)

W .
_ z(% cos (1) sinép(t) + \/?) dr — % cos> &p(1) dB (1)

+ %(; cos? &p(t) — ; cos’ &p(1) sin’ £p(t) — % cos® £p(1) sinfﬁ(t)) dr

The announced stochastic differential equations then follow from taking the real and imaginary

parts in the above and simplifying with trigonometric identities. [

We now analyse the asymptotic behavior of these polar coordinates rg and £g. This is done in
Propositions 3.6 and 3.7 respectively, and Theorem 3.3 is a direct consequence of these two results.

Before proceeding, we need a simple preliminary result.

Lemma 3.5 [S5, Lemma 24]. Let {g solve the SDE from Proposition 3.4. If k # 0 and € > 0,

there is a C > 0 such that
t ekifﬁ(s)
/ ds|>C| <e
1 S

P [sup

t>1
Proof. By Itd’s formula,

2
d(ekifﬁ)(s) _ ekifﬁ(s)( kiv/s ds — % ds — le(s) ds — j—_;l cos fﬁ(s) dB(s)) (3.6)
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where
R'—k'(1+1)'2 e 2 Gnagy 1 cosaey +  cosa 3.7)
r = ki 175 sin2&g 2lgsm &g 5 cos2¢p 4lgcos ép. .
Therefore,
. / : kigp(s) 32 1 2ki
kigp(5) g = —L_ d( kit fe ( ds + ~Ry(s) ds + ——= cos dB )
e e (e"47) (s) + s s k(s)ds N 2 &5(5) dB(s)
and

t okigp(s) L Y3ki i ekiép(s)
et e [ w5 ") T
2 kifﬁ(s)

VBJi o s?
iekifﬁ(s‘)

i ' i t 3i t ekifﬁ(s)
Z _ &g = _ = -
k /1 532 d(e) () ks, "ok /1 s/ ds.

The first term is immediately bounded by 2/, and since s +— s g integrable on [1, o), the

(3.8)
cos® £5(s) dB(s).

Integrating the first term by parts gives

remaining integral is also bounded by a constant depending only on k. In the same way, by definition
of Ry, the second integral of (3.8) is bounded by a constant depending only on k and . As to the

remaining stochastic integral in (3.8), its bracket is bounded by
4 "1 4 4
— — CoS s)ds < —,
5 ), et s 5,

and thus Bernstein’s inequality for martingales (see e.g. [62, Exercise 1V.3.16] for a general state-

ment of that inequality) shows that

2
)

kzgﬁ(s)
sup—‘/ cos fﬁ(s) dB(s)‘ > X

t>1

< 4exp(

Since the first line of (3.8) is bounded by a constant C’ > 0, taking x so that 4 exp(—ﬁT) < gyields
the result with C := C’ + x. [

Proposition 3.6 [SS5, Proposition 25]. Let rg solve the SDE from Proposition 3.4. Forall e,6 > 0,

there is a C > 0 such that

P >1-e.

1
Vi1, ‘rﬁ(t) —rp(1) - %logt) < C(1 + (log)'**)

Proof. Recall from Proposition 3.4 that r solves

drg(r) = (1 (1 )coszgﬂ(r)+

2373 Ccos 4§ﬁ(t)) dr — L sin 2£4(1) dB(t)

2B VBt
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where &5 solves the other SDE in Proposition 3.4. By Lemma 3.5, given & > 0, there are C;,C4 > 0

such that for k = 2 and k = 4,
"cos kég(s
/ cos KEp(s) )( > Ck] <z (3.9)
1 S 3

]P[sup
>1

Then, the martingale

M(t)_f/

By properties of continuous martingales (e.g., Proposition A.1), it follows that for any ¢ > O there
is a C > 0 such that

I+ gin 2§ﬁ(s) 141 §in 2¢4(s)

d1§(s) has (M)(t) = é/l ds < Elog(l +1).

M@ -1
]P[sup | 1( )| ZC] 3
=1 1+ (glogt)'/2+o 3
and the result follows by combining this event with those of (3.9). [

Proposition 3.7 [S5, Proposition 26]. Let &g solve the SDE from Proposition 3.4. Then eép)

U in law as t — oo where U ~ Unif §'.

Proof. Recall that if U ~ Unif $', then EU” = 0 for any integer m # 0. Hence, by density
of trigonometric polynomials in continuous functions on the unit circle, it suffices to prove that
E ™€) — 0 ast — oo for all m # 0. This means that it suffices to prove that ¢,,(r) — 0 as
t — oo for all m # 0 for ¢, = E X,, with X,,(7) := exp(mi(&s(t) + %IS/Z)).

Now, from the expression (3.6) of the Itd differential of TR

dX,.(s) = —X,, (s)(3£ + iR (s)) ds — %Xm(s) cos? £5(s) dB(s),

SO
! 3m?> 1
QDm(t) :]]E':Xm(l)—]E‘/1 Xm(S)(4—ﬁs+;Rm(S)) ds

and it follows that

Fal8) =~ (5) = L E X (5)R ()

To simplify notation, set p = Multiplying by s” and integrating, we get another expression

4B
for ¢,:

em(1) =1 Pu(1) —]Ef_”/ltsp_le(S)Rm(S) ds.

As p > 0, it is clear that the first term vanishes as ¢t — oo. Then, recall that R,, was defined in (3.7)
as a linear combination of e*?¢# and e**¢#. Therefore, in order to prove that ¢,, () — 0, it suffices

to prove that

1 ! .
Umi(t) = t_P]E/ P71 X, (5)eF D ds > 0 as 1 — oo
1

for k = +2 and k = +4.



66 CHAPTER 3. THE STOCHASTIC AIRY, BESSEL AND SINE OPERATORS AS CANONICAL SYSTEMS

Using again the expression (3.6) of the Itd differential of e*¢#, we can write

. t t 2
Ymi(t) = ]:7(115 /1 sP7P X, () d(eXP) (s) + E /1 sP—S/ZXm(s)ek"fﬁ“)(% +Rk(s))ds).

Now, if ¥, (s) := s?/*X,,(s), then

@Sp—zxm (5) cos® &5(s) dB(s),

VB

3
dY,,(s) = —Esp_s/sz(s) ds = 5?7 X, (5) Ry (s) ds —

SO

d<Ym, eki§5>(s) = —4lf8m

sPPx, (5)e*é8() cog* ép(s)ds.

From this, we can integrate the first term of ¥, x by parts:

t t t
. . 3 .
]E/ PP X, (5) d(e¥48) (5) = E 5P X, (5) k48| + 3 ]E/ P X (5)e 48 ) ds
1 1

1

! . 4k ! .
+ ]E/ PP Xo (5) Ry (5) €48 ds + 7’” ]E/ sP7 X, (5) ek () cos® £p(s) ds.
1 1
Finally, because X,,, Ry, R, and e*és are all bounded processes, substituting the result of this
integration by parts in the expression of i, x () shows that |, x ()] < t 2, so that ¢, x (t) — O

as t — oo, which completes the proof. [

3.1.3 Canonical system convergence from tridiagonal matrix models

In this section, we show convergence of tridiagonal random matrix models to the stochastic Airy
operator by representing both as canonical systems.

As mentioned in §1.2, the idea that tridiagonal random matrix models can, in the right scaling,
correspond to discrete-time approximations of the stochastic Airy operator comes from Edelman
and Sutton [30]. This was made rigorous for the first time by Ramirez, Rider and Virdg in [60], who
showed that for any k£ € IN, the first k eigenvalues of suitable tridiagonal random matrix models
converge jointly in law to the first k points of the Airy, point process. This was then extended
by Bloemendal and Virag in [7] to perturbed versions of these tridiagonal random matrix models,
whose eigenvalues converge (in the same sense) to those of the stochastic Airy operator with a
different boundary condition at the origin than the Dirichlet condition #(0) = 0. Heuristically, the
perturbations act as boundary conditions for the tridiagonal matrix models, and they yield a different
boundary condition for the limit operator if they remain consistent as the matrix size grows.

Several results of this section can thus be seen as reformulations, at the canonical system level,

of some of the main results of [7, 60]. The advantage of the present formulation is to upgrade the
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results to the operator level, under a framework that can also be used to describe other scaling limits
of B-ensembles.

The section is organized as follows. We first introduce the random matrix setup that we consider
in §3.1.3.1, where we give the main results as well. The proofs are given in §3.1.3.2, and the results

are applied to the Hermite and Laguerre S-ensembles in §3.1.3.3.

3.1.3.1 Setup and statement of the results

Tridiagonal random matrix model. Consider an n X n tridiagonal random matrix

bn,l + a”/5%1 an,1

My + Zepel =| ! R (3.10)
On An,n—-1

Ann—1 bn,n

where 6, > 0 and a, ;, b, ;, @, € R with all a, ;’s of the same sign. We suppose that M,, is scaled
at the soft edge of -ensembles, meaning essentially that it should discretize the stochastic Airy

operator with time step ¢,,. More specifically, what we assume is the following.

Hypothesis 3.1. The entries a,, ;, b, ; of the random matrix M, in (3.10) have the form

1 2
lnj = — AZL +VE,  and by =

Wn

AZb + Vb

Wn

where
i) 6, — 0butnd,, — coasn — co.
ii) for any 7 > 0, both Emaxi<j<r/s,|AZ; ;| — 0 and ]Emaxlsjg/(;nmzs’ﬂ — 0asn — oo,
and the process Z, () = Zy:/f ! AZ, ; with AZ, ; = 2AZ,‘;’]. + AZfl’J converges compactly

in law to a standard Brownian motion,

,fj_l + VZJ. + V}f’j -(j- 1)(5n| — 0in law as n — oo and both

Vi, }LT/6 "l and {Vb }LT/6 " are tight.

These conditions ensure that the entries of M, are consistent with the soft edge scaling. As we
saw when building canonical systems out of Jacobi matrices in §2.5, the first entry of the matrix
is what fixes the left boundary condition of the associated canonical system. To ensure that the

boundary conditions for M,,+ ‘;—;’ele-lr
n

are consistent when n grows, we add the following hypothesis.
Hypothesis 3.2. 5, (1 + ;) — cot ¢ in law as n — oo for a deterministic ¢ € [0, x].

Remark. In particular, this is automatically satisfied with ¢ = 0 if @, = O for all n.
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Canonical system representation. As arandom Jacobi matrix, M,, (or equivalently M,,+ ‘;—ge 1 eT)
can be represented as a canonical system following the method from §2.5. To do so, we must fix
two extra entries a, ‘= ~1/s2 and a, , = —1. Then, we introduce a pair 3, g3, of fundamental

solutions to the three-term recurrence
Zhj :an,j_lhj_l+bn,]~hj+an,jhj+1 for jE{l,...,l’l} (3.11)

for z = 0, with initial conditions fg, 0 = 5,1 = 1, g.n0 = 0 and gg .1 = J,,. These initial condi-
tions are chosen to reproduce those of the solutions fg and gg from the stochastic Airy operator’s

coeflicient matrix (3.4). Note that these solutions have Wronskian

1

WO(g,B,na fﬁ,n) = aO(gﬁ,n,Ofﬂ,n,l - gﬁ,n,lfﬁ,n,O) = 6_
n

Asin §2.5, we can use these solutions to define a discrete canonical system which can be extended to
continuous time by setting the coefficient matrix as being constant on chosen intervals. Taking the
time steps to be given by the sequence ¢; := jo,, this results in a canonical system Ju’ = —zHpg ,u

on [0, t,,) with coefficient matrix

. fenigen

Hg, = Bnsj T on [£j-1,t). (3.12a)
fonigsni  fan;

Note that under Hypothesis 3.1, #, — oo. This canonical system is equivalent to the eigenvalue

equation (3.11) in the sense that a solution u: [0, 7,) — C? must satisfy u(t;) = A;’IH’].F ; for

hj+1
—an,jhj

To make the canonical system fully equivalent to the eigenvalue equation for M,, + %elelT, it

remains to implement the appropriate boundary conditions. Since the stochastic Airy operator is

g = g8.n,j+1 {8041 and Foo-
M,] J
—Qn,j&B,n,j _an,jfﬁ,n,j

for an A4 solving (3.11).

defined on [0, o) and is limit point at infinity, it is slightly more convenient to extend the above
canonical system’s domain to [0, co) by embedding the boundary condition at #, into the system,
effectively making it limit point at infinity as well. Following the method from §2.5.4, we extend

the domain to [0, o) by setting

2
g,B,n,n+1 fﬁ»n,n+lg,8,n,n+l

Hg, on [, 0). (3.12b)

2
fﬁ,n,n+lgﬁ,n,n+l gﬁ’n’n_‘_]
As seen in §2.5.4, this makes the system limit point at infinity, and the integrability condition on
solutions acts as a boundary condition that reproduces the action of the lower right corner of M,, +

a T . .
5—2@10’31 on 1ts ergenvectors.
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At 0, the boundary condition that needs to be added is given by (2.30). The resulting boundary

condition can be written as

A
~an/s, 1-(1+a,) (3-13)

u, Ju(0) =0 for u, = (1/65 * Qn/éi) = 5%1 (6”1(1 " an)) .
Note that any scaling of the vector u,, can also be used instead of u,, itself without changing the
boundary condition. This will be convenient later to see how the boundary condition changes as n
grows. In fact, we immediately see that if a,, satisfies Hypothesis 3.2, then 6,u,, — (cot¢, 1) in
law if |cot ¢p| < oo or 62(1 + @,)"'u, — (1,0) in law if cot ¢ = +oo.

Thus, by construction, if an integrable solution u: [0, ) — R? to the canonical system with
coefficient matrix (3.12) and spectral parameter z € R satisfies the left boundary condition (3.13),
then one can extract an eigenvector & € R" of M, + g—ge 1@}— from u by taking h; to be the first entry
of Ag, j—1u(tj—1) foreach j € {1,...,n}. By the computation from §2.5.3, the norms of u and h

are related by ||u||%1ﬁ,” = 6l hl13.

Convergence to the stochastic Airy operator. In this setup, we will show that the canonical

system for M,, converges vaguely to that of the stochastic Airy operator.

Theorem 3.8. Suppose that the n X n tridiagonal random matrix M, from (3.10) satisfies Hypoth-
esis 3.1. Let Hg, denote the coefficient matrix (3.12) of the associated canonical system, and let
Hg denote the coefficient matrix (3.4) of the stochastic Airy operator’s canonical system. Then

law

Hg, — Hg vaguely on [0, o).
As a corollary of this result, we also obtain the following.

Corollary 3.8.1. In the setting of Theorem 3.8, let Tny,,,Th,: [0,00) X C — C>*? denote the
1
canonical systems’ transfer matrices. Then Ty, , = Thy, compactly on [0, 00) X C, jointly with

the convergence of coefficient matrices.

T
1

so this also extends to the Weyl-Titchmarsh functions and spectral measures of these canonical

Under Hypothesis 3.2, the boundary conditions for M,, + %ele are consistent in the limit,

systems.

Corollary 3.8.2. In the setting of Theorem 3.8, suppose additionally that Hypothesis 3.2 holds.

Let m}ll’; T mflﬁ : H — H., denote the Weyl-Titchmarsh functions of Hg,, and Hg with boundary

law

Uy é
— m

Hg Hg

conditions W, Ju(0) = 0 and eZJu(O) = 0 respectively, with u, as in (3.13). Then m
compactly on H, jointly with both coefficient and transfer matrices. In particular, if ,u?{';,n and

¢ . . u, ) u, law ¢
Hp, are the spectral measures associated with m Hy.n and m Hy then u Hyn — My vaguely, also

Jjointly with coefficient and transfer matrices and Weyl-Titchmarsh functions.
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It should be noted that while these results do give an interesting operator level picture of tridi-
agonal random matrix models scaled at the soft edge, the convergence of the spectral measures
proven in Corollary 3.8.2 does not directly imply the convergence of the associated eigenvalues
point processes, and therefore it does not recover the results of [7, 60] mentioned earlier (in partic-
ular in Theorem 1.1). Indeed, as discussed in a general setting in §2.2.2.2, even though the spectral
measures y?l”ﬁ , converge to the spectral measure ,ugﬁ of the Airy system, at this point nothing rules
out the possibility that atoms of 1“11:12,,1 merge or that their spectral weights vanish in the limit. Being
able to deduce the point process convergence from Corollary 3.8.2 would require a more careful
analysis of the spectral weights, possibly along the lines of what we saw in Proposition 2.18 for

systems that are limit circle at both endpoints.

3.1.3.2 Proof of the canonical system convergence

In this section, we prove Theorem 3.8 and its corollaries. To do so, we actually prove that, under
an appropriate coupling, the solutions that appear in the coefficient matrix of the finite-n canonical
system converge compactly in probability to those of the limit canonical system. We prove this by
comparing the solutions at the discrete times where the solutions of the finite-n system jump.

To carry out this proof, we need to be able to control the growth of the solutions to Hgh = 0 in

order to bound error terms easily. Thus, we start by proving the following lemma.

Lemma 3.9. Let h solve Hgh = 0. For any &,6 > 0, there is a C > 0 such that

]P[Vt > 0, |h(1)] < exp(C(1 + r)3/2+5)] >l-s

and

]P[Vt >0, |AM ()] < VI +rexp(C(1 + t)3/2+6)] >1-e.

Proof. Let (1) := (1+1)"*, and define two real-valued processes r and & such that e’ *¢ = Sh+ %

Then (slightly abusing notation and writing ¢ for the map ¢ — 1)

1 JALIEN
r 2r 212
= ~(s%h —)
re 2( + 52
[1] 1112
= S'SK? + S2h(h[1] + iBh) + h—z(—iBh[” + (t - iBz)h) _3 h3
VB S\ VB B S

= (5 ) (5

In the rightmost factors of these two terms, we recognize the expressions of ¢ cos 2¢ and %ezr sin 2¢
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respectively. Expliciting the expression of S, this gives

1 2 1 1 5
4(1+t) +ﬁB(t))COSZ'f(I)+(EV1+I—2 0 _ﬂ —

This allows us to get the desired control over & from properties of Brownian motion. The property

r'(t) = ( Bz(t)) sin 2£(1).

that we need here, which follows from Proposition A.1, is that for any £, > 0, thereisa C > 0
such that
P|V:>0,|B(t)| < C(1+0)*| >1-¢.

On that event, integrating the expression for 7’ (¢) yields
l 3246
r(t) <r(0) + 1 log(1+1¢)+C(1+1)

for a different C > 0. Since |h| = S~'e” and |hl!!| = Se”, this implies the announced result. [

We now show that under Hypothesis 3.1, the solutions to the three-term recurrence (3.11) with
z = 0 converge to solutions to Hgh = 0 with matching initial conditions. The canonical system

convergence will be a consequence of this result.

Lemma 3.10. Suppose that the matrices M, from (3.10) satisfy Hypothesis 3.1. Then, there is a
coupling of the matrices M,, with the stochastic Airy operator Hg under which if h, solves the

three-term recurrence (3.11) with deterministic initial conditions hy o, h,,1 € R such that

. , . hn 1~ hn 0
ho :== lim h, o and bp = lim (5—
n—oo n—o00 n

both exist, then the function t & h, |;s,| converges compactly in probability to the solution h to
Hgh = 0 with initial conditions h(0) = Bo, h’'(0) = b,

Remark. One might expect that it should not be hard to generalize this result to solutions to the
eigenvalue equations for nonzero spectral parameters and to possibly random initial conditions.
However, nothing would really be gained from doing so, as such generalizations will directly follow

from the compact convergence of transfer matrices in Corollary 3.8.1.

Proof. We start by introducing the coupling in question. By condition ii) of Hypothesis 3.1, the

process Z,(t) == ZJL.’:/f”J A

rokhod representation, there is a coupling of the Z,’s such that Z,, — B compactly in probability.

Z,; converges compactly in law to a Brownian motion. Hence, by Sko-

Our goal is now to show that under this coupling, 4, |./s5,] — h compactly in probability.
Since 4 is continuous and 6, — 0, by definition of the functions 4, |.;s, | itis clear that it suffices

to compare h(jé,) with h, ; for j < 7/s, where 7 > 0 remains arbitrary. From this observation, the
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idea of the proof is simple: starting from recurrences for 4 and A, |./5,| at times j6,, we obtain a
recurrence for the difference between them and use it to propagate the error throughout the interval
[0, 7], corresponding to roughly 7/s, iterations. From this, we show that the difference between the
two solutions vanishes uniformly on compacts as n — oo.

To facilitate the handling of error terms throughout the proof, we work on a good event on which
we can control the errors deterministically. To this end, let 7, &,6 > 0. By Lemma 3.9, properties
of Brownian motion, and Hypothesis 3.1, there are C,C’ > 0 as well as &, > 0 with &, | 0 such
that the event

G = | sup (ROIV B 0)]) < Chn{ sup 1BO) = B(s)| < C'lr = 5170}

1€[0,7] 1,5€[0,7]
N 1) - B(t)| < }m{ Ve v vh. sC}
{ sup 1200 = BT < enf 0 { max (1V2,1V 1V ) (3.14)

a a b a .
N {1s1jnsar§5n|AZ”’f| < sn} N {1&?}5""/"’1'—1 +V, i+ V- (j- 1)6n| < sn}
has P(&, ) > 1—¢ for all n large enough. Without loss of generality, we may assume that 6, < &,
for all n large enough, since it is clear that the &,,’s could be replaced with a sequence that converges
more slowly to zero.

We start by finding recurrences for 4 and hl!l. To simplify notation, write ¢ j = Jou. Our

starting point is
]
h(tj) = h(tj-1) + 6,h (tj-1) +/ (W' (t) — W (tj-1)) dt.
tj—1
Since the quasi-derivative hl!l = 1’ — \/L_BBh is absolutely continuous, we know that 4’ has mod-
ulus of continuity dominated by that of Brownian motion. Hence, on &, . ., it is (1/2 — ¢)-Holder

continuous, and it follows that for j < 7/s,,

1 ’
/ (h/(t) - h’(tj_l)) dt‘ < / (t _ l.j_l)l/2—5 dr < 6:,/2_6
tj-1

tji-1

where the implicit constants depend on 7 and &. Thus, for all j < 7/s,,

h(t)) = h(t;-1) + 6n(h“] (tj-1) + %B(tj_l)h(zj_l)) +0..(6079). (3.152)

We can obtain a similar recurrence for 4! using that Hpgh = 0, which gives an expression for Rt
Indeed, we can still write

1y

) = i) + 6,00 (1) +/ (K 0y = B (1;_1)) dt,

tj—1
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and because A1 (7) = —%B(r)h“](t) + (- %Bz(t))h(t), the modulus of continuity of A" is
dominated by that of Brownian motion. Hence, in the same way as above, the remaining integral is

/2—6

again 07,8(62 ) on &, 1 ¢, and it follows that for all j < 7/s,,

2 4 .
() = i) - 6, \/—BB(tj_l)hm(tj_l) - (zj_l - EBz(tj_l))h(tj_l)) +0..0(6770).
(3.15b)

We now want to find similar recurrences as (3.15), but for the discrete case. To do so, we

introduce a discrete analog of the quasi-derivative associated with the stochastic Airy operator,

hy, iv1— hy, i 2 2
[1] . "n,j+1 nj o ) ) a ,
hn,j = —5n _x/EZ”(tJ)h”” + —\/BAZn,jhn,]. (3.16)

The last term does not have a counterpart in the continuum setting, and is merely included here for
technical convenience. It corresponds to an error that would otherwise telescope out when summed,
but including it here lets us control it through our inductive argument.

On &, ;. and with j < 7/s,, the expression of the discrete analog of the quasi-derivative can

immediately be reversed into the recurrence

2
g = B+ Su(B) 4 =Bl 1) + Or e (Onen) 1. (3.17a)

R/
Now, writing the coefficients a, ; and b, ; under the form of Hypothesis 3.1, the three-term

recurrence (3.11) for A, with z = 0 becomes

hnjs1 =2 + hy i1 2
R I e (AZ2 sy gor + AZD s+ AZS g
n n
+ Vrﬁj—lh”s]'—l + Vf]lj,jh”’f + V:,J'hn,jﬂ
hl[llj] - h,[q,lj]'—l 2 a b a
== 5 + \/35 (AZn,jhn,j + AZn,jhn,j + AZn,jhn,jH - Zn(tj)hn,j + Zn(tj—l)hn,j—l)
n n

+ V4

b a
n,j—lh"aj—l + Vn’jhn,j + anjhn,j+l-

Since Z,(tj)hn,j — Zn(tj=1)hnj—1 = AZy jhj + Z,(tj-1)(hn,j — hy j-1), this reduces to

gl

n,j n,j—1

0=—
5 VB

1 4
Zn(tj—l)h,g’]]-_l - IEZ;%(tj—l)hn,j—l + Vrij_lhn,j—l + an’jhn,j + V:ll’jhn,j+1

) 4
+ WAZs,j(hn,J#l - hn,j) + IEAZZ,j—l

Using the recurrence (3.17a) for &, to control the error terms, it follows that on &, ; . for j < 7/s,,

Zn(tji-1)hnj-1.

2 4
= pll s, —B(t,-_l)h,gf}_l - (tj_l - _Bz(tj_l))hn,j_l)

VB B
+ Oco(0ngn) L] | + Or o (648n) hn jo1 + O (Sn&n) hLL) + O o (6n2n) .

n,j

(3.17b)
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To compare the solutions &, and &, we set A, ; := h(t;) — h, ; and A}El} = ht (1)) - h,[llj]., and
we take the differences of (3.15a) and (3.17a) and of (3.15b) and (3.17b) to get

2
An,j = An,j—l + 511 (A[ll_l + _B(tj—l)An,j—l) + 07,8(5n8n)An,j—1 + 07,8(5n8n)

n,j \/B

and

2 4
alll = Al 5n(\/—FB(r,_1)A£}}_1 ~ (11 - BBZ(r,_l))An,,_l) + 0o (6nEn)

+ 07’,8(5n8n)A,[:]]-_1 + OT,a((sngn)An,j—l + OT,G((SHSH)ALL]' + OT,a(énSn)An,j

where we are assuming that 52/ 20 = O(0,€&n), which we can certainly do by increasing &, if nec-

essary. This means that if A, ; := maxo<k<; (|An| V |Ar[lll]<|), then
(1 + OT,e(éngn))An,j < (1 + 07,8(6n))An,j—1 + OT,e(éngn)’
and therefore there are constants C, ¢’ > 0 (depending on 7 and ) such thaton &, ; . forall j < 7/s,,

Anj < (1 +C)A, -1 + C'6,8,.

A simple inductive argument then shows that

A A . i1 . T ok
Apj < (14 C8,) Ao+ C'6yen > \(1+Co,)k < (1+C5,) (An,o + 5)
k=0

Taking j = [7/s,], the prefactor remains bounded as n increases, so because An,() — 0 by the
hypothesis on the initial conditions, this shows that AH,LT /6,) — 0 1in probability as n — oo and

completes the proof. [

The vague convergence of the canonical systems’ coefficient matrices announced in Theo-

rem 3.8 is really a consequence of this lemma.

Proof of Theorem 3.8. Recall from (3.4) and (3.12) that the coeflicient matrices Hg and Hpg , asso-
ciated with Hpg and M,, are respectively given by

2 f 2 f
Hﬁ — ( gﬁ Bfﬁ) and Hﬁ’n(t) — gﬁ,n,L[/ﬁnJ ﬁa”,L[/;nJg,Ban’I.t/énJ
fegp 13 Ep.n.11/5,18B.n.11/5,] £ Lt/

for t € [0,nd,), where fg and gg solve Hpfg = Hpgg = 0 with fk(O) = g3(0) = 0 and fz(0) =
g5(0) = 1, and where fg, and gg, solve the three-term recurrence (3.11) with z = 0 and initial
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conditions fg, 0 = f3,,1 = 1, ggn0 = 0 and gg .1 = 6,. The initial conditions for these two pairs
of solutions match: fg, o = fg(0) and gg 0 = gg(0), and

fgn1 — 18,00
On

’ gB.n,1 — B,n,0 ,
=,(0)  and % = g,(0).

Therefore, Lemma 3.10 shows that as n — oo, g, |./5,] — s and gz, |./5,] — g compactly in
probability with respect to the coupling from the lemma. Since nd,, — oo, any compact subset of
[0, c0) is eventually contained in the domain on which the above representation of H 8, 18 valid, and

it follows that Hg, — Hpg vaguely on [0, co) in probability under this coupling. [
It is now easy to deduce the convergence of transfer matrices and Weyl-Titchmarsh functions.

Proof of Corollary 3.8.1. By Lemma 3.9, for any 7,& > O there is an f;. € L'[0, 7] such that
tr Hg < f; ¢ on [0, 7] with probability at least 1 — &. Working on the coupling from Lemma 3.10,
the lemma implies that tr Hg,, — tr Hg compactly in probability, so it is also true that for any
7,6 >0, thereisa g, € L'[0, 7] such that tr Hg, < g, on [0, 7] with probability at least 1 — &.
Hence, for any v > 0, Hg,, — Hpg vaguely on [0, 7] in probability, and the above control on the
traces implies that Ty, — Tp, compactly on [0, 7] X C in probability by continuity of the map
from coeflicient to transfer matrices on trace-dominated sets (i.e., Proposition 2.25). Because 7 is
arbitrary in (0, o0), it follows from Proposition 2.24 that Ty, , — Ty, compactly on [0, c0) X C in
probability.

Since Hg,, — Hp and Ty,, — Ty, in probability under the same coupling, it follows that

Hg, — Hg and Thg, — Ty jointly in law. [ ]

Proof of Corollary 3.8.2. Suppose first that @, = 0 so that §2u,, = e(. Then e( can equivalently be
used to define the boundary condition at O for Hg ;. Then by the continuity of the map from transfer

matrices to Weyl-Titchmarsh functions from Theorem 2.13, the convergence of transfer matrices

from Corollary 3.8.1 implies that m(}{ - m% in law.
B.n B

Let’s return to the general case of Hypothesis 3.2. Write ¢,, € [0, xr] for the (random) angle

such that ey, = *|[u,|5 1, so that mg’; = m}‘{’[‘g . Now, Hypothesis 3.2 implies that
u, +1 5,_11(1 +C¥n) law
€y, = % = ‘ — €y.
allz \f5:2(1 + )2 + a2 —p

Since the convergence is to a constant, it holds jointly with the convergence m%ﬁ - m%ﬁ proven
above. Since m?]’; L= R_¢nm%ﬁ’n and mgﬁ = R_¢m0HB where Ry denotes the rotation matrix with
columns ey and Jey (see the remark below Definition 2.11), it follows that mZ’; — mzﬁ in law.

The convergence of the spectral measures is then a consequence of the continuity of the Herglotz

representation of the Weyl-Titchmarsh functions.
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To conclude the proof, note that as we have seen in the proofs of Theorem 3.8 and Corol-
lary 3.8.1, the convergence of coeflicient and transfer matrices holds in probability under the cou-
pling from Lemma 3.10. Under this coupling, the above argument actually shows that the conver-
gence of Weyl-Titchmarsh functions and spectral measures holds in probability, and thus all of the

distributional convergences hold jointly. [

3.1.3.3 Application to the Hermite and Laguerre -ensembles

The results of §3.1.3.1 can easily be applied to specific random matrix models for S-ensembles by
checking whether they satisfy Hypotheses 3.1 and 3.2. In order to verify condition ii) of Hypothe-
sis 3.1 in practice, one method is to verify that the increments of Z are independent and centered
with appropriate higher moments, and use a martingale central limit theorem to deduce the con-
vergence of the process. As this can work in several cases—and in particular for the Hermite and

Laguerre S-ensembles—we state this as a separate result.

Lemma 3.11. In the notation of Hypothesis 3.1, the process Z, converges compactly in law to a
standard Brownian motion whenever its increments can be decomposed as AZ, ; =: AZ, i+ AZ, j
so that the AZW- s are independent with |E AZn,j =0 E AZﬁ’j =0,+0:(6,) and E AZ;‘Z'J = 0:(8,)

forall j < /s, withany t > 0, and so that the process Z,(t) = ZL.Z_/(S"J AZ, ;i converges compactly
Jj=1 J

to 0 in law.

Proof. Since Z, — 0 compactly in law, it suffices to show that the other part of Z,,, namely the
process Z,(t) = Zy:/f ] AZ,ZJ, converges compactly in law to a standard Brownian motion.

Because the increments AZ, ; are independent with EAZ, ; = 0 and finite variance, Z, is
a martingale, and by definition it is cadlag. By the martingale central limit theorem (the precise
formulation we use here is that from Ethier and Kurtz [32, Theorem 7.1.4]) together with Lévy’s
characterization of Brownian motion, it suffices to show that (Z,)(r) — ¢ in probability for all
t > 0 and that for all 7 > 0, Emaxi<;</s, AZij — 0.

The predictible quadratic variation of Zn s directly seen to be (Zn)(t) = ZJL’:/ fnJ E AZ}%’J. from
its discrete structure. Thus, the second moment assumption on its increments implies that (Z,,) (1) =
t + o0.(1) forany 7 > 0.

We can then check that Emax<;<;/s, AZ,%J — 0 for all 7 > 0 using Markov’s inequality.

Indeed, for any x > 0,

L7/6nl l1/6n) EAZ? ;

E max AZﬁ’j5x+ Z/ ]P[AZ,%’j>y]dy5x+ Z
X

1<j<t/6, X

j=1 j=1

By the fourth moment assumption, there is an &, = 0,(J,) such that E AZi ; < g, forall j <7/s,.
Taking x = (%)'/2, the above is bounded by 2(%)1/2 — 0. n
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Application to the Hermite S-ensemble. As we have seen in the introduction, the Hermite -
ensemble is the point process with density given by (1.1) for the potential V(1) = 4*/4, and it can

be realized as the eigenvalue point process of the tridiagonal random matrix

\/zé:n,l Xn,l
B = T . _ where
\/F T e Xn,n—l Xn,] ~ X(n-j)B>

Xn,n—l \/Eérnn

with all §, ;’s and X, ;’s independent [24]. Here, we consider a perturbed version of this tridiagonal

model: Hg, — a, \n ele}— for a perturbation parameter @, € R. From [30, 60], we know that

n'*(2vn = Hg, + a,Vnere] ) (3.18)

has a soft edge scaling with time step &, := n~"/?, that is, it should be a discrete-time approximation
of the stochastic Airy operator with this time step. This matrix model has a canonical system
representation with coefficient matrix of the form (3.12), which has the same spectrum as the matrix
when given the boundary condition (3.13) at 0.

It is easy to verify that this matrix model satisfies Hypothesis 3.1, and that Hypothesis 3.2 is

satisfied as well when the perturbation «, has the right form.

Proposition 3.12. The matrix n'*(2yn —Hg , + @y Ve e ) satisfies Hypothesis 3.1 with 6, = n”'*,
Moreover, if n'*(1 + a,) — cot ¢ in law for some (deterministic) ¢ € [0, ], then Hypothesis 3.2

is satisfied as well.

It directly follows from Proposition 3.12 and Theorem 3.8 that the associated canonical system
converges vaguely on [0, o) in law to the canonical system for the stochastic Airy operator, and
then from Corollary 3.8.1 that the canonical systems’ transfer matrices converge compactly on
[0, c0) X C in law. When the perturbation «,, has the right form, it also follows from Corollary 3.8.2
that the Weyl-Titchmarsh functions converge compactly on H in law, and that the spectral measures
converge vaguely in law. In particular, this proves the parts of Theorems 1.5 and 1.7 about the
Hermite S-ensemble.

To prove Proposition 3.12, we use Lemma 3.11, which reduces most of the problem to com-
puting moments of the matrix entries. Thus, we need expressions for the moments of y random
variables. The following result is elementary, and can easily be proven using basic properties of the

Gamma function together with Stirling’s approximation.
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Proposition 3.13. Let X be a yy-distributed random variable for a k € N. Then

1 -3
EX =Vk - — +0(k™ ),
4K

and EX* =104 (k +2m) and EX**! = EX 1 (k +2m + 1) for € € N.

We now turn to the proof of Proposition 3.12.

Proof of Proposition 3.12. Note that the condition on «, is just the condition of Hypothesis 3.2
with &, = n~'?, so only Hypothesis 3.1 really needs to be verified.

The matrix entries are a, ; = —%nl/ °X,.j and by, ; = 2n - \/% n'/o¢, ;, which can be written
as in Hypothesis 3.1 with 6, = n™'?,
2/3 2 1/3 a a 2/3 2 1/3 b b
anj=-—n""+ —n"AZ, . +V, and bpj=2n"+—n"AZ ,+V/
VB

for

1 b |

AZy ;= =5n /(X — E X)), AZ) = 5" g,
2 n'/s
Vi =nt - —EX,; vy =0.

VB

Out of the three conditions of Hypothesis 3.1, i) is obvious. To verify iii), note that by Proposi-
tion 3.13,if 7 > O and j < tn'" then EX,,; = v/(n — j)B + O (n"?) = \nB(1 = i/2n) + O (n”').
Hence, V¢ = 4jn"P+0(n"'F), which implies both that {V . }]L.T: fonl is tight and that Ve HVe =
(j = D" + 0-(n""P) so that iii) holds.

To verify ii), we use Lemma 3.11. Write AZ,,, o= Ay = ZAZ"f’j + AZf;’j (so that in the
notation of Lemma 3.11, Zvn = (). Then indeed ]EAZ,,’ j =0,andif j < '3 forat > 0, then
Var X, ; = 1/2+ O-(1/n) by Proposition 3.13 so

~ _ 1 . . i
]EAZ,%’]. e Var X, ; + o 1/3 Varg,; =n /s 0. (n 4/3).

Moreover, ]ElAZ,’le4 = %n'z/ ? and one can easily verify from Proposition 3.13 that ]E|AZZ,]|4 =
O(n") for j < ™A, so ]EAZ‘:,J. < 8(16 ]E|AZ,§’J.|4 + IE|AZ,Z1”].|4) = 0.(n"*) by Young’s in-
equality. All of the conditions are thus satisfied for Lemma 3.11 to show that Z, converges in law
to a standard Brownian motion. To finish to check that condition ii) holds, it only remains to show
that Emax;<;<; /5n|AZZ’j| — 0 and Emax;<j<, /5,,|AZ,f,j| — 0, and this follows from Markov’s
inequality together with the bounds E|AZ} j|4 = 0.(n"7*) and ]E|AZ}’1” i |* = O(n"), in a similar
way as in the proof of Lemma 3.11. [
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Application to the Laguerre -ensemble. As we have seen in the introduction, the Laguerre -

ensemble is the point process with density (1.1) with V(1) = %— %—%) log A where m > n—11is
another parameter that is implicitly a function of n. It can be realized as the eigenvalue point process
of the tridiagonal random matrix Lﬁ,nL;';’n with Lg , as in (1.4) [24]. Here, to allow for a little more
generality, we rather consider the spiked model Lﬁ’n’gnL;’n, : for a perturbation parameter £, > 0

that we have seen before in (1.6), where

‘/EYn,l Xn,l
1 '.. '.. Y N ~ X —i+]
Lpne, = — | and n.J (m=j+1)B
\/'E t. Xn,n—l X",j ~ X(n—j)B

Yn,n

with all X, ;’s and Y, ;’s independent. This reduces to the usual unspiked model when £, = 1.
From [30, 60], we know that

_ (NP

1 1 1 \%3
LT’Mn where 0, = = ( )

— L — —
om0 nh " AN

has a soft edge scaling with time step J,,. As in the Hermite case, this matrix model has a canonical

o0, Vnm —

system representation with coefficient matrix of the form (3.12), which has the same spectrum as
the matrix itself when given the boundary condition (3.13) at 0.
This matrix satisfies Hypothesis 3.1, and it satisfies Hypothesis 3.2 as well when the spike

parameter £, has the right asymptotic behavior.

Proposition 3.14. The matrix 6,/nm — (5,%\/nm)_1LB,n,gnL2;’n’ ¢, Satisfies Hypothesis 3.1 with
6, = (" + m™"PP and @, = (B\nm)~1 (€, - l)Ynzl. Moreover, if the spike parameter ¢,
is independent of Y, with E(£, — 1)* = o(n'?) and is such that §;' (1 + \Jm/n (£, — 1)) — cot ¢

in law for some (deterministic) ¢ € [0, x|, then Hypothesis 3.2 is satisfied as well.

As in the Hermite case, Proposition 3.14 and Theorem 3.8 imply that the associated canonical
system converges vaguely on [0, oo) in law to the canonical system for the stochastic Airy operator,
and the convergence extends to transfer matrices by Corollary 3.8.1. When ¢, has the right form for
Hypothesis 3.2 to be satisfied, the convergence further extends to Weyl-Titchmarsh functions and
spectral measures by Corollary 3.8.2. In particular, this proves the parts of Theorems 1.5 and 1.7

about the Laguerre 5-ensemble.

Proof. Recall thatm > n—1sothatn " < 8, < 2n”'?, which in particular implies that condition 7)

of Hypothesis 3.1 is satisfied. Moreover,

Y? -
1+a, :i(1+(€n_1)ﬁ(m—mg+l))
On Oy n mp
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When the hypotheses on £, are satisfied, the term &, (¢, — 1)(8vnm)~" (Y2, = EY?,) has mean
zero and its variance vanishes as n — oo since E(£, — 1)? = o(n'?), so it converges to zero in
probability by Markov’s inequality. The other condition on £, is then exactly what is needed for the
other term to converge to cot ¢ so Hypothesis 3.2 holds.

Now, for j < n — 1, the matrix entries are

1
Bo2\nm

2 2
Qan,j = Xn,an,j+1 and bn,j =0, Vnm — Xn,j + Yn,j)’

1
Béinm (
and they can be decomposed under the form of Hypothesis 3.1 with

2 2 _ 2 2
X, i+ Y, —EX  +Y )

20,V pnm ’

2 EB(X2. +Y2)
: VPo= 6Nnm - = - —2
me 82 Boinm

_Xn,an,j+1 - ]EXn,an,j+1
20, Vpnm ’

a _ i _ ]EXn,an,j+1
W82 B82+Inm

AZZ,] = AZ}/I;’J. = —

By Proposition 3.13, EX; ; = (n—j)Band EY; ; = (m—j+1)B, so because S,nm = (V' +~/m)?,

2j -1

82+/nm

1
Vrf,j:(sz nm(dznm—2\/nm—n—m+2j—1):
n

Then E X,, ;Y ;41 = BV (n— j)(m — j) + O((n - j)?), soif 7 > 0 then for all j < 7/s,,

o 1

o=
I 82+/nm

(Ve =N (1= L= L) 0, ) = é(% + ) 4007,

Therefore, both {V;! }JL.T:/I‘S"J and {V}ﬁ ; }JL.T:/I‘S"J are tight, and for all j < 7/s,,,

_j—1c 12

Vit ¥ VitV = o (ot o )+ 0e(n ) = (j = D8y + 0 (w7,
n

s nom nm
so condition ii7) of Hypothesis 3.1 holds.

To check that condition i) holds, we use Lemma 3.11 to show the convergence of Z, to a
Brownian motion. While checking the conditions for the lemma, we will also verify that ]E|AZZJ. |4
and ]E|AZfl’,j|4 are both O, (n"?) for j < 7/5,, which implies that ]Emaxlsjg/(gnmzs’ﬂ — 0 and
Emaxi<j</s,/AZ f; j| — (0 by Markov’s inequality, as in the proof of Lemma 3.11. Now, to use the
lemma, we split the increments AZ,, ; := 2AZZJ. + AZ,’; jasAZy ;= AZ, j+ AZ, j Where

2 2 2 2
A (Xn,j + Yn,j+1)2 - ]E(Xn,j + Yn,j+1)2 ~ Yn,j+1 - Yn,j - ]E(Yn,j+1 - Yn,j)
AZn,j = - and AZn!j = .
26,V pnm 26,V pnm
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This decomposition ensures that N +— Z?’:] AZ, ; 1s a martingale with independent increments.
For Lemma 3.11 to apply, we need to show that ]EAZ,% i = 0, + 0:(6,) and ]EAZ:J. = 0.(8,) for
all j < /s, with 7 > 0. Now,

]E((an + Yn,j+1)2 - ]E(Xn,j + Yn,j+1)2)2 = 4]E(Xn,an,j+l - ]EXn,an,j+l)2
+E(X2; - ]EX,%J)Z +4E[(X2, ~EX2,)(XuYnj+1 — EXu Ynjs1)]
FE(Y) 1y ~BY] ) +4E[(Y) 1) —EY] ) (X Yo e — B X))

n,j+1 n,j+1
By Proposition 3.13, a y-distributed random variable X satisfies E X 2k, EX*= k(k +2) and
E X’ = (k + 1) EX. In particular, the variances of X - and Ynz,j+1 are 2(n — j)B and 2(m — j)B,

and the covariances between X,f ; and X,, ;Y, j+1 and between ij 41 and X;, ;Y ;1 are both equal
to E X, ;Y, j+1. Hence,

]E((Xn,j + Yn,j+l)2 - ]E(Xn,j + Yn,j+1)2)2
. . . . 2
=28(n—j) +2B(m — j) +4B*(n— j)(m — j) = 4(E X, ;Ynj+1)" + 8E Xy Y js1.

Then
- — 1 [n—j 1 m—j . -2
E X, ¥y = BV = 0m =) = A= = 2\ L o= )= )7, Ga9)
so finally

, N 2
%E((Xn,j o) = By + Y jo)?) = 4(Vn = +m =) +0((m = j)n - j)7").

O.(m"?n™'/%), and this gives

If 7 > 0, then with j < 7/5,, the j’s can be dropped at the cost of adding an error term of

2
N + v
]EAZ’%J — (\/7762 m) + OT (n*4/3) + OT(m*l/Zn*I/Z) — 5}1 + Or(én)-
nnm

To check that E AZ,A;’ i = 0:(6,), we first use Young’s inequality to bound

, 1 4 4
4 2 2 2 2
EAZL S s (E(X,”. + V2 —EIX2 =2 0) 4 16 (X Y a1 E X Yo )

Because X, ; and Y, ;| are independent, the first term is proportional to the fourth central moment
ofa X(2n+m_2j)ﬁ, which is equal to 12(n+m—25)*B>+48(n+m—2j). Hence, that term is O (n"7*)
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for j < 7/s,. Expanding the fourth central moment of X, ;Y, ;+1 and using the basic properties of

x random variables that we used earlier, we get

4
]E(Xn,an,j+1 - ]EXn,an,j+l) = (I’l - .])(m _]):82((” - ])ﬁ + 2)((1’}1 _J)IB + 2)

+ (200 = yom = B = 4(n = )B=40m = DB = 4) (B X Yo j1) = 3(E X Yo ).

From the expansion (3.19) of the first moment, it is now immediate to see that the terms of order
4 and 3 in n — j and m — j cancel out. Hence, this fourth central moment is O ((m — j)z), and
lEAZfZ', ;= O.(nP) for j < 7/5,. We note in passing that the same arguments also show that
E|AZ¢ J.|4 = O.(n"*) and E|AZ} j|4 = 0.(n" 7).

It remains to see that the other part of Z, namely Z(¢) := ZJL.[:/f”J AZ, j» converges compactly

to 0 in probability. Because of its telescoping structure, for any &,

k
. 1
AZ, ;= ————(Y?,  —EY?  ,-Y> +EY?),
JZZ; n,j 25,,\/,311—171( n,k+1 n,k+1 n,1 n,l)
and it follows that for k < 7/s,,,
£ > 4 1 2 2 4 2 2 \4 -2
E(>]A%,) < W(E(Yn,kﬂ—]EYn,kH) +E(V2 ~EY2)Y) = 0.0 ).
j=1 n

Hence, if € € (0, 1/12) then ]P[maxlskg/(;nm;‘.:l AZ,,7J'| > }’l_l/12+8] = OT(n_4‘9) by Markov’s in-
equality, and Z — 0 uniformly on [0, 7] in probability. This finishes to check the conditions on Z
and Z , and thus by Lemma 3.11, condition ii) of Hypothesis 3.1 is satisfied. [ ]

3.2 The stochastic Bessel operator

This section is devoted to the stochastic Bessel operator. In §3.2.1, we review a few of its important
properties. In §3.2.2, we derive asymptotics to solutions of ®g,f = Af ast — —oco for 4 > 0.
Finally, in §3.2.3, we prove the convergence of suitably scaled tridiagonal random matrix models

to the stochastic Bessel operator, at the canonical system level.

3.2.1 Basic properties of the stochastic Bessel operator

Recall from Definition 1.1 that the stochastic Bessel operator 3 ,, which was introduced by Ramirez

and Rider in [58], is the random operator acting on a function f: [0, c0) — R by sending it to

1 N
(Ppaf’)

(5ﬁ,af = _W

B.a
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where

Ppalt) = exp(—at - \%B(r)) and wg.a(t) = exp(—(a + 1)t — \/iEB(t))

for two parameters 8 > 0 and a > —1, and where B is a standard Brownian motion. The idea from
this operator comes again from the work of Edelman and Sutton [30], although the formulation they
used was a bit different.

The stochastic Bessel operator is a generalized Sturm—Liouville operator of the form (2.15)
that we saw in §2.4—in fact, it is even a Sturm—Liouville operator in the classical sense. It has
parameters p = pg,, W = wg, and g = s = 0, so in particular the associated quasi-derivative
is fI1 := ppaf’, and it is well defined on the domain D, = {f € ACioc(0,) : pgaf €
ACioc(0, ) }.

Characterization of the kernel of the stochastic Bessel operator. An important property of
the stochastic Bessel operator is that its kernel can be computed explicitly. Indeed, a function
f € ACjc(0, 0) solves g, f = 0 if and only if (pg.f")" = 0, so the solutions are exactly the
functions f that make pg, f’ constant. If that constant is zero, then f itself must be constant, and

otherwise f must be a constant plus a multiple of

S| ! 2
wp (1) = /0 P5a(s) ds = /0 exp(as + ﬁB(S)) ds. (3.20)

Hence, 1 and wg,, are a pair of fundamental solutions to ®g,f = 0, and the general solution to
that equation is f = f(0) + f'(0)@g 4.

Having explicit expressions for these solutions simplifies the analysis of this operator in some

aspects, at least from the canonical system point of view. In particular, we will see that it yields an
explicit representation of the equivalent canonical system’s coefficient matrix (3.24), as opposed to
the usual implicit representation of the form (2.19) one has for the coefficient matrix of a canonical

system equivalent to general Sturm-Liouville operator.

The spectrum of the stochastic Bessel operator and the Weyl alternative. The Besselg, point
process, which is defined to be the spectrum of the stochastic Bessel operator for boundary con-
ditions f(0) = 0 and lim/—c pg«(t) f'(t) = O, corresponds to the hard edge scaling limit of -
ensembles. We have seen an example of this in Theorem 1.2 (taken from [58, Theorem 1]), which
shows that this spectrum is a scaling limit of the Laguerre S-ensemble, and this has been general-
ized to a wider class of potentials [63]. Moreover, when changing the boundary condition at 0, the
spectrum of the stochastic Bessel operator corresponds to the scaling limit of spiked versions of the

Laguerre S-ensemble [59].



84 CHAPTER 3. THE STOCHASTIC AIRY, BESSEL AND SINE OPERATORS AS CANONICAL SYSTEMS

It is clear from the definition that the stochastic Bessel operator is always limit circle at 0.
However, as the following result shows, it is limit circle at infinity only if |a| < 1. Hence, the
theory of generalized Sturm—Liouville operator shows that the boundary condition at infinity is not
necessary when a > 1, as the operator is already self-adjoint. This is the content of the following

result.

Proposition 3.15 [54, Proposition 4]. ©p , is a.s. limit circle at infinity if |a| < 1, and a.s. limit
point at infinity if a > 1.

Proof. By the Weyl alternative, it suffices to check the behavior of solutions to ®3, f = z f ata sin-
gle value of z € C. For simplicity, we take z = 0. As pointed out above, 1 and @wg , are a pair of fun-
damental solutions to Gz, f = 0, and by definition of wg, itis clear that 1 € L? ((O, 00), wg . dZ )
a.s. in any case. Therefore, G, is a.s. limit circle at infinity if @wg, € L*((0,),ws,dZ) as.,
and it is a.s. limit point at infinity if @, € L?((0, ), wp, dZ) as.

We can analyse the behavior of @wg , using the following property of Brownian motion (which

follows from Proposition A.1): for any & > 0, there is a C > 0 such that

P|Vt > 0, %|B(I)| <C(1+ ﬁ/“)] >1-e. (3.21)

\/—

Moreover, for any § > 0 there is a 7 > 0 such that C(1 + /*) < 6t forall r > T.
On the event from (3.21), if t > T with T as above,

T 34 t ela+o)t
wﬁa(t) < / eas+C(1+s 74 ds +/ e(a+6)s ds = Cr +
’ - 0 T a+o
where ’ .
Cr = / pas+CIs™) g e ,
0 a+o
Therefore

2 ® 2
084l = [ ha(O0wpato)a
0
elato)

Tort C(1+s74 2 De+C(1+£7/4 ® 2 1-6
< / (/ eas+ (1+s )ds) e—(a+ )t+C (1+¢ )dt +/ (CT + ) e—(a+ —0)t dr
0 0 T a+od
< Cp +2C} / Cetenong 2 / " iadn g
- T T (a+6)? Jr

where C7. is the first term of the second line, and where the third line follows from Young’s inequal-

ity. If |a| < 1 and 6 € (0, 159), then this is finite, so l@p.allwg, < oo with probability at least 1 — &
for any & > 0. It follows that ||@g4|lws, < oo a.s., which shows that Gg, is a.s. limit circle at

infinity.
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With a > 1 and 6 € (0, %), essentially the same argument as above shows that Gp, is a.s.

limit point at infinity. Indeed, on the event from (3.21), we now have for ¢ > T that
e(a—&)t e(a—é)T

a—o0

~ ~ T 3
wpq(t) > Cr + where Cr = / e@=CU+s™) g _ ,
0

a —

and therefore

co (a=0)t\2
2 = € —(a+1+6)t
Iopald,, > [ (Gre S ) e ora

_ é%/we—(a+l+6)t dr + 2Cr /Ooe—(l+25)t df + 1 . /ooe(a—l—36)t ar,
T a=96Jr (a—9)*Jr

which is infinite because the last integral diverges while the first two converge. It follows that

l@g.allws, = o0 a.s., so that G, is a.s. limit point at infinity.

This only leaves out the case a = 1, which is more delicate as in that case the bound on the
Brownian motion from (3.21) is not strong enough to allow us to conclude. To replace it, we
define a sequence of stopping times by setting 7y := inf{t > 1 : B(t) = 0} and then recursively
T, = inf{t > 7,1 + 2 : B(t) = 0} forn € N. Then, let A, = {Vt € [1,, 7, + 1],|B(2)| < 1}. By

the strong Markov property of Brownian motion, the A,,’s are independent, and for every n,

P(4,) =P| sup [BO)|<1|=P|sup B0l <1]|21-2P| sup B> 1]
te[tn,tn+1] te[0,1] te[0,1]
The reflection principle shows that P[sup,c(o 1 B() > 1] = 2P[B(1) > 1] = 1 — erf(1/v2), so
P(A,) > 2erf(1/v2) — 1. This number is strictly positive, so the second Borel-Cantelli lemma
implies that ]P(ﬂ,,e]N Uksn Ak) = 1. On that event, there is always a subsequence {A,, }reN in
which each event occurs, and this gives us a sequence of intervals of length 1 on which the Brownian

motion is bounded by 1. We can use this to estimate the norm of wg 4:
o) t 2 2 2 o) Tnk+1 Tnk+1/2 3 2 5
2p —2t—LB _2 -2
o= ([ bl i B [ [ b
s 0 0 k=1 Tnk+l/2 Ty

> Lo S (e _ gt (o2 ) g2
k=1

| =

All factors of e™« in the right-hand side cancel out, so the summand is a positive constant and the
series diverges. Therefore, ||@wg4llw;, = oo a.s. when a = 1, which shows that Gg, is a.s. limit

point at infinity and concludes the proof. [

We record here for future reference the following result, which is essentially a more explicit

version of something we have seen in the proof of the last proposition.



86 CHAPTER 3. THE STOCHASTIC AIRY, BESSEL AND SINE OPERATORS AS CANONICAL SYSTEMS

Lemma 3.16 [54, Lemma 5]. For any &, > 0, there is a Cc s > 0 such that

]P[‘v’t >0,wpq(1)(1+ wé,a(t)) < Cg,(se_(l_ml_d)t] >1-e.

Remark. In particular, if |a| < 1 then we can choose § < 1 — |a| and the upper bound is integrable.

Proof. Recall the good event from (3.21), and take T > 0 such that C(1 + /%) < 6t fort > T. On
that event, the bound C(1+¢”*) on the Brownian motion is itself bounded on the compact [0, T'] by
a deterministic constant, 8o by definition, wg , and @wg , are also bounded on [0, T'] by deterministic
constants. Now, for ¢ > T, on the good event it also holds that wg ,(#) < e~ (1+a=0)t "and therefore
thereisaC’ > Osuchthatwg,(t) < C ’¢~(1+a=0)t for all t > 0. Similarly, we have seen in the proof of
Proposition 3.15 that on the event from (3.21), there is a Cr € R such that wg (1) < Cr+ ﬁe(“”)’
fort > T, meaning that there is a C” > 0 such that @wg 4 (1) < C”e @+ for all t > 0. Combining the
bounds on wg , and @wg , shows that wé’a(t)wﬁ,a(t) < C'C"%e~(1a=39) for all ¢ > 0, and summing

up the bounds on wg , and wé’aw 8, completes the proof. [

SDE characterization of solutions to the eigenvalue equation. Let f € D, , solve the eigen-
value equation ®g,f = zf for some z € C. This solution is always defined pathwise, but it can
be useful to have a characterization of f as a stochastic process, which can be obtained through 1t6
calculus when the initial conditions f(0) and f”(0) are independent of the Brownian motion B that

drives ®g,. Indeed, if f solves 3, f = zf, then by definition pg, f is absolutely continuous, so

d(ppaf’) () = (ppaf’) (1) dt = —zwp (1) (1) dt.

As long as f(0) and f”(0) are independent of B, 1td’s formula also yields

d(ppaf’) (@) = £/ (1) dpp.a(t) + ppa(t) df (1) + dppa (1)
Comparing the two expressions for d(pg.. f’), we get

1
PB.a (t)
The It6 differential of pg, is

df(n) = -

(2woa (0F (1) At + £/(0) dppa(t) + dlppas £)(1)).

palt) = (= 2)ppat) = ppa0 @B 50 dlppa )0 = ~ppaDF ()

and it follows that f solves
df(r) = f'(1) dr,

df' (1) = —ze' f(1) dr + (a + /%) (1) dr + \/% £(1) dB(D).

(3.22)

This SDE first appeared in [58].
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A translation property of solutions to the eigenvalue equation. We now point out a property
of the stochastic Bessel operator that will be essential later in §4.4. The following result and its

proof are taken from [54].

Proposition 3.17 [54, Proposition 6]. Let ®g , be defined from a two-sided standard Brownian
motion B, and set ©g , g = V%((ﬁﬁ,a —E) for some E > 0. Then f solves ®p ¢ f = zf for some
z € Cifand only if f(t) := f(t + log E) solves @ﬂ,af = (1+ ﬁ)f where @)ﬁ,a has the law of
®p 4, but is defined from the two-sided standard Brownian motion B(- +log E) — B(log E).

Proof. By definition, @ﬁ,a is the stochastic Bessel operator defined from the Brownian motion
B(- +1log E) — B(log E). More explicitly, @ﬂ,af = —ﬁ(ﬁ[;ﬂf’)’ where

2 2
ﬁﬁ’g(t) = eXp(—at — —(B(f + log E) - B(log E)) = Eae\/FB(lOgE)pﬁ,a([ + 10g E)

VB

2
and likewise Wwg ,(f) = EatlovpBlos E)wﬁ,a(t + log E). Therefore, if t € R, then

1

(Ppaf’) () = Ewpga(t +logE)

@,B,af(t) = -

7 1

V(t+logE) = =6 t+logE).
But if f solves ®p, g f = zf, then by definition of G, £ it also solves Gp,f = (E + %F)f, and
combining with the above we see that 6513,& f(r)=(1+ ﬁ) f(¢) for all t € R. Taking these last
steps in reverse yields the other implication. [
Canonical system representation. The stochastic Bessel operator can naturally be associated
with a random canonical system that is equivalent to its eigenvalue equation, following the method
detailed in §2.4. As the equivalence is made from a pair of fundamental solutions to ®z, f = 0, we

can choose to work with the solutions 1 and wg, and build the mapping between solutions from

the matrix
1 0
Apa = : (3.23)
wﬁ,a 1
By definition, this matrix solves
, 0 0 .
Apa=| 1 o] Asa  With  Apu(0) =D
Pga

The method from §2.4.2 shows that f solves ®g,f = zf if and only if u := A/‘gla ( f}I:] ) solves the

canonical system Ju’ = —zGg ,u on (0, c0), where

-1 (01 wéa Wg,a .
Glgﬂ = W.Bva‘]A,B,a 0 0 A,B,a = Wg.a ’ :Wﬁ,aWﬁ,alﬁ'g’a- (3.24)

wﬂ,a 1
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and g4 = (wg,q, 1). This canonical system is limit circle at 0, and it is limit circle at infinity when
la] < 1 or limit point at infinity when a > 1 by Proposition 3.15. Moreover, because Ag,(0) = I,
the Dirichlet boundary condition f(0) = 0 at zero maps to the boundary condition e;Ju(0) = 0 for
the canonical system. In the same way, because the second column of Ag, is always equal to e,
the Neumann boundary condition at infinity lim,_. fI'/(z) = 0 maps to the boundary condition
e:/z.lu(oo) =0.

As pointed out in §2.4.3, the norm of the associated LZGM (0, c0) space has a specific form in

terms on wg,. Indeed, if u: (0, c0) — C2, then

lull,, , = /0 (u(0), 0.0 (1)) wp.a(0) di = /0 1 (@ () + ur (D wpa(t) e, (3.25)

In particular, if u = A;}a(h;” ) foran iz (0,00) — C, then [|ullg,, = I/llwg..-

3.2.2 Asymptotics of solutions to the eigenvalue equation as t — —co

In this section, we understand the stochastic Bessel operator as being defined on the whole of R from
a two-sided Brownian motion, and we derive asymptotics for solutions to the eigenvalue equation
®p.f = Af ast — —oo when A > 0. In addition to providing helpful insight into the behavior of
these solutions on the negative real line, these asymptotics will be crucial in our spectral analysis
of the hard edge to bulk transition later in §4.4.3.

The asymptotics we derive, which are essentially taken from [54, §5.3.1], are the following.

Theorem 3.18 [54, Theorem 3]. Let ®p , be defined on the full real line from a two-sided Brow-
nian motion. If f solves ®g,f = Af for A > 0 and if f(0) and f’(0) are independent of the
restriction of B to (—0,0), then fort > 0,

a_1

F(=1) = Cpa Pre T30 XW cos e (1) and (1) = Cpale B EHOHXO G e (1)

where C]% = £2(0) + f7%(0), &g is a process such that &g (1) — 27r|_§ﬁ’2—';r(l)J — U ~ Unif|[0, 27)

in law ast — oo, and X is a process such that for any €, > 0, there is a C > 0 for which

P|Ve 201X < C(1+9)| 2 1-e.

We follow the same proof method that we used in §3.1.2 to derive the analog asymptotics for
the stochastic Airy operator: we construct a pair of polar coordinates to describe the growth and
oscllations of f and f”, and then we analyse their asymptotic behavior.

The first step is to construct the polar coordinates.



3.2. THE STOCHASTIC BESSEL OPERATOR 89

Proposition 3.19 [54, Proposition 18]. Let © , be defined from a two-sided standard Brownian
motion B, and write E(t) = B(=t). If f solves ©g,f = Af with A > 0 and if f(0) and f’(0) are
independent of the restriction of B 1o (0, 00), then fort > 0,

f(=t) = A7 e a0 cos £ (1) and  f'(=t) = =P gingg (1)

where rgq and &g 4 solve

drp.a(t) = (% - E) dr + ((411 + g) 008 2654 (1) — % cos 4g,3,a(t)) dr + \/% sin? £5.4(1) dB(1),

— sin 4§ﬁa(t)) dr + 1 sin2&g (1) dB(t)

d‘fﬁ,a(f) = —\//Tel/z dr — ((% 621) Slnzé:ﬁa(l) - ! \/ﬁ

2p

with g 4(0) = $1og(f2(0) + f'*(0)) and &g 4(0) = arctan(/'(0)/£(0)).

Proof. Lety(t) := f(—t). Reversing time in the equation G, f = A f yields — ( 5 (Ppay’) (1) =
Ay (1) where pgo(t) = ppga(—t) = exp(at — —B(t)) and wg 4(1) = wgq(— t) = e'ppa(t). Note
that dpgq(f) = (a + %)1‘35,& (1) — %Fﬁﬁ,a(t) dB(1), so applying Itd’s formula in the same way as we
did earlier to obtain the SDE (3.22) for f’, we get

dy' (1) = —de'y() dr — (a - %)y'(t) dr + \/iﬁy’(t) dB(1).

Now, set 7 and ¢ as real processes that satisfy e”*¢ = Sy +iy'/s where S(r) := 1/*¢'/*. Then by Itd’s

formula, omitting the explicit time dependencies to simplify notation,

1

1 S’ 1
dr +i :—(S dr + Sy’ dr + < d - dt) t e T 4O
r+idé Sy +0s y y S Y Szy 2(Sy +iv'/s)2 52 "
y
Y 72 ’ 28 vy’
:e—Zr((SS/yz_l_Szyy’— S?; )dt+%dy/_l(%+y/2) dt+lydy,)
—4r - y/2
+ s (S o 2zyy)d<y>
(o ,_Sy?aelyy 2)y" 2 "
:ez((SSy2+S2yy_?—T—(a—E) )dt+T§dB
28y oo 2\ 2 dB
- +y" + Ae'y +(a——)W)df+_yydB
( S B VB
2 —4r (.2 72 y,4 21_)7_)7
gy - T

With (1) = A" the second and fourth terms on the first line cancel out, and the second line

simplifies with y'> + de’'y? = S2¢?. This also gives §'(t) = 1S(t), so that taking the real and
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imaginary parts in the above while substituting Sy = e¢” cos ¢ and ¥'/s = e’ sin ¢ yields

dr = (i coszf - (}1 +a- %) sinz.f + % sinzf(coszf - sinzf)) dr + \/iﬁ sin2§d1§

and

dé = —Ve'dr - ((% +a- %) cosésiné + %cosfsin3 f) dr + %cosf sinfdf%.

Simplifying with trigonometric identities shows that rg, = r and &g, = & solve the announced
SDEs. The representations for f and f” are then recovered using that f(—¢) = ﬁe’ﬁs“(’) cos &p.q(t)
and that f’(—1) = —S(¢)e"s-a") sinép.q(1). [

We now analyse the asymptotic behavior of these polar coordinates rg, and &g ,. The results
are given in Proposition 3.21 and 3.22, of which Theorem 3.18 is a direct consequence. Before

proceeding, we need a simple preliminary result.

Lemma 3.20. Let g, solve the SDE from Proposition 3.19. For any k # 0 and & > 0, there is a
C > 0 such that

t
P sup/ ekicp.als) ds‘ >Cl|<e.
>0'J0
Proof. By It0’s formula, eki¢p.a satisfies on [0, oo) the SDE
: ; v s ki . <
d(ekiépa) (s) = ekiEpar(®) (—kiﬁe /2 ds + Ri(s) ds + ~ sin 2¢p.4.£(5) dB(s)) (3.26)
VB
where ) 5
k 1 ki k
Rii= =5~ ki +5) sin2¢p0e + ﬁ Sindér + o cosMEpar (3.27)

Hence,

t t t
ki\//T/ ekiép.as) dg = —/ es/zd(ekigﬁ’“)(s)+/ Ry (s5)eXiépa9)=2 qg
0

0 0

o K[ kg0 i 265.4(s) dB(s)
,a :

VB Jo

Integrating by parts the first term yields
t . . t 1 rto.
/ e—s/z d(eklfﬁ’a(‘v))(s) — ektgﬁ,a(s)—s/z +— / eklfﬁ,a(s)—sﬁ ds.
0 0 2Jo

Since Ry, is bounded, it follows that

b 1 1 o
kigpa(s) g ‘< (2 ( R —)/ 74
e s| < + ot e ds
‘./0 |k|VA IR 27 Jo

o K
VB

t
‘/ ekiep.a) =2 sin 24 (s) dB(S)‘)-
0



3.2. THE STOCHASTIC BESSEL OPERATOR 91

All terms on the first line are clearly bounded. As to the remaining stochastic integral, its real

and imaginary parts both have quadratic variations bounded by [% fot e dds = so Bernstein’s

1
ﬂ_/la
inequality for martingales shows that for all x > 0,

< 4exp(—ﬁ/l—xz).

]P[sup ‘/ ekiep.als)=1 gin 28p.4(s) dB(s)‘ > x 5
0

t>0 W

Taking x large enough so that this exponential tail bound is less than & completes the proof. [

Proposition 3.21 [54, Proposition 19]. Let rg , solve the SDE from Proposition 3.19. For any
g,60 >0, thereis a C > 0 such that
1 a

Vi =20, )rﬁ,a(t) - rﬁ,a(l) - (% - E)l‘ <C(1+ t1/2+5)

P >1-c.

Proof. Recall from Proposition 3.19 that rg , solves

drg.(t) = (é - g) dr + ((;1 + g) c082£5.4(1) — % cos 4§ﬁ,a(t)) dr + % sin? Epa(t) d1§(t)

where &g, solves the other SDE in Proposition 3.19. By Lemma 3.20, given £ > 0, there are
C,, C4 > O such that for k =2 and k = 4,

t
/ ekiép.als) ds‘ > Cy
0

g
=. 3.28
<3 (3.28)

P [sup

>0

Then, the martingale

2 ! - 4 ! 4t
M(t) = —/ sin” & a(s)dB(s) has (M)(t) = —/ sin* & a(s)ds < —.
VBJo Blo B
By properties of continuous martingales (e.g., Proposition A.1), it follows that for any 6 > O there

is a C > 0 such that
bl MO
sup—15 > C < -,
=0 1+ (4/p)"/+ 3

and the result follows by combining this event with those of (3.28). [

Proposition 3.22 [54, Proposition 20]. Let £, solve the SDE from Proposition 3.19. Then

e.a() — U in law where U ~ Unif §!.

Proof. In the same way as in the proof of Proposition 3.7, it suffices to prove that ¢,,(¢) — 0 as
t — ocoforall m € Z \ {0} where ¢, (¢) := E X, () for X,,, () := exp(miép(t) + 2miVael?).
Using the expression (3.26) of the differential of e/« we see that
i

VB

AXn(5) = Ry (8) X (5) ds + —=X,,, () sin 2£5.4(s) dB(s).
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This shows that ¢, (7) = ¢, (0) + E /Ot R, (s)X,,(s) ds, so that

’ WL2 mZ
On(0) = ERu (DX (1) = = 75¢m(1) + EX (1) (R + E)’
which integrates to

s w2 [ m?
om(t) = ¢ 0, (0) + ¢ % ]E/ e'i (Rm(s) + —)Xm(s) ds.
0 4B

It is clear that the first term vanishes as t — oo, so by definition (3.27) of R,,, it suffices to show
that ) -
e ]E/ en}‘_l;Xm(s)ek’fﬁ*“(s) ds—>0 as r— o0
0

for k = 2 and k = 4. This can be proven through integration by parts, reusing the expression (3.26)
of the differential of e*és.«. Indeed, we get from (3.26) that

mzz t mzs . 1 mzz t ki m2 1
e P ]E/ e B X, (s5)ekirals) g5 = e P ]E/ e l”C/”’“(S)J'(E_f)SRk(s)Xm(s) ds
0 kiva 0

m2[ ! m2 1 .
- e F ]E/ e(ﬁ_f)SXm(S) d(ekira)(s).
kivA 0 ( )

Because X, and R are bounded, the first term is bounded by a constant times ¢”"2, which vanishes

as t — oo. Integrating by parts the second term, we get

t

mzt ¢ m2 . mzt . m2
¢ E / X, (5) d(ek4p) (5) = ¢ B FraI im0 g ()
0

0
2 2 2

_m?t - m?_1 m 1 k= .
—e IE/O ekiep.a(9)+(5p 2)S(Rm (s) + B 15 sin’ 255,a(s))Xm (s) ds.
Again, because X, and R,, are bounded, this is bounded by a constant times ¢”'?. This finishes to

prove that ¢, (1) — 0 as t — oo and therefore completes the proof. [

3.2.3 Canonical system convergence from tridiagonal matrix models

In this section, we show convergence of tridiagonal random matrix models to the stochastic Bessel
operator, at the canonical system level.

As mentioned in §1.2, the idea that the stochastic Bessel operator should be the scaling limit
of appropriate tridiagonal random matrix models comes from Edelman and Sutton [30]. This was
made rigorous by Ramirez and Rider [58], who showed that for any & € NN, the first & points of

the Laguerre S-ensemble, scaled by a factor of n, converge jointly in law to the first & points of the
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Besselg , point process, which is the spectrum of the stochastic Bessel operator with left boundary
condition f(0) = 0. They later extended this result to spiked versions of the Laguerre S-ensemble,
which converge in a similar sense to the spectrum of the stochastic Bessel operator with a different
left boundary condition when the spiking parameter is suitably scaled [59].

The results of this section thus reformulate some of the main results [58, 59] at the canonical
system level. In the same way as in §3.1.3 for the case of the stochastic Airy operator, the advantage
of this new formulation is to upgrade everything to the operator level, under the unifying framework

of canonical systems theory.

3.2.3.1 Setup and statement of the results

Tridiagonal random matrix model. Let L, be an n X n random matrix of the form

\/Eyn,l Xn,1

L, = ' , (3.292)

Xn,n—1

Yn,n

where y, ;,x, ; > 0forall j and £, > 0, and consider the matrix

xi,l + gnyi’l Xn,1Yn,2
Xn,1Yn,2 xiz + yiz
LyL, = . (3.29b)

2 2
n,n—1 + yn,n—l Xnn—-1Yn.n

2
Xn,n—1Yn,n Yun

X

Our goal is to have the matrix nLnL,I scaled at the hard edge of S-ensembles. To this end, we

assume the following.

Hypothesis 3.3. The entries x,, ; and y, ; of the matrix L, in (3.29) are all independent. Moreover,
their logarithms have means

. 51(11,]) 6)6(”?])
Elogx? ; =log(n — j) + +
ogx, ; =log(n—j) L
and
51(n,j)+ oy(n, j)

n—j  (n—j

]Elogyilurl =log(n+a—-j)+
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for some y € (0, 1] and where 61, dx,0y: N? — R are bounded, and their second and fourth

central moments satisfy

2 2
: G2 4l Sa(n, j
]E(log L —Elog52) =———+ 2(”, ]11
Y j+1 AT A

2 2
x- . XZ . \4 S ;
]E(log "I _Elog -~ ) < Saln))

2 - _ 1+
n,j+1 yn,j+1 (}’l J) ’

where 85, 64: N? — R are also bounded.

These conditions ensure that the matrix is scaled at the hard edge of S-ensembles (they are in
fact somewhat modeled after the Laguerre S-ensemble). The canonical system that we will build
from the matrix has a left boundary condition determined by the spike parameter ¢,,. Thus, we need

an additional hypothesis to make sure that these boundary conditions remain consistent as n grows.
| Hypothesis 3.4. nt,, — cot ¢ in law as n — oo for a deterministic ¢ € [0, 7].

Remark. In particular, this is automatically satisfied with ¢ = 0 if £, = 1 for all n.

Canonical system representation. nL,L! is a random Jacobi matrix, so it has an associated
second-order difference operator which can be represented as a canonical system following the

method from §2.5. The associated three-term recurrence with which we work is
Z .
~hj = X1 Ynhjo + (Xp i+ Vo Y+ Xpjynjethjsr  for  je{l,....n}.  (3.30)

To have this well defined, we need to set values for x, 0, x,, and y, ,+1, which are undefined at
this point. To match the orders of magnitude of the other matrix entries near each end, we set
Xn0 = V1, Xy = 1 and y, 41 = 1. Note that this recurrence is different from the eigenvalue
equation nLnL,Th = zh not only in that we have added the usual extra terms for /¢ and 4,41 at both
ends, but also in that the above corresponds to the case €, = 1 and that we added an extra term of
xin to the n, n entry of the matrix. The reason to do so is that it makes the form of the recurrence
consistent for all j. It will not prevent the canonical system to reproduce the spectral data of nLnLI:
as we will see later, we will revert both the effect of having set ¢, = 1 and the addition of the extra
xin term through the canonical system’s boundary conditions.

To build the canonical system, we need two linearly independent solutions fg,, and gg ..,

of (3.30) with z = 0. Taking the time steps to be given by J/», these solutions yield a canonical

system Ju' = —zG g 4.,u on [0, 1) with coefficient matrix
2 . :
- n . f ; ; -1
Gpan = 8B.an.j ﬁ,a,nz,,gﬁ,a,n,] on [f ,i), (3.31)
WO(g,B,a,n, fﬁ,a,n) fﬁ,a,n,jgﬁ,a,n,j f,B,u,n,j n 'n
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This canonical system is equivalent to (3.30) in the sense that a solution : [0, 1) — C2 must satisfy

u(i/n) = AB”]F for

gﬁ,a,n,j+l f,B,a,n,j+l

Aﬁ,a,n,j = ) and Fj =

h/+1
—NXpjYn,j+1h;

for an & solving (3.30). Of course, to have a fully specified system, we need to fully specify fg , ,

—NXpjYnj+188.anj ~MXnjYnj+18pan.

and gg . ,. We could do this as usual by choosing initial conditions, but here instead we exploit an
interesting property of the recurrence (3.30): it can be solved explicitly when z = 0. This makes
our canonical system construction analogous to the one carried out earlier for the stochastic Bessel
operator, and in fact the process of solving the discrete system gives a lot of intuition on the way
the discrete system approximates the continuous one.

Notice that the recurrence (3.30) can be written as

Z Yn,j+1 Yn,j
Zh; = xgj(th+1 + h,-) +xn,,-_1yn,j(x#hj + hj_l).

Xn,j n,j—1

For j € {0,...,n}, define
j-1 2
]—[ k (3.32)

k+1

understanding that pg := 1. Setting /; = (- 1)1 P, j» the recurrence becomes

Z 1py o (Ynj+l oz 12 Yn,j 1/2 1/2 =
ij hj——xn’j( o pj+1hj+1_pj h + Xn,j-1Yn,j —j 1 hj— P -1

1 ~ ~ ~ ~
= _x;%,jpj/2(hj+l - hy) +xn,j—1)7n,jpji1(hj —hj-1).
12 xpj-1 12

Multiplying by P =5p0 then yields
n,j

Z -~ ~ -~ ~ ~
~pihy = =x,;pj(hier = hj) + x5y pjoa(hy = hjo). (3.33)

This recurrence now essentially has the structure of the eigenvalue equation for the stochastic Bessel
operator (although the time embedding, which is logarithmic is not necessarily obvious). When
z = 0, it is explicitly solvable, as it forces the sequence x _Pj- 1(h j—l) to be constant. If the
constant is zero, then 7 itself is constant. The solution for h = 1 is what we choose to define fg , ,,
which yields

fpamj = (-1)/p!. (3.34)

The alternative is to have the sequence x 4 Pj- 1(h ]'—1) equal to another constant. We call @

the solution starting at @y = 0 for which thls constant is 1. By induction, we directly obtain that

~.

-1 1

>
0 pk-xn,k

(3.35)

ZD'J':

=~
Il
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This is the solution we take to define gg 4 ,, so that

1/2

gp.anj = (=1 p [ w;. (3.36)
Now, our two solutions have fg,,0 = 1, f3 40,1 = —)y‘:—'fl’, ggan0 = 0and gg a1 = s
which means that Wy (gg,a,n, f8.4,n) = n. Hence, the coefficient matrix (3.31) becomes
- @? w; j-1j
Gpan=pj| ' on [ ,—). (3.37)
ZD'j 1 n n

This canonical system is defined on [0, 1), unlike the system (3.24) for the stochastic Bessel oper-
ator, which is defined on [0, c0). Thus, we introduce a time change 7: [0,0) — [0, 1) given by
1n(t) := 1—e~, which is a smooth bijection with 7! (f) = —log(1—1). From this, we build a canon-
ical system on [0, co) with coefficient matrix Gg 4, = n’(Gﬁ,a,n on). This new coefficient matrix
is therefore proportional to the matrix in (3.37) on the interval [;_1,¢;) where ¢; := —log(1 — j/n).

Because % <n(t) < ﬁ if and only if [nn(t)] = j — 1, it follows that

2
D)) +1 wLnn(t)JH) _ (3.38)

G,B,a,n(t) = Plan(t)]+1 e’
@ (1) +1 1

It should be noted that the time change is not arbitrarily chosen as any bijection [0, c0) — [0, 1).
This is not obvious to see at this point, but the reason to choose specifically (z) = 1 —e™" is that (as
we will see in Lemma 3.26) the map 7 +— p|,,;j+1 converges to pg 4 on~!, where p 8,a 18 the coefficient
that appears in the definition of the stochastic Bessel operator. Hence, with this time change, the
prefactor p ;1) J+1e_t discretizes the weight factor wg ,(7) of the stochastic Bessel operator.

To make this canonical system fully equivalent to the eigenvalue equation for nLnL;lr, it re-
mains to add the appropriate boundary conditions. Following the general method of §2.5, at both
endpoints, the boundary conditions that must be added have the form given by (2.30). To implement
the appropriate boundary condition at 0, we need to account for the fact that we replaced the factor
of ¢, with 1 when writing the recurrence (3.30). In other words, in the notation of §2.5, we took
b, = n(xi1 + yil) and a = n({, — 1)yi’ - Hence, the left boundary condition is
—nXp 0Yn1 =16y = D)y - %) _ Wi ( nty,

R N B

n,0Yn,1

u, o Ju(0) =0  for  w,p:=

- 5n) (3.39a)

Xn,0

where we used that xio = n. In particular, if Hypothesis 3.4 holds and nf, — cot¢, then

Xn,0
_nyn,l
extra term of xin that we added to the step j = n of the recurrence (3.30). In the notation of §2.5,

u,0 — (cotg, 1). Then, for the boundary condition at infinity, we need to account for the
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this now corresponds to having taken b, = n(x,%,n + y%’n) and w = —nx,%’n. Following (2.30), this
yields a boundary condition given by the vector

1
)n+1p /2

1
nx%,n(_l)npn/z + NXnnYnn+l (_1 n+1
1/2

1
_nx%,n (- 1)npn/2wn — NXypnYnn+l (_1)n+1pn+1wn+1

W0 =

1/2

wel = XnnD ;l/ ?, and therefore the first entry cancels out. The second

/

Recall that by definition, y; ,+1p

1

entry simplifies to n(—l)”x,%,npn/ w1 — @) = n(—l)”p,_,1 ?, which is always nonzero. Hence,

U, 18 always parallel to ex/,, and the right boundary condition is simply
expJu(oo) = 0. (3.39b)

To summarize, by construction, if an integrable solution u: [0, ) — R? to the canonical
system with coefficient matrix (3.24) and spectral parameter z € R satisfies the boundary conditions
from (3.39), then one can extract from u an eigenvector & € IR” of nL, L] with eigenvalue z by taking
h;j to be the firstentry of Ag, , j—1u(t;j—1) foreach j € {1,...,n}. By the computation from §2.5.3,

the norms of the two solutions are related by ||u||2GB = %lth%.

Convergence to the stochastic Bessel operator. The canonical system for nL,L,} converges to

the stochastic Bessel canonical system in the following sense.

Theorem 3.23. Suppose that the n X n tridiagonal random matrix LHLI from (3.29) satisfies
Hypothesis 3.3. Let Gg 4, denote the coefficient matrix (3.38) of the canonical system for nL,,LI,
and let Gg, denote the coefficient matrix (3.24) of the stochastic Bessel operator’s canonical

law

system. Let I, = [0,00) when a > 1 and 1, = [0, 0] when |a| < 1. Then Ggan — Gga

vaguely on 1, as n — oo.
As a corollary of this result, we also obtain the following.

Corollary 3.23.1. In the setting of Theorem 3.23, let TG, .. T, ,,: Lo X C — C>2 denote the
1
canonical systems’ transfer matrices. Then Tg, , , = TG4, compactly on 1, X C, jointly with

the convergence of coefficient matrices.

Under Hypothesis 3.4, the boundary conditions remain consistent as n grows, so the conver-

gence also transfers to the Weyl-Titchmarsh functions and spectral measures.

Corollary 3.23.2. In the setting of Theorem 3.23, suppose additionally that Hypothesis 3.4 holds.

Let mg';f’a’n, m(éﬁ’a : H — Ho, denote the Weyl-Titchmarsh functions of Gg.an and Gg, with left
boundary conditions w;, (Ju(0) = 0 and e;Ju(O) = 0 respectively, with 1, as in (3.39a), and

law é

with right boundary condition ej‘r/zju(oo) = 0. Then m‘(‘;"vo e m

e Gpa compactly on H, jointly
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with both coefficient and transfer matrices. In particular, if ,ug';’o and ,ugﬁ are the spectral

law é

. . u u . . .
measures associated with m'"° and m?. | then st == pu vaguely, also jointly with
Gp.an Gp.a Gp.an Gp.a

coefficient and transfer matrices and Weyl-Titchmarsh functions.

In the same way as in the case of the stochastic Airy operator (as discussed at the end of §3.1.3.1),
the convergence of the spectral measures from Corollary 3.23.2 is unfortunately not strong enough
to imply the convergence of the associated eigenvalue point processes, so it does not recover the
results from [58, 59] mentioned earlier (in particular in Theorem 1.2).

However, combining Corollary 3.23.2 with results from Dumitriu and Edelman [24] leads to the

following conjecture about the distribution of the spectral weights of the stochastic Bessel operator.

Conjecture 3.1. Let ,u%ﬁ be the spectral measure of the stochastic Bessel canonical system with
boundary conditions e Ju(0) = ¢, /ZJ u(oo0) = 0 (the latter being imposed only when a > 1). Then
the spectral weight at A € supp ,u%m is ,u%ﬁﬂ ({4}) = A’y where {I'}} Aesupp 2, - is a collection

of independent I"(8/2,2/g) random variables, also independent of the eigenvalues.

We motivate this in §3.2.3.3 from the application of Theorem 3.23 to the Laguerre case.

3.2.3.2 Proof of the canonical system convergence

We now turn to the proofs of Theorem 3.23 and its corollaries. The proof of the convergence
relies mainly on the analysis of the sequences {p }?:0 and {w; }?:0 introduced in (3.32) and (3.35).
Indeed, we show in Lemma 3.26 that p|,;j+1 — ppq and @|uy)+1 — @p,. compactly in law as
n — oo. This is enough to deduce the vague convergence on [0, co) from Theorem 3.23 fora > 1,
as the Bessel canonical system is limit point at infinity. However, it is limit circle at infinity when
la|] < 1, and in that case to complete the proof of Theorem 3.23 we need to upgrade the vague
convergence to [0, co]. To do so, it suffices to show that the trace of the coefficient matrix Gg 4, is
dominated by an integrable function independent of n, which we do in Lemma 3.28. Having proven
Theorem 3.23, it is then easy to deduce the convergence of transfer matrices and Weyl-Titchmarsh
functions in Corollaries 3.23.1 and 3.23.2 using general results from canonical systems theory.
Our starting point is the identification of the random walk that converges to the Brownian motion

that drives the limiting stochastic Bessel operator.

Lemma 3.24. Set

Lnn(1)] x2 x2
Za(t) = —@ Z (log 2n’k —Elog Zn’k ),
k=0 Ynk+1 Yk+1

where the entries x, x and yn i satisfy Hypothesis 3.3. Then Z, converges in law to a standard

Brownian motion under the Skorokhod topology.
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The proof of this result relies on the following observation, which is used repeatedly in the

sequel.

Claim 3.25. Withn(t) := 1 —e7?, foralln € Nand all t > 0,

oy lmol
t—log(1+—)$ — <t+—
n kz:(l) n—k n— |nn(t)]

In particular, if t > 0, then any t € [0, 7] satisfies |t ZL’"I(Z)J Lk| <e/n.

Proof. Note that

Lm]%—l 1 [m]%—l 1 /(k+1)/n Lnn%—l (k+1)/n ds
= ds < /
k=0 "~ k i 1- kfn i =0 K/ -+

aln(] g @ qs
= < — =—log(l —n(?)) =
/0 1—s_/0 -+ og(1 = 1(1)

which proves the upper bound. Similarly,

lan(®] 4 L)) 4 k/n LUIOTRPTT R L) g
2 ds > / = /
kzzg) n—k kZ=:J 1- k/” ./(k—l)/n ; (k=1)/n 1-5 0 1-—=s

= —1og(1 - Lnnnﬂ) > —log(l -n(t) + %) =1- log(l + %t)

n

which proves the lower bound. The last conclusion then follows from noticing that if 7 > 0, then
fort € [0, 7], log(1 +¢/n) < ¢ /nand n — |nn(t)| = n —nn(t) = ne™". [

We now prove the convergence of the random walk Z,, to a Brownian motion.

Proof of Lemma 3.24. The proof relies essentially on a standard martingale central limit theorem.
The specific formulation we use is that from Ethier and Kurtz [32, Theorem 7.1.4].

Because the x,, 1 ’s and y,, ;. ’s are independent, Z,, is a cadlag martingale with predictible quadratic

variation
2 2 Lnn(1)] Lnn(2)]
B Ll Yok \2 1 ,3 92(n, k)
(Z) =" (log - Elog ") = O (3.40)
4 kE yik+1 Vo ksl k=0 -k 4 ;) (n—k)t+r’

where the second equality simply follows from using the variance formula from Hypothesis 3.3.
Now, for any 7 > 0, if k < |nn(z)] thenn — k > n — nn(r) = ne™", so the second term of (3.40) is
bounded by /ZE||(52||Ooe(1+“y)7n‘7 for all r € [0, 7]. Combining this with the last part of Claim 3.25,
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we see that (Z,,)(t) — ¢ uniformly on [0, 7]. From [32, Theorem 7.1.4], the convergence of Z, to

a Brownian motion follows if we show that

> B x2 20
E sup |Zn(t) - Zn(t—)| =—E ax (log zn’k —Elog zn’k —0 as n — oo,
re[0.7] 4 oskslmp(mIN T yr Vi el

To show this, we use a layer cake decomposition. For u > 0,

X, Xop \2 a1 oo X,k Xop\2
E max (log >— —Elog —= ) Su+2/ ]P[(log 5>— — Elog —= ) Zv]dv
Osk<lmn(IY ¥, a Vnk+1 k=0 Ju Vi k+1 Vo1
Lnn(7)] x2 X2 4 poo d
<u+ Z ]E(log 2"’k — Elog 2n’k ) / —‘2},
k=0 Vnk+1 Vg1 Ju VY
by Markov’s inequality. By the fourth moment assumption in Hypothesis 3.3, if k < [nn(7)] then
X, Yok V4 04 k)  [[8alleae VT
]E(log 3 —Elog — S - S Tty )
yn,k+1 yn,k+1
SO
2 2
X X 2 O4llee 1T
E max (log zn’k —Elog 2n—k <u+ L (3.41)
Okslnn(r)] Ynk+1 Yk+1 uny

-v/2

and the right-hand side vanishes as n — oo if we take u := n""/*. As noted above, it follows from [32,

Theorem 7.1.4] that Z,, converges to a standard Brownian motion in the Skorokhod topology. m

Lemma 3.24 can be used to prove the convergence of the sequences {p J'}’}:o and {wj};:o, in a

suitable continuous-time embedding, to the functions pg, and @wg 4.

Lemma 3.26. Suppose that Hypothesis 3.3 is satisfied, and for j € {0,...,n}, let p; and w;
be defined as in (3.32) and (3.35). Then with pg, as in Definition 1.1 and wg, as in (3.20),

Plan)+1 = PBa and @|py|+1 — @g,q compactly and jointly in law as n — oo.

Proof. By Lemma 3.24, Z,, converges in law to a Brownian motion. By Skorokhod representation,
there is a coupling of the Z,,’s and a Brownian motion B such that Z,, — B compactly in probability.
In this setting, we show that with pg , defined from B and @wg 4 (t) = /Ol pﬁ,la(s) ds, planj+1 = PB.a
and @\, |+1 — @p,q compactly in probability, which implies the result.

By definition,

Lny) x’% X Lny] x2 X 2

10gp|_i’"]J+1 = Z log 2 Z Elog 2” + _Zl’l
k=0 Vyg+1 k=0 sl VB




3.2. THE STOCHASTIC BESSEL OPERATOR 101

By Hypothesis 3.3, for each &,

x2 o,(n, k) —6,(n, k

]ElOg n,k :—log(1+ a )+ x( ’ ) y( ’ )
2 n—k (n—k)!*r
n,k+1

Now, it is easy to verify that if £y > —1, then there is a C > 0 such that —log(1 + &) < —& + C£? for

all & > &o. Here, either -4 > 0 for all k or ;% > a > —1 depending on the sign of a, so we can
also write )
Xk a ox(n, k)
Elog 3 =— k + ey
yn,k+1 n-= (I’l - k)

with 6y = 6, — 6, + 6, and J,: N? — R bounded. Thus,

Lnn(1)] 1 [nn(1)] S k 2
> + Ox(n k) 13 + —Z,(1). (3.42)
on-k D (=R VB

If r > 0andt € [0, 7], then Claim 3.25 implies that the first term converges to —at, uniformly in

log puy(r)j+1 = —a

t € [0, 7]. The second term is bounded by ||dx ||e!*”)"n™ — 0, and the third term converges in
probability to %FB(t) uniformly in ¢ € [0, 7]. Hence, 10g p|uy(;)j+1 — log pg«(t) in probability,
uniformly in ¢ € [0, 7].

Then, by definition,

Lr%n L Lnni)J 0 [ 1 WZ(?J Yn .
D) +1 = =—+ / du =~ + / du
2 pexn, n = e Joen (T e Plage1X)

1 —-1,1
1 Llnn(n)] 1 n~ G Lan(n)]) =S
o [ = [ s (43)
nJo Plnul+1%, )41 noJo PLan(s)J+1%, | nn(s) | +1

As we have seen in (3.41) in the proof of Lemma 3.24, E maxo<k<|uy(r)j|l0g xik —Elog xik| — 0
for any fixed 7 > 0, so this maximum converges to zero in probability by Markov’s inequality.
From the expression of [E log xi, . in Hypothesis 3.3, we deduce that for any k < |nn(7)], log xrzl’ P =
Elog xfl’ o top (1) =log(n—k)+op (1) where the error terms op - (1) converge to 0 in probability,
uniformly for k < |nn(7)]. It follows that

n n _opq(1) ne

e :
2 > _ _ - 2
Xan(s)]+1 n=lm(s)] =1 e +o-(1) X Lnn(s)]+1

uniformly in s € [0, 7]. Since p|uy()|+1 = Pg.a(t) + op (1) by the first part of the proof, it follows

that
/nl(ﬁLnn(t)J) 1 r ds
w = ( + op, (1)) ds :/ +op(1),
OB ppals) T 0 Ppals) T

and @ |,,(1)j]+1 — @g«(t) in probability, uniformly in ¢ € [0, 7]. [ |
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Our next step, as announced at the beginning of this section, is to obtain a growth bound on the
traces of the coefficient matrices. To obtain such a bound, we start by extending the control we have

on the martingale Z,,.

Lemma 3.27. Let Z,, be as in Lemma 3.24. For any &,6 > 0, there is a C > 0 which does not
depend on n such that ]P[Vt >0,|Z,(t)] <C(1 + t1/2+6)] >1-e.

Proof. To simplify notation in the proof, write Zj := 0 and define

J x’% xik
Zj = ZAZk for AZj_1 = log 3 — —Elog 3 —,
k=1 Y k+1 Y k+1

so that Z; = Z,(t;-1). To control Z, at large times, we embed the discrete martingale Z into a
Brownian motion using a Skorokhod embedding [44, Theorem 22.16]. More precisely, there is a
Brownian motion B and a sequence of stopping times 7; such thata.s., Z; = B, ]E[AT] | ijz IT] =

E[(AZ))?| FZ,] and E[(A7))? | F O‘ZT] < 4E[(AZ))* | FZ, ], where {F7}"_| and {9}2’};21 are
the filtrations generated by Z and (Z, 7) respectively, and Where we write At; = 7; — 7;_. Fixing

€ > 0, by basic properties of Brownian motion (see e.g. Proposition A.1) there is a C > 0 such that

]P[Vt >0,|B(1)| < C(1 + t1/2+5)] >1- g (3.44)

Hence, in order to finish the proof we mainly need to control the growth of the stopping times ;.
The increments AZ; are independent, and this implies the independence of the time differences
At; as well. Indeed, AZ, = Z, — Z, = B, — By, whose law depends only on A, by the strong
Markov property of Brownian motion. Because AZ, is independent of Zi, it follows that A, is
independent of 7. Inductively, the same idea shows that all A7;’s are independent, and in particular
the relationships between moments reduce to EA7; = E(AZ j)z and JE(ATj)2 <4E(AZ j)4.
Set My := 0 and M; = Zi:l (Aty — E Aty). Then there is a C’ > 0 such that for all j < n,

J J J
T = ;Ark = ;EM +M; = kZ;IE(AZk)2+Mj =(Zu)(tjio1) + Mj < tjo1 +C' + M; (3.45)

where the inequality follows from Claim 3.25. Because the Aty ’s are independent,

n n—1
o4(n, k)
2 2 4
EM? = kZ:;]E(ATk ~EA%)’ Z]E(Ark) <4Z]E(AZ) <4Z myves
Now, M is a martingale, so it follows from Doob’s submartingale inequality [44, Theorem 9.16]

that for any C > 0,

P M C<EM3
| sup 1agj| > €] < =5

1<j<n

Al 1
- 6‘2 —~ kl+y’
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Picking C large enough so that the right-hand side is less than ¢/2, we see from (3.45) that with
probability at least 1 — /2, 7; <t;_1 + C" + Cforall j € {1,...,n}. Since By, =Z;j = Zu(tj-1),

combining with the event in (3.44), we see that
P|Vje {1.....n}1Zu(tjo)] < C(1+ (tj_1 + C' + é)‘/2+5)] >1-¢

This extends to all times since Z,(t) = Z,(t;-1) forall ¢ € [¢;_1,¢;). Because C, C’ and C do not
depend on n, this completes the proof. [

From the control on the martingale Z,, that we proved in Lemma 3.27, we deduce the following

uniform bound on the trace of the coeflicient matrices (3.38).

Lemma 3.28. Suppose that Hypothesis 3.3 holds and that |a| < 1. If € > 0 and 6 € (0,1 — |a|),
then there is a C > 0 independent of n such that

- 2 ~(1-lal-6
]P[Vt >0,e tme](t)JH(l + wLnn(l)JH) < CeU1-lal )t] >1-ec.
Proof. Note that it suffices to show the desired inequality for ¢ € [0, logn]. Indeed, suppose that
_ 2 —(1-|al|-6
P|Ve € [0, 10gn], e pLanyer (1+ @p11) < CUTH | 21200 (346)

By definition of n, if t > logn then () = 1 —e™ > 1 — 1/n, so |nn(¢)] = n — 1. This shows that
Plannyj+1 (1 + wfm]( N ,1) is constant for # > logn. Hence, it also holds on the same event that for

t > logn,

2 2 ) 1 )
Pl j+1(1+ @1 101) = Plantogm+1 (1 4+ @ 1ogm o) < CelHOm < cellebor,

which proves the result.
Now, to prove (3.46), recall from (3.42) that

Lnn(1)] 1 [nn(1)] 62(71, k) 2
2 2 Tt =
ion—k o - VB

logann([)JH =—a Z,,(t).

Because 0y is bounded, the second term is bounded by a constant independent of n. Moreover, the
third term is controlled by Lemma 3.27, which implies that there is a C’ > 0 such that on an event
, %IZ,ZI < C’'(1+17*) forall ¢ > 0. This upper bound is itself bounded
by C” + ¢t for all ¢ > 0, for another constant C” > 0 still independent of n. Hence, for all ¢ > 0,

of probability at least 1 —&/2

Lnn ()]

108 Pl j+1 +a D P
k=0

<C+dt
2l
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lan(D] 1
k=0  n—k

= | < 1. From this, we conclude that
on the event of probability at least 1 — ¢/2, for all ¢ € [0, log n],

fora C > 0. Claim 3.25 shows that sup;¢g jog 5] |t -2

e~ (ato) o Plan(]+1 < C'e~(a=0) (3.47)

for constants C’, ¢’ > 0 independent of n.

To deduce a bound on @\, |+1, recall from (3.43) that

1 77 G Lan(1)]) ne=’
Dlnn(n)+1 = — + 2 &
n 0 PLan() 141X, | n(s) | +1

To bound this, we are really only missing a uniform control on the x, ;’s. By Markov’s inequality
and Hypothesis 3.3, if C > 0 then

n—1

2 2 : 2 2 14 o4
]P[Osr}clgf—lpogxn,k B ]Elogxn,k| > C] : kzz(:)]P“lng"’k - ]EIOgX”’k| > C ]

1 = 4 1=l osu(nk Oalloo 1
< = ]E(logxﬁk - ]Elogx,%k) < = aln 1) < | i” Z et
C* 20 ’ ’ C* iz (n—k)'*r C* oo k'Y

The right-hand side is then bounded by /2 for C large enough, which can be chosen independently
of n. Since ]Elogxﬁ . — log(n — k) is bounded by a constant independent of n, it follows that,

enlarging C if needed,
. . 2C
Z < ne®logxn +C o p=logn=k)+2C _ ¢
X2 1 —k/n

If k = [nn(s)| + 1 < n—1, then &L < n(s) so

=t <1 (A (A L <afi-),

and therefore

n ~
S 2€2C+S.

2
K lnn(s)J+1

This is in fact valid for all s € [0, logn], since when |nn(s)]+1=n = n by definition.

2
X Lnn(s) ] +1
Combining this with our expression for @ |, |4+1, we find

» ' (3 Llan(0))) 1
Ty )+1 < 1 +2e / —ds.
0 Plnn(s)]+1
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Using the lower bound on p,,+1 from (3.47), we find that for all # € [0, logn],

Dlan(n)+1 < 1+

262C /te(a+5)s ds— 14 2€2C e(a+6)l _ 1
¢ Jo c’ a+o

Combining this with the upper bound on p,,;|+1, we get that
anl](l)J+le2nn(t)J+l < C‘/e_(a_é)l + é//e(a+36)t (348)

for two other constants C’, C” > 0, still independent of n. This holds for all # € [0, logn], with
probability at least 1 — €.

Summing up the upper bounds on p|,,)+1 and p |, J+1wfm7 J41 from (3.47) and (3.48), which
hold on an event of probability at least 1 — &, yields the desired bound (3.46). [

We are now ready to prove Theorem 3.23 and its corollaries.

Proof of Theorem 3.23. Recall from (3.38) and (3.24) that

2 2
@ @ ol @
Gpan(t) = e plunmye | 1O (@) +1 and  Gpa=wga| P pal,
OISR wpa |

Our goal is to show that Gg 4, — Gpg,, in law, vaguely on 7, as n — oo, where 1, := [0, o) when
a>1but Z, := [0,00] when |a| < 1.

By Lemma 3.26, p|,;j+1 — Pg.a and @|,y)+1 — @g,, compactly and jointly in law as n — oo.
Hence, by Skorokhod representation, there is a coupling of the systems such that these convergences
hold in probability. By Proposition 2.23, this reduces the problem to showing that for all ¢ €
€.(1,,C),

* P
/ ¢ (Gpan— Gpa)pdZ — 0.
1, n—oo

Fix ¢ € €.(1,,C?), and for T > 0, write

-/I' QD*(Gﬁ,a,n - G,B,a)(p dZ = ‘/0 ‘10*(Gﬂ,a,n - G,B,a)SD dZ +/ ‘:0*(Gﬁ,a,n - Gﬂ,a)(p dZ. (3.49)
" T

If a > 1, then we can choose 7 large enough so that ¢ is supported on [0, 7], and then the second
integral in (3.49) is zero. Then, because p|,y)+1 — Pp.a and @|,;)+1 — @g,, compactly in prob-
ability, by definition Gg,, — Gpg,, compactly in probability, so the first term of (3.49) converges
to 0 in probability as n — oo.

If |a| < 1, then no 7 can be chosen in the same way, since ¢ could be supported on all of [0, co].

However, by Lemma 3.28, for any € > O and ¢ € (0, 1 — |a|) there is a C > 0 independent of n such
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that tr G q,(1) < Ce~17141=9) for all ¢ > O with probability at least 1 — ¢/3. A bound of the same
form also holds on tr Gg , by Lemma 3.16, so

/ ¢ (Gpan = Gpay dg‘ < 2CII(/JlIi/ e~ (I-lal=0)r gy
T T

with probability at least 1 — 2¢/3. Fixing { > 0, we can choose 7 large enough so that the right-hand
side is bounded by ¢/2. For this choice of 7, since Gg 4, — G compactly in probability, the first
term of (3.49) is bounded by ¢/2 with probability at least 1 —&/3 for all n large enough, and it follows
that jla ¢*(Gpan — Gpa)p dZ — 0 in probability as n — oo. n

Proof of Corollary 3.23.1. Take the coupling from the proof of Theorem 3.23, under which the
vague convergence Gg ., — Ggq holds in probability.

When |a| < 1, then the high-probability dominating functions on the traces of Gg 4, and Gg
from Lemmas 3.28 and 3.16 are integrable, so the vague convergence in probability of coefficient
matrices on [0, co] implies the compact convergence in probability of the associated transfer matri-
ces on [0, co] X C by continuity of the map from coefficient to transfer matrices on trace-dominated
sets (i.e., Proposition 2.25).

When a > 1, Lemma 3.16 still gives a high-probability dominating function on the trace of
Gg.4, and because the coeflicient matrices actually converge compactly by Lemma 3.26, this is
enough for Proposition 2.25 to imply the compact convergence in probability of transfer matrices
on [0, o) X C, exactly in the same way as in the proof of Corollary 3.8.1.

Because the coeflicient and transfer matrices converge in probability under the same coupling,

they converge jointly in law. [

Proof of Corollary 3.23.2. Suppose first that £, = 1 so that the boundary condition u, o at O from
(3.39a) is parallel to eg. Then by the continuity of the maps from transfer matrices to Weyl—

Titchmarsh functions from Theorems 2.13 and 2.14, the convergence of the transfer matrices im-

0

. 0
—
plies that m Gpam me,

in law, since when |a| < 1 the boundary conditions at infinity of both
systems are €x/,.

To prove the result in the general case of Hypothesis 3.4, write ¢, € [0, 7] for the angle such

Uu0

that ey, = %|[u,0ll5 1,0, so that mg’; =m . Then Hypothesis 3.4 implies that

Gp.a
U0 +1 nt, law
€y, =% = ‘ — €g.
”un,OHZ \/nzfrzl + (1 — fn)z 1-¢,
This holds jointly with the convergence m%ﬁ — m%ﬁ . Writing Ry for the rotation matrix with

¢ =

&n — 0
G Gg.a

columns ey and Jey, it then follows from the representations m =R _4,m Gy and m

B.a,n
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¢
—
G,Ban mGﬁa

spectral measures then follows from the continuity of the Herglotz representation.

R_ ¢m of the Weyl-Titchmarsh functions that m? in law. The convergence of
This holds jointly with the convergence of coefficient and transfer matrices, since these conver-
gences all hold in probability under a coupling such that the compact convergence from Lemma 3.26

holds in probability (i.e., the coupling used in the proof of Theorem 3.23 and Corollary 3.23.1). =

3.2.3.3 Application to the Laguerre -ensemble

We now apply the convergence results of §3.2.3.1 to the Laguerre S-ensemble. To do so, it suffices
to check that it satisfies Hypothesis 3.3. Then, based on these results we motivate Conjecture 3.1.

Recall from (1.6) in the introduction that the tridiagonal model Lg ¢, Lt for the spiked

B,
Laguerre S-ensemble is built from the random bidiagonal matrix

\/—Ynl nl

e e L
Mty T .
\/E o Xun-1 Xn,j ~ X(n-))B

Yn,n

with all X;, ;’s and Y, ;’s independent. From [58, 59], we know thatif m = n+a, thennlLg ¢, Lﬁ e,
has a hard edge scaling.

The matrix Lg , ¢, has exactly the form that we took in (3.29) with x,, ; = \/LFXn, jand y,; =
\/LFY”’ j» so it has a canonical system representation of the form we built in §3.2.3.1. A computation
of the moments of the logarithms of its entries easily shows that this matrix satisfies Hypothesis 3.3.

| Proposition 3.29. The matrix Lg . ¢, from (1.6) with m = n + a satisfies Hypothesis 3.3.

Together with Theorem 3.23, this result implies that the associated canonical system converges
vaguely to the canonical system for the stochastic Bessel operator, and the convergence extends
to transfer matrices by Corollary 3.23.1. When the spike parameter ¢, satisfies Hypothesis 3.4,
the convergence further extends to Weyl-Titchmarsh functions and spectral measures by Corol-
lary 3.23.2. In particular, this proves Theorems 1.6 and 1.8.

Proof. Since yn]Jr1 = %Yn,jﬂ with ¥, j41 ~ )(,ZHa_j, Vil ™ F(M 2) where I'(@,0) isa T’
distribution with shape and scale parameters @ and 6. In the same way, x F((" B 2) By

definition, the cumulant generating function of log y? . is given by K (t) = logE y? The

n,j+1 n]+1

formula for the tth moment of a I'(«, #) random variable then yields

(n+a-Jj)B H) —1ogr((”+“_j)ﬁ).

2
Kji1(1) :tlogﬁ+logr( > >
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n,].H) K(k)1 (0) of logy . Recall that by
basic properties of cumulants, E log yi i1 =K (log yi i+l ), and writing u (log yn j+1) for the kth

central moment of log yi,j+1’ 2 (log yiﬁl) = k2 (log yﬁ’jﬂ) and p4(log yfl’jﬂ) = k4(log yﬁ,jﬂ) -
3,u§(log yi j+l)' We deduce that

This allows us to compute the cumulants «x (log y?

(n+a- J)ﬁ)

. (n+a—j)ﬁ),

2 1
po(logyy 1) = ¢! )( >

]Elogyn]Jrl = logﬁ + 1/1(0)(
and

2 y((nta—Jj)B n((n+a—j)B\?
ptlon ) =y UEAZDBY gy (3= D)
where ¢ (©) is the polygamma function of order k. These functions are known to satisfy the following

inequalities for all # > O (see e.g. [39, Theorems 4 and 5] and [2, Theorem 9]):

1 1
O ) — —t—<—=—
0 <y(t) —logt + 52+ 155 < To0m°
| 1 2 3 2
(1) @
- ______<0 0< 1) ——— < —.
305 T T e TR
Hence,
1 On.j
Elogy? .., =log(n+a~-j) - v 5
n,j (n+a-j)p (m+a-j)>?
2 On.j
logv2 . ) = + L,
M08 ) = G =B hra- g
2 nJ
Hallogy, ju) = 3

’

for some numbers 0, ;, 0, (5” € R, which are bounded in both n and j sincea > -l andn—j > 1.

Now,

1 1 a a \~!
s (1)
n+ta-j n-—j (n-j)2\ n-j
and because the factor (1 + i.)_l is bounded for n — j > 1, we can remove the a’s from the
denominators in these expressions for the moments at the only cost of redefining 6,,;, 6;, and (5”
Note that because x;, ; ~ T (L L, DB 2

same expressions but without the a’s. The result thus follows from comblnlng the moments of

) the corresponding moments of logx are glven by the

log x and log y 41 using their independence. [

To conclude this section, we motivate Conjecture 3.1. Indeed, the canonical system represen-
tation of nLﬁ,nL;,n gives information from which we can guess what the spectral weights of the
stochastic Bessel canonical system should be.

Take L, = Lg, = Lgpng, for £, = 1 in the canonical system setting of §3.2.3.1. This matrix
satisfies Hypothesis 3.3 by Proposition 3.29 and ¢, = 1 satisfies Hypothesis 3.4 with ¢ = 0, so the
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results from Theorem 3.23 and its corollaries apply. Note that in this case, the boundary condition
1,0 from (3.39a) can be replaced with e, since these two vectors are parallel.
Because the canonical system has discrete spectrum with only eigenvalues, by Theorem 2.8, an
eigenvalue A has spectral weight ,u%ﬁ,m ({4}) equal to ||u, ||&i’a’n where u, solves Ju', = —AGg 4.ntt)
1

with u,(0) = eg. By construction of the canonical system, ||u,1||éﬁ = ;||h,l||§ where /1, is an

eigenvector of nLﬁ,nL; , With eigenvalue A. The initial condition u,(0) = eq also forces that

Xno B _ _ VB
Yn,l poXiO \/rlYn,l

hat = (Aganou(0)), = —Pll/zlm = -

Now, because 4, is an eigenvector of nLﬁ,nL-ﬂrn, the vector L;nh/l is an eigenvector of nL;nL,g,n.
Hence, writing {4 };?:1 for the set of eigenvalues of nLﬁ,nL;n, we know from the Dumitriu—Edelman
theorem' [24, Theorem 3.4] that the vector {—||LT’nh 4,15 ! (LT’nh )1 };:1 can be written as ||g||5 g
where ¢g; ~ yp are independent of each other and of the eigenvalues. This means that the spectral

weights for our problem are

2 T 2
W (= e bl
Ggan WY S) = = =
fc: IIMAjII%;ﬁ!u,n 1115 (LG, ha)T llglly A3
The definition of Lg, gives (LZ; nh/lj)l = %Yn,lhﬂj,l = -1/yn. Moreover, since hy; satisfies

/1A
”Lﬁ,nL;nh/l_,» = Ajha;, we get |[ILg a3 = (LT,”h,lj,L;’nh/lﬂ = <h/1_,»,Lﬁ,nL£nhﬁ_,-> = L, 13
This gives the formula
2 2
n/l]q/l, _ nﬁ q/lj
= =
lgll3  llgl3 ~ B

for the spectral weights. This almost gives an asymptotic description of these spectral weights,

Hey o ({A5)) = (3.50)

since #HQH% 25 by the strong law of large numbers and the %qﬁj’s are I'(8/2, 2/p)-distributed
and independent of each other and of the eigenvalues. So, assuming that we knew beforehand that
the eigenvalue point process converged jointly with the spectral measures, we would see that the
spectral weights (3.50) converge to the points of the Besselg, point process multiplied by inde-
pendent I'(8/2,2/8) random variables also independent of the eigenvalues. Since the limits of the
spectral weights (3.50) would have to be the spectral weights of the spectral measure ,u%ﬁ’a of the
stochastic Bessel canonical system, this is what motivates Conjecture 3.1.

A way to turn this idea into a proof would be to prove first the joint convergence of the spectral
measures and the eigenvalue point processes. It is possible that this could be done through a more

careful analysis of the spectral weights: using the idea from Proposition 2.17, the eigenvalue point

IThe correspondence between their notation and ours is that m and a, in their notation, become »n and 'g(n +a) >
g(n — 1) in ours, so their matrix Bg is our LT n
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processes should converge jointly with the spectral measures if the spectral weights of ,u%ﬁ’a can be
proven to be limits of those of ,u%ﬁ’m and if the spectral weights of the pgﬁ’a,n’s are shown not to
vanish in the limit in a suitable sense. Note in particular that when |a| < 1, the former criterion is
automatically satisfied (by Proposition 2.18) since the canonical systems are all limit circle at both

endpoints.

3.3 The stochastic sine operator

This short section is devoted to the stochastic sine operator. In §3.3.1, we review a few of its
important properties. Then, in §3.3.2, we make a few comments about the possibility of proving
the convergence of tridiagonal random matrix models to the stochastic sine operator at the canonical
system level, and about the way the framework used in §3.1.3 and §3.2.3 should be expected to adapt

to this case.

3.3.1 Basic properties of the stochastic sine operator

Hyperbolic Brownian motion. The stochastic sine operator is defined in terms of a complex-
valued stochastic process called a hyperbolic Brownian motion. We start by reviewing some basic

properties of this process. For more background, we refer to [36].

Definition 3.2. A hyperbolic Brownian motion with variance o> > 0 started at a point z € H, in

the upper half-plane model of the hyperbolic plane, is the strong solution to the SDE
dB(t) = o Im B(t) dW(¢) with B(0) =z,

where W is a standard complex Brownian motion, with independent standard real Brownian mo-

tions as its real and imaginary parts.

This complex SDE immediately splits into two real SDEs by taking the real and imaginary parts.

The simplest one is that for the imaginary part
dIm B(t) = o Im B(t) dIm W ().

Indeed, this can immediately be recognized as the equation for a geometric Brownian motion, which
can be solved explicitly using [t6’s formula. The solution is
ot )

Im B(7) = Im B(0) exp(O' ImW(n) - ).



3.3. THE STOCHASTIC SINE OPERATOR 111

The real part of the hyperbolic Brownian motion is thus given by the integral of this process against
the independent real standard Brownian motion Re W.

An important property of a hyperbolic Brownian motion is that it converges to a boundary point
of the hyperbolic plane as t — oo [36, Proposition 7.6.7.3]. Since we use the upper half-plane as a

model of the hyperbolic plane, this means that B(c0) is a well-defined real random variable.

The stochastic sine operator. For 3 > 0, let B be a hyperbolic Brownian motion with variance

4/p started at i in the upper half-plane, and let

1 —ReXp

X)X with Xz =
(Xp) X P70 Imx,

Rg =
P 2det X,

Recall from Definition 1.2 in the introduction that the stochastic sine operator is the operator acting
on functions u: (0,1) — C% as u (RB1 ov)Ju’ where v(t) := —log(1 — ¢). This operator was
introduced by Valké and Virag in [76].

It should be noted that, in constrast with the stochastic Airy and Bessel operators, the stochastic
sine operator is not a random generalized Sturm-Liouville operator. It is rather a random Dirac
operator, that is, a random canonical system whose coeflicient matrix (here Rg o v) is invertible at

all times.

The spectrum of the stochastic sine operator and the Weyl alternative. When given the bound-

ary conditions

Re Bﬁ(oo)

, 3.51
| (3.51)

e Ju(0) =0 and uJu(l) =0 where uj:=

with the boundary condition at 1 being enforced only when S > 2, the stochastic sine canonical
system has a discrete spectrum called the sineg point process. This was shown by Valké and Virag
in [76], building on their earlier work [72]. As stated in the introduction, the sineg point process
describes the bulk scaling limit of S-ensembles—we have seen an example of this in Theorem 1.3
(thatis, [76, Theorem 1]), which describes precisely the scaling limit from the Hermite S-ensemble.

The reason the right boundary condition in (3.51) is not needed when 8 < 2 is, of course, that the
canonical system is limit point at 1 in that case. This result was proven by Valké and Virdg in [76,
Theorem 25]. It is also a consequence of the following bound on the trace of the sine system’s
coefficient matrix, which we will need later. We give a full proof for the sake of completeness, but

it should be noted that this is also contained in the proof of [76, Theorem 25].
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Lemma 3.30. For any € > 0 and § € (0,2/p), there is a C.s > 0 such that

Ces
PVt € [O,l),tI‘RﬁOU(l‘) < m] >1-e.

Remark. In particular, if 8 > 2 then we can choose ¢ < 2/g — 1 and the upper bound is integrable.

Proof. By definition,

trRgov = (1+|Bgoul?).

2Im Bgowv

Let W denote the complex Brownian motion that drives the hyperbolic Brownian motion Bg. By
properties of Brownian motion (for instance, applying Proposition A.1), for any € > 0 there is a
C > 0 such that with probability at least 1 — ¢/2, [Im W o u(z)| < C‘(l + v(t)3/4) forall ¢ € [0, 1).

Therefore, for any 6 > 0, there is also a C > 0 such that on the same event, for all ¢ € [0, 1),
1
E(1 )7 <ImBgou(t) < C(1 - 1)7°.

If Im Bg o v is bounded in that way, then for 6 < 2/,

2

2 s
(ReBgov)(1) < %/0 (1= d(Re W o v)(s) = %/{; (1-5)7"1ds < 24—C,86'

Hence, Bernstein’s inequality for martingales shows that for any x > 0,

~ 2 — B6)x?
]P({|ImW ov(t)| <C(1+ v(t)3/4)} N { sup |Re Bgov(t)| > x}) < Zexp(—#),
t€[0,1) 8C
and this bound can be made smaller than ¢/2 by taking x large enough. Combining the bounds on
the real and imaginary parts of B yields the result with C, 5 = %( 1+ C?+x?). [

3.3.2 Remarks on the convergence from tridiagonal matrix models

When building the stochastic sine operator, Valké and Virag also built in [76] a framework to de-
scribe a family of Dirac operators that are parametrized by a path in the upper half-plane, from
which a coefficient matrix can be defined, and two boundary points which serve as boundary con-
ditions. In addition to using this framework to build the stochastic sine operator, they also used it
in [73] to embed circular S-ensembles as Dirac operators, and showed that under a suitable cou-
pling, their inverses converge a.s. to the inverse of the stochastic sine operator in Hilbert—Schmidt
norm.

In a similar way, it should also be possible to obtain the stochastic sine canonical system as

the limit of canonical systems built from appropriate tridiagonal random matrix models, like for



3.3. THE STOCHASTIC SINE OPERATOR 113

example those for the Hermite and Laguerre S-ensembles scaled in the bulk. This would upgrade
to the canonical system level the results that are known for the associated eigenvalue point processes,
of which we saw an example in Theorem 1.3 in the introduction.

Although we won’t tackle this problem here, we point out that it could be studied using the
framework we used in §3.1.3 and §3.2.3 to show convergence of tridiagonal random matrix mod-
els to the stochastic Airy and Bessel operators. However, there is an important difference between
this case and the other two. Indeed, in the cases of the stochastic Airy and Bessel operators, Lem-
mas 3.10 and 3.26 essentially imply that the coefficient matrices of the discrete models converge
compactly to the coefficient matrices of the continuum ones. In the case of the stochastic sine op-
erator, this would certainly not be possible, because the coefficient matrices of the discrete models
have a projector structure that they cannot retain in the limit, since the coefficient matrix of the sine
system is invertible. Therefore, a part of the coefficient matrices must vanish in the vague limit.

A possible way to work out this convergence would be to represent the solutions that appear in
the coeflicient matrix of the discrete systems using pairs of polar coordinates—something similar
to the so-called Priifer variables used in the theory of Jacobi operators [68, §4.1]—and analyse
the behavior of these polar coordinates. Having such representations of these solutions could help
to split them into an “oscillating” part that would vanish in the vague limit and an “average” part
that would survive in the limit. We will use a change of variables built using this kind of idea in
Chapter 4 to analyse canonical system level transitions from the stochastic Airy or Bessel operator

to the stochastic sine operator.
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Chapter 4

Edge to bulk transitions in S-ensembles

4.1 Introduction

The point processes that describe scaling limits of S-ensembles should be expected to be related
to each other. For example, one could expect that it is possible to retrieve the sineg point process
as a scaling limit of the Airy, point process. The reason for this is that the sineg point process
describes an infinite number of points which are, on average, equally spaced on the real line, while
the Airy, point process describes a sequence of points that are spaced with increasing density on
the half line. Because these two points processes are scaling limits of the same S-ensembles, one
could expect that starting from the Airy, point process and zooming in the direction with infinitely
many points while rescaling the space in the right way, the randomness remains consistent so that
the sineg point process is retrieved. Intuitively, the idea here is that we start from the edge of the
semicircle in Figure 1.1, and we zoom back into the bulk.

As mentioned in Theorem 1.4 in the introduction, this does happen: Valké and Virdg have
shown that 2VE' (Airyg + E) — sineg vaguely in law as E — oo [72, Corollary 3]. The same
phenomenon also happens when starting from the hard edge instead of the soft edge (although the
scaling is different)—a version of this was proven by Holcomb in [41, Theorem 1.1]. Because the
Airyg, Besselg, and sineg point processes are the spectra of random differential operators, one
should expect these edge to bulk transitions to hold not only at the level of the spectra, but also
at the level of the operators themselves. The goal of this section is to describe such operator level
transitions, using canonical systems theory.

The material of this chapter is mostly taken from [54, 55], although some of the arguments are

reformulated in a generalized setting in order to combine the results of the two papers.

Canonical system representations and main results. The point process transition from the soft
edge to the bulk is described by the vague limit 2WE (Airyg + E) — sineg. Since the Airy, point
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process is the negative of the spectrum of the stochastic Airy operator Hg and since the sineg point

process is symmetric, one can expect from this point process transition that
Hp g = 2VE (Hg - E) 4.1)

converges to the stochastic sine operator as E — oo. Similarly, the spacing between the eigenvalues
of the stochastic Bessel operator ®g, in the deterministic case § = oo can be estimated from

asymptotics of Bessel functions, and this leads to expect that the rescaled operator

2

®pguE = ®s, - F 4.2
B.a.E \/F( 5. ) (4.2)

should converge to the stochastic sine operator as £ — oo.

Now, since Hg i and Gg , £ are generalized Sturm-Liouville while the stochastic sine operator
is Dirac, we need a common framework under which to represent all three operators, and for this
we use (of course) canonical systems. As we will see in detail in §4.2, the general method of §2.4

yields canonical systems on (0, co) for the operators Hg ¢ and G, £, with coefficient matrices

1 \/Fgf;E fs.e8p.E Wﬁ,a\/F \/ng’a,E tp.0,E8p.4.E
Hﬁ’E = — 1 2 and Gﬁ,a,E = T 1 2 (43)
2VE \fp.egpE VElBE fpar8saE  TElpar

where f3 £, g5 £ and {5 4 £, 85.4,F are pairs of fundamental solutions to Hg gh = 0 and ®g, gh =0

respectively, with initial conditions

gp.e(0) = 15 2(0) =0, g5.£(0) =1 £(0) =1,
g8p.a.£(0) =15 , £(0) =0, 25460 =1fpar(0) = 1.

We will then show that these canonical systems converge to the canonical system corresponding to
the stochastic sine operator.
We will start by proving the vague convergence of the canonical systems, as stated in the intro-

duction.

Theorem 1.9 [54, 55, Theorems 1]. Let I := [0,1) if 8 <2 and Ig = [0, 1] if § > 2. For any
diverging sequence {E,}nen C (0, 00), there are €' bijections nag,: [0,1 + eag,) — [0, 00)

where g g, — 0 such that

7 ’ law ~
HpE, = NIAE, (Hg.E, © NAE,) n_)—oo> Rg=Rgov

vaguely on 1g, where Rg and v are as in Definition 1.2. Likewise, there are €' bijections
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nB.E,: [0,1+epE,) — [0,00) where eg g, — 0 such that

~ , law =~
Gpak, =g g, (Gpak, ©MBE,) —— Rp

vaguely on Tg.

Remark. The numbers €a g and €p g appear here for technical reasons related to the possible dis-
crepancy between the behavior of the Airy or Bessel system and that of the sine system near the
right endpoint. They will always vanish as E — oo (and in fact we will take them to be exactly zero
in some range of values of 8 and a), and at this point 74 g and 1 g should essentially be thought of
as time changes between (0, 1) and (0, o). The precise definitions of 74 g and ng g will be given
in (4.11) and (4.18) respectively.

As a corollary, we will also show the convergence of the canonical systems’ transfer matrices.

Corollary 1.9.1 [54, 55, Corollaries 1.1]. Let {E,},en be a diverging sequence, and let
Tﬁﬁ,En , TGﬁ,a,En , TR,; :IpxC — C>*? be the transfer matrices of the shifted and scaled Airy and

Bessel systems and of the sine system. Then

law law
Ty — T5 and T- — T5
Hg, ey n—oco Rp Gp.a.En  p—soo Rp

compactly on 1g X C, jointly with the respective coefficient matrices.

Having proven the vague convergence of coefficient matrices and the compact convergence of
transfer matrices, our next goal will be to show the convergence of the Weyl-Titchmarsh functions,
in order to deduce the convergence of the associated spectral measures. To do so, at this point it
will mostly remain to prove the convergence of the systems’ boundary conditions, and this will lead

us to the following.

Theorem 1.10 [54, 55, Theorems 2]. Let {E,},en C (0, 0) be a diverging sequence, and let
Mgy MGy 0p, MRy H — H,, be the Weyl-Titchmarsh functions of the shifted and scaled Airy

and Bessel systems and of the sine system. Then

law law
mg, . — Mp and me — mp
BEn p—co B B.a.En  p—sco B

compactly on H, jointly with the respective coefficient and transfer matrices. In particular, the

associated spectral measures converge vaguely in law, also jointly with the other objects.

The spectral measures of the Airy, Bessel and sine systems are all pure point with positive
masses precisely at the (simple) eigenvalues of the corresponding operators. In general, the vague

convergence of spectral measures is not strong enough to guarantee the vague convergence of the
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associated eigenvalue point processes: in principle, it would be possible for spectral masses to
vanish or merge with others in the limit £ — oo.

However, the spectral weights of the sine operator are known to be independent I"(8/2, 4/) ran-
dom variables that are also independent of the eigenvalues [74, Proposition 3], and the same also
holds for the shifted Airy operator Hg g [55, Corollary D.2]. Because the spectral weights of Hg g
and of the stochastic sine operator have the same distributions and are independent of the eigenval-
ues, in this case the point process convergence 2WE (Airyg + E) Law, sineg actually does follow
from the convergence of the corresponding spectral measures, and Theorem 1.10 recovers Valké
and Virag’s result (Theorem 1.4).

The spectral weights of the shifted Bessel operator G4, £ are not known, but they can be easily
related to those of the usual Bessel operator ®g,. Their description given in Conjecture 3.1 then
suggests that the spectral weights of 3, r converge to independent I'(5/2,4/p) random variables
that are also independent of the eigenvalues, and this would yield the convergence of the eigenvalue

point processes. We will come back to this in more detail in §4.4.4.

Related work on operator convergence. As mentioned earlier, the two edge to bulk transitions
studied here have already been studied at the point process level. Indeed, Valké and Virdg have
proven in [72, Corollary 3] that 2WE (Airyg+ E) — sineg vaguely in law as E — oo, and Holcomb
proved in [41, Theorem 1.1] that for any a > 0, if Bessg , denotes the square root of the Besselg ,
point process, then }l(Bessﬁ,a — E) — sineg vaguely in law as E — oo.

These two edge to bulk transitions are not the only possible transitions between these point
processes. Another important example is a transition from the hard edge to the soft edge, which
occurs when taking a — oo. In that case, because both the stochastic Airy and Bessel operators
are random generalized Sturm-Liouville operators, one can exploit their resolvents to describe the
transition. This was done by Dumaz, Li and Valké in [22], where it is shown that the transition
occurs at the operator level, in the norm resolvent sense (see [69, §6.6] for the definition of this type
of convergence).

For comparison with this type of result, note that if Sy

» S¢
B.E B.a,E
adjoint realizations of the corresponding canonical system’s relations for the appopriate boundary

and Sy, denote the self-

conditions, then Theorems 1.9 and 1.10 immediately imply (by general results from canonical sys-
tems theory, see §2.2.2.3) that for any ¢ € €.(1, Cz),

_ law _ _ law —
(g, =79 —— (Sg,—2)7'e  and (S~ — (Sg,—2) e,
both compactly in z. As explained in §2.2.2.3, this might extend to a strong resolvent convergence

in a generalized sense where the Hilbert space on which the resolvent acts (here Lz (0,1) or
B.E

L2G~ (0, 1)) is allowed to change along the sequence, but it is not obvious to do so.
B.a.E
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Related work in the soft edge case. In [49], the authors give an analytic construction of the
stochastic Airy function SAiy,, which is a random L?(0, o) function, entire with respect to the
parameter A € C, that satisfies Hg SAi, = —1 SAi, with explicit almost sure asymptotics for SAi, (7)
as t — oo. The Weyl-Titchmarsh function mjz, of the stochastic Airy canonical system admits a

representation in terms of this function, namely

with  Ap(z) = —E — ——

2WE~

SA), ,,(0)
VE SAiy,(-)(0)

my(z) =

where the prime denotes a derivative with respect to time. Similarly, the Weyl-Titchmarsh function
of the stochastic sine system can be written in terms of a random entire function {g called the

stochastic zeta function, which was introduced in [75]. Hence, Theorem 1.10 gives the following.

Corollary 1.10.1 [S5, Corollary 2.1]. There is another random analytic function & : H — C
such that for any diverging sequence {E, },eNn C (0, 0) and any z € H,

SAY’ 0
1/lEfl(z)( ) law W f(Z)
VE, SAiy, (5(0) n—e {p(=2)

where q is a standard Cauchy random variable independent of ¢ and {g. Moreover, ¢ can be

written in terms of q and of an independent solution to the eigenvalue equation for a differential

operator g that is unitarily equivalent to the stochastic sine operator.

From Theorem 1.10, the proof of this result only amounts to unraveling definitions, so we skip
it in the main text. For the sake of completeness, we still provide it in Appendix A.3.
In [4, Theorem 11], an independent construction of the stochastic Airy function is given via

canonical systems. The author defines the regularized Fredholm determinant for z € H as
p(2) = dety(id —zH5") = lim e (T, (1,2))

where t(7) is the trace of Hgl restricted to [0, 7]. The function p can be explicitly related to SAi, (0).
Finally, we mention that there also exists an independent approach from [38, 40], which con-
structs the semigroup of the stochastic Airy operator e’ 7#. We do not know if there is an explicit

relationship between this semigroup and the canonical system representation.

Organization of the chapter. The rest of the chapter is divided into three main sections.
First, §4.2.1 and §4.2.2 are devoted to the description of the canonical system setups for the
soft edge to bulk and hard edge to bulk problems, including the construction of the time changes

na.e and np g that appear in Theorem 1.9 and that allow the two systems to act on (0, 1) instead



120 CHAPTER 4. EDGE TO BULK TRANSITIONS IN -ENSEMBLES

of (0, o0). Now, to prove the vague convergences from Theorem 1.9, we must analyse the behavior
of the solutions that appear in the coefficient matrices (4.3) of the Airy and Bessel systems. To do
so, in Propositions 4.1 and 4.2, we change variables and write the (time-changed) solutions using
pairs of polar coordinates. It turns out that the expressions of the coefficient matrices Hg r and
G,k 1n polar coordinates are the same, and that these coordinates are driven by SDEs with very
similar structures. This allows us to infer, in §4.2.3, a general setup that combines the two vague
convergence problems. In §4.2.3, we also see how the change of variables into polar coordinates
gives more intuition about the convergence. Indeed, the change of variables allows us to split the
coeflicient matrix in two terms, and to effectively decouple a highly oscillatory part that vanishes
in the vague limit, and an “average” part that converges to the sine system’s coefficient matrix. In
particular, this allows us to identify the process that converges to the hyperbolic Brownian motion
from the sine system’s coefficient matrix, as well as the process that converges to its driving complex

Brownian motion.

Then, the goal of §4.3 is to prove Theorem 1.9, that is, to prove the soft edge to bulk and hard
edge to bulk transitions at the level of the vague convergence of the canonical systems. For that part,
we work in the general setup introduced in §4.2.3. Our proof is based on a coupling between the
driving Brownian motions of our systems, which we build in Lemma 4.4, in §4.3.1. This allows us
to deduce, in §4.3.2, quantitative estimates comparing the hyperbolic Brownian motion of the sine
system’s coefficient matrix with the process that converges to it. Having done so, we complete the
proof of the vague convergence in §4.3.3. At this point, we also deduce the convergence of transfer

matrices from Corollary 1.9.1.

We turn to the spectral convergence in §4.4. The analysis is divided in two cases. In §4.4.1,
we handle the case 8 < 2, in which the sine system is limit point on the right. Because of this, the
convergence of the Weyl-Titchmarsh functions is essentially a consequence of the convergence of
the transfer matrices, by general results from canonical systems theory. When 8 > 2, the sine system
is limit circle on the right, and then to deduce the convergence of the Weyl-Titchmarsh functions
we also need to prove the convergence of the boundary conditions. In that case, our analysis rests
not only on the polar coordinates mentioned earlier, but also on other properties of the Airy and
Bessel operators, and for this reason we handle the two cases separately in §4.4.2 and §4.4.3. In
both cases, we start by a detailed sketch showing the idea of the proof, which involves using the
t — —oo asymptotics of solutions to the eigenvalue equations of Hg r and g, £ that we obtained
in §3.1.2 and §3.2.2. Finally, in §4.4.4, we also give an expression of the spectral weights of ®3 , £
in terms of those of G ,, and we argue that under Conjecture 3.1, the point process level hard edge

to bulk transition should follow from the convergence of the Weyl-Titchmarsh functions.
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4.2 Setup and idea of the convergence

The goal of this section is to present in more detail the canonical system representations of the
rescaled stochastic Airy and Bessel operators Hg g = 2VE (Hg—E) and Gp g = \/LF((ﬁﬁ’a -E),
and to set them up for convergence to the stochastic sine canonical system.

We first describe both canonical systems independently in §4.2.1 and §4.2.2, including the con-
struction of the time changes na g and ng g under which the two systems can act on (0, 1) instead
of (0, 00). In both cases, we also introduce a change of variables into polar coordinates for the
solutions that appear in the systems’ coeflicient matrices. In §4.2.3, we then see a way to unify the
representations of the coefficient matrices in polar coordinates, which allows us to combine some
of the arguments used in the proofs of Theorems 1.9 and 1.10. We conclude §4.2.3 with a sketch

of the main arguments that we will use to prove the vague convergence in §4.3.

4.2.1 Setup for the soft edge to bulk transition

Canonical system representation. With Hg p = 2VE (Hp — E) for E > 0, by definition of the

stochastic Airy operator (see Definition 3.1), Hg g acts on a function f: [0, c0) — Ras

O = (7 = 581 O = B = b)) + (- E- 55 0) ),

where B is a standard Brownian motion. Like the stochastic Airy operator itself, this operator
again has the form (2.15) of a generalized Sturm—Liouville operator, but now with p = 1, ¢(¢) ==
t—E - %Bz(t), s = —%B and w = 1/2vE. Hence, the method from §2.4 yields a canonical
system representation in the same way as it did for the stochastic Airy operator. We now set up the
equivalence through the matrix

1/4 [1] ~1/4¢[1]
E/“gB,E E /4fﬁ’E

E]/4g’3’E Eil/4f[g’E

_ (E"gpr— J5E " Bepr By p - B Blgx

E1/4gﬁ’E E_l/4fﬁ’E

AgEg =

4.4)

where fg £ and gg £ are a pair of fundamental solutions to Hg gh = 0 with initial conditions
gpp(0) = 5,(0) =0, g ;(0)=1fpz(0) = 1.
Then Ag g solves

_2 _E_4p2
\/FB(I) t E2 ﬁB (1)
1 ﬁB(t)

E7* 0

A;g7E(t) = O E_I/4 .

Aﬁ,E(l‘) with Aﬁ’E(O) =
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The method from §2.4.2 shows that & solves Hg ph = zh if and only if u := AEIE ( hg] ) solves the

canonical system

1
Ju' = —zHgrpu on (0, o0) with Hgp :

T 2VE

This canonical system is again limit circle at O and limit point at infinity, and the eigenvalue problem

4.5)

VEg,; fprepe
tpresr  Jelae

Hpgeh = zh with h(0) = O corresponds to a self-adjoint realization of the canonical system’s

maximal relation obtained by restriction by the boundary condition ejJu(0) = 0.

Construction of the appropriate time change. In order to work out the vague convergence of
the canonical system (4.5) to the sine canonical system, we must first modify it so that its time
domain is (0, 1), like the sine system. Following the time-change property of canonical systems
from Theorem 2.2, we are looking for an absolutely continuous bijection na g: (0,1 + ga.g) —
(0, 00) for some €5 g > 0 with ea g | 0.

The point of adding this parameter €x g is related to the change of behavior of the systems at
the right endpoint, and to the discussion in §2.2.3. Recall that both the Airy and the sine systems
are limit circle at their left endpoint 0, but the Airy system is always limit point at its right endpoint
oo while the sine system is either limit point (when 8 < 2) or limit circle (when 8 > 2) at its right
endpoint 1. When 8 < 2, the right endpoints of all systems are limit point and we take ep g = 0.
However, when 8 > 2, the behavior at the right endpoint changes from limit point to limit circle, so
we are in the situation discussed in §2.2.3. Thus, we rather want to take €a g | 0 in order to work
out the vague convergence of the canonical systems on [0, 1].

A good candidate for na g stems from the zero-temperature limit case § = oo, in which the
problem becomes deterministic. Indeed, when 8 = co the Brownian motion disappears from Hpg £,
so the functions f., £ and g g are solutions of the equation 2WE (=h"(t)+ (t —E)h(t)) = 0. These
are simply solutions of the Airy differential equation but shifted by E, so . g and g g can be
written as linear combinations of Ai(- — E) and Bi(- — E), where Ai and Bi are the usual Airy

functions. The Wronskian property AiBi’ — Ai’ Bi = 1/x then directly leads to

fuz(t) = n(Bi'(-E) Ai(t — E) — Ai'(—E) Bi(t - E)), (4.62)
80 £ (1) = m(Ai(—E) Bi(t — E) - Bi(-E) Ai(t - E)). (4.6b)

The Airy functions have well-known asymptotic expansions (see e.g. [19, 53]). For ¢t < E, these

lead to )
E'* 2 2
_ = 32 = AL 732
foo £ (1) = E ) (cos(3E 3(E 1) ) +O((E -1) )) (4.7a)

1 2 3/n 2 3/2 =3/2
goo,E(t) = m(Sln(gE/ - g(E - t) / ) + 0((E - t) / )) (47b)
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Dropping the errors, it follows that if o g < E, then

7 . .
NMaE 1 sin’ ) sin g cos O

2VE +JE - na.e \Sinfg cosbg cos? 0

Mpp(Ho £ ©NAE) % O NAE (4.8)

where 0g(t) = %53/2 - %(E - t)3/ ®. Now, 77a.£ should be chosen so that this coefficient matrix
converges to R, o v, which is identically equal to %12 since when 8 = oo, the “hyperbolic Brownian
motion” Bg has zero variance, so it is stuck at 7 at all times. If the function 6 o na g grows
increasingly fast with £, we can expect the oscillations of the trigonometric functions given here to
make them converge weakly to their average values, making the above matrix, without the prefactor,
converge vaguely to %12 as E — oo. This leads us to choose 14 g as a function that makes the

prefactor go to 1, that is, na g should solve the equation

Narp =2eeVENE —nag  with  7a£(0) =0, 4.9)

where c is something that converges to 1 in an appropriate sense. The simplest choice is, of course,
to force the cg’s to be constants. In that case, the differential equation is separable and the initial

value problem is solved by the function
nae(t) = E—E(1 —cgr)? (4.10)

However, this is only a bijection [0, 1/cx] — [0, E]. When 8 < 2, we are looking for a bijection
[0,1) — [0, 00), so we can take cg = 1, use (4.10) as a bijection [0,1 — 1/vE] — [0, E — 1] and
complete it with a bijection [1 —1/VE, 1) — [E —1, c0). When 3 > 2, we are looking for a bijection
[0,1+ea£) — [0,0),s0if cg < 1 we can use (4.10) as a bijection [0, 1] — [0, E — E(1 -cg)?].
In this case, we take cp = 1 — 1/VE so that na g(1) = E — 1.

In both regimes of S, the above gives a bijection [0, 7g] — [0, E — 1] for 7 := 1 — 1/VE when
B <2and 7g := 1 when 8 > 2. What we use to complete the bijection will turn out not to make a
difference, so we leave it unspecified, assuming only that na g: [7g, 7 + I/VE) — [E —1,00) is a
bijection so that 7 g is €' on the full interval [0, ¢ + I/VE).

To sum up, our time change is a ! bijection 7a £ : [0, 7g + [/VE) — [0, c0) such that

nap(t)=E-E(1—cgt)?> if t<tg (4.11a)
with
ce =1, g =1-1/YE when <2,
(4.11b)
ce=1=-1VE, =1 when S8 > 2.

It always satisfies s, £(7e) = E — 1 and i, . (7g) = 2¢gVE.
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Let us emphasize that the reason to take this specific time change is to counteract the natural
decay of the “Airy-like” oscillations of the solutions that appear in the system’s coefficient matrix as
in (4.8), in order to convert them to “sine-like” oscillations, with no decay in amplitude. Moreover,
the point of taking cg < 1 when 8 > 2 (i.e., when the sine system is limit circle at 1) is to allow us
to analyse the vague convergence of the canonical systems on the closed interval [0, 1], which is
more natural in the canonical system setting than working on restricted intervals that would grow

o [0, 1]. Our specific choice of cg = 1 — 1/VE for that case also implies that na (1) — E = 1 for
all E, which will play an important role in our proof of the convergence of the Weyl-Titchmarsh
functions in §4.4.2.

Polar coordinates. To analyse the behavior of the system and its solutions, we now introduce
a change of variables with the goal of obtaining approximations of solutions analogous to those

obtained from asymptotics of Airy functions in the deterministic case.

Proposition 4.1 [55, Proposition 14]. Let Hg g be defined from a standard Brownian motion B
on a filtered probability space (Q, F,{F:}1>0,P), and let na g, cg and g be as in (4.11). If f
solves Hg g f = 0 and if f(0) and f'(0) are independent of B, then fort € [0, 1g],

Cy
E'MA\T = cpt

ePBEW cos £ g (1)

fonage(t) =
and

f’ o UA,E(I) = CfE1/4\/1 — CEt epﬁ'E(t) sinfﬁ,E(t)

where C]% = VE £2(0) + \/LFf’z(O) and pg g and ég g solve the coupled SDEs

dt

dp,g,E(l) = (l (% - 1) CcosS Zfﬁ E(l) + éCOS 4flg E(l))

B \p 2 —cgt

\/j sin 26j(1)y T AB (1),
désp(t) = —2epEP(1 - cpt)? dr - ((% - %) sin 2§,3E(t) + E sin 4§ﬂE(z)) - di
+ —cos ? 5 ()| 7 B (1)
with pp.£(0) = 0 and &g £ (0) = arctan( vi; ()0 ). and where

BEg(t) = dB(s)

1 /UAE(I)
2CE\/F 0 VE — s

is a Brownian motion and a martingale with respect to the filtration {F,, . (1) }ie[0,1z)-
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Proof. Lety = f ona g and define two real-valued processes r and & from

’

r+lf S + l

TS

where S: [0,7g] — (0, c0) will be specified later. Note that since Hgpf = 0, f and f” satisfy
the coupled SDEs given in (3.1) with z = E. It then follows from the Dambis—Dubins—Schwarz

theorem that

d(f onag)(®) = (Mae(t) —E)f onap(On g(1)dr + \%f o naE (D) [T (t) dBE(1)

where Bf is the Brownian motion defined in the proposition statement. 1t6’s formula then shows
that

dy'(t) =y g () f" onap(7) dt

2
+ 1y g (D[ (7a,(0) = E) fona g (00, g (1) dt + —=f 0 1a (1) /7 x(1) dBE(f))-

VB

Omitting the explicit time dependence to simplify notation, this simplifies to

1

2,
E)ydt + — (s )"y dBg.

AE ’ 2
N ’ ’ VB

dy’ =

We now use the above expression to find the It6 differentials of » and &. Applying [t6’s formula,

dr +idé = d(log(Sy + iy’/S))

_ (MAEY 5 'y’
= SI + S /) dt + (_,_ + ’ _ Yy )dl
Sy +iy'/s(( Yy ! 7. S (My£)"(a.E )

2i 3/2)’ 2 1 3y
S BE)+BW(”AE) v

~or v w ., Tae ()2 o S(y)?
= Sy + S -E - dr
e ((s32+ 07 S e s = B - )

4

(TAE
+z(,
n

E_ 1y 28y,
Y+ W) (ae - E)y? - —=——(y )2) dr
AE

S

2 Y
+ _(77/\,15)3/2 dBg + _(77A E)%/2 2dBE)

B s g

2 4 3( 4y 2(y")? ¥y
+ —e (1 - —-2i )dt.
R T s?
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We thus get the [td differentials of r and ¢ by reading off the real and imaginary parts of the equation.
Using the identities y = e cos¢ and y’ = Se’ sin &, these differentials can be written only in terms

of r and ¢ as

2 (M p)” S’ (7 ) *(MaEe — E)
dr = \/_EAS—I; cos & siné dBg + (E cos’ & + (S2 + AL 3 )COS§Sinf
(4.12a)
e 8 2 (1 p)’
+ ( f"E S ) sin” & + 3 /;’f cos? £(cos? & — sin? §)) dr
NAE
and
2 ()" ()’ (A — E) Mg 28
dé = \/_F A;; cos® ¢ dBg + ( AE 3 cos & + ( f’E - T) cosé siné
N
: (4.12b)
4 (my p)°
- 52 sinzf - ,E /;’f cos’ I3 sinf) dr

We now choose S so as to simplify the equations (4.12) on [0, 7¢]. To do this, note that by

definition of 17 £ on that interval, na g (t) — E = —E(1 — cpt)? = —4C; = (U;E(f))z- Hence, if
Z ,

4
= — then )2 —E)=-——2
V2cgEV* Ul e =B === 5p

__ 4
=S
E
which means that the coefficients of the cos & sin & df and sin® & df terms in dr cancel out, and that

the coeflicients of the cos? £ df and sin® £ dt terms in d¢ are equal. Moreover, with that choice of S,

” ’ 3
S0 Me® e 1e®0)  42E 20
= =- and = — = ,
S(t) UA,E(I) 1 —cgt S4(I) nA,E(t) 1 —cgt

so the SDE:s for r and & become

dr(t) = ( cos £(1) +,ECOS 2&() (cos® (1) — sin §(t)))

(4.13a)
+ % cos &(t) siné&(t) dBE(t)
and
de(r) = —2¢gEV(1 = cpt)? dt + (cos (1) sin £(7) — E cos® £(1) smf(t)) - di
(4.13b)

+ — cos 2&(0)

dBE(l)

Simplifying with trigonometric identities, we see that fﬁ,E := ¢ satisfies the desired SDE. For the

o dr + \/gsin 2£(1)

radial part, we first rewrite (4.13a) as

1 1 2 1 1
dr(t) = (— - = (— — —) cos2&(t) + B cos4§(t))

CE
B2 32 1= cpt dBg(1).
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Then we can define

1 [ 1
7(t) =r(0) — —/ E_ g5 = r(0) + =log(1 — cgt)
2Jo 1—cgs 2

in order to integrate out explicitly the term —% l_CfE ;

satisfies the desired SDE. Moreover, pg £(0) = 0 by definition, and

dr from the equation for r, and pgp ==r — 7

" OO = \Dep EY £(0) +iv2cg ET (0)

SO

_ £/(0) 0 _ Lo = oo
£(0) = arctan(m) and @ = \/ZCEE(\/EfZ(O) + \/_ff 2(0)) = \V2cgECy.

This finally yields the announced representations

1 C
fonap(t) = ——e @ cosé(r) = d

S(1) E''NT = cgt

S(1)
My (1)

ePBED cos £ (1)

and

e"Dsing(r) = CEV1 — cpt 5D singg (1) [

flonae(t) =

Now, by time-changing the coefficient matrix (4.5) of the Airy system, we get

Mpe (1)

VEg:, f

, E ﬂ,Egﬁ,E

Map(DH E © TIA,E(I) = p
AE P 2VE

1 2
fsegse  5iae

) (nae(1). (4.14)

The initial conditions that define fg  and gg £ imply that the constants appearing in their represen-
tations in the polar coordinates from Proposition 4.1 are Cy, . = E "+ and Copp = E “'+. Because
Ny (1) = 2cpE(1 = cgt), it follows that the expression of the coefficient matrix (4.14) in the polar
coordinates (pg,E,gg’E) and (p[g;’E,ff;’E) for fg £ and gg g is, for t € [0, 7£],

205 5 o2 £8 ph o5 1 £ g
e "BE cos fp’,E e"BETFB. cosfﬁ’Ecosfﬁ’E

N p(HpE ©NAE) = CE (4.15)

f g f
P ETPR E f g 205 2 of
e'BETER cosfﬂvE cosgﬁ’E e "BE cos fB,E

This is the form of the coefficient matrix that we will use to prove the vague convergence.

4.2.2 Setup for the hard edge to bulk transition

Canonical system representation. We now turn to the canonical system representation of the
rescaled stochastic Bessel operator ©p , g = \%((ﬁﬁ,a — E) for E > 0. Following Definition 1.1,

2

_ [U’_E Y
wﬁ,a\/F( f wgaf)

(ﬁﬁ,a,Ef =
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where f!1 = pg . f” and as before

Ppa(t) = exp(—at — iB(t)) and wg,(t) = exp(—(a + 1)1 - iB(t)).

VB VB
This is again a generalized Sturm-Liouville operator as in (2.15), now with p = pg,, g = —Ewpgg,
s = 0 and w = ws.aVE/2. The method from §2.4 yields a canonical system representation set up
through the matrix

s (1] “1ae[1]
E/4g,8,a,E E /4f,8,a,E

_ (4.16)
EVggr E fgar

A,B,a,E =

1 ’ -1 ’
— E /4p,3aag,8,a,E E /4pﬁsafﬁ,a,E
E'gg E Pfg

where fg , £ and gg 4 £ are a pair of fundamental solutions to &g, zh = 0 with initial conditions
£B.a,E (O) = fé,a’E (O) =0, g,ﬁﬂ’E(O) = fﬁ,a,E(O) =1.
Then Ag , £ solves

E"* 0
0 E'

0 —EWﬁ,a

Al (1) = (
B.a.E -1
a pﬂ’a 0

AB,a,E(t) with Aﬁ,a’E(O) =

The method from §2.4.2 shows that & solves ®g, gh = zh if and only if u = Agla E( hh” ) solves

the canonical system

Wﬁ,a\/E
2

\/Egé,a’E fﬁ,a,Egﬁ,a,E

12
8.4, E8B.a.E \/—Ffﬂ,a, E

Ju' = -zGgapu on (0,00) with Ggufp =

) . 417

This canonical system is limit circle at 0, and by Proposition 3.15 it is limit circle at infinity when
la| < 1 and limit point at infinity when a > 1. The boundary condition 4(0) = 0 again becomes
eyJu(0) = 0, and the boundary condition at infinity transforms in a similar way, although less
explicitly. Indeed, it can be shown by standard theory of generalized Sturm-Liouville operators
(see e.g. [29, §6]) that when |a| < 1, there is a ¢ € [0, ) such that for / in the maximal domain
of G4, lim;_, A1 (¢) = 0 if and only if

lim (Wa(EV'g.0.6, 1) (1) €08 81 + Wa (B0, 1) (1) sin 9 ) = 0,

where Wp . (f,8) = ppa(fg — f’'g) denotes the Wronskian of f and g. Note that here, because
® 3, is limit circle at infinity, the limits of both Wronskians above exist (see e.g. [29, Lemma 3.2]
for a proof). Under the correspondence u = Agla M pf”’h“h/ ), this condition is exactly the condition
that lim; e(”;EJ u(t) = 0, which is therefore the boundary condition at infinity for the canonical

system.
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Construction of the appropriate time change. Just like in the Airy case, in order to work out the
vague convergence of the canonical system (4.17) to the sine canonical system, we need to change
its time domain to (0, 1). Concretely, we are again looking for an absolutely continuous bijection
ne.e: (0,1 +epg) — (0,00) for some eg g > 0 witheg g | 0.

When g < 2, the sine system is limit point at 1, and therefore we take eg g = 0. When g > 2
and |a| < 1, both systems are limit circle on the right, so we also take eg g = 0. However, when
B > 2 and a > 1, the Bessel system is limit point at co while the sine system is limit circle at 1.
Because of this change of behavior, following the ideas from §2.2.3 just like in the Airy case for
B > 2, we want to take g g > 0 in order to be able to analyse the vague convergence on [0, 1].

Again, a candidate for the appropriate time change 1 £ can be guessed from the deterministic
case S = oo. In that case, the Brownian motion disappears from the problem, and it is easy to see

that a solution to ®3, gh = 0 has the form
h(r) = e“f/Z(CJa(zx/F P +C'Y,2NE e_t/z))

for constants C, C’ € R, where J, and Y, are Bessel functions of the first and second kind respec-
tively. This yields explicit expressions for f, 4 g and g« 4. Using asymptotic expansions of Bessel

functions (see e.g. [19]), when E is large we can approximate these expressions by
at 13 -1 1 at t . -1
fooar(t) = e cos(2VE(1 —¢?)  and  geour(t) ~ \/—_e P4l sin(2VE (1 — e77)).
E

This gives

VE e~ @tV glat!/2)ne.E sin” O sin 8¢ cos Og

2 VE sin O cos g cos? O

np.£(GpaE°NBE) XN ° NB.E

where 0z (1) = 2VE (1 — e "?). As E — oo, the oscillations of the trigonometric functions should
make the matrix converge vaguely to %12, which is exactly the coeflicient matrix of the sine system
when S = co. Hence, np g should be chosen so that the prefactor cancels out when E — oco. This

suggests to take np g as a solution of
Myp = 2cpe™E" (4.18a)

where we allow for a dependence on an extra parameter cg € R chosen so that cg — 1 as E — oo.

It is easy to solve this equation explicitly, and the solution with g £(0) = 0 is

nB.e(1) = =2log(1 — cgt). (4.18b)

This is a €' bijection (0, I/c) — (0, ). As explained above, we want a bijection (0, 1) — (0, )
when 8 < 2 and when 8 > 2 and |a| < 1, so in that case we simply take cg := 1. When 8 > 2 and
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a > 1, we want to take cg < 1 in order to extend slightly the time domain; the specific value we
take is cg := 1 — 1/VE, like in the Airy case.

To motivate this choice, note that by Proposition 3.17, the time domain [0, 1] for the time-
changed system 77]’3’ £(Gp.a,E °1B,E) corresponds, upon inverting the time change and reversing the
shift, to the time domain [~log E, —2log(1 — cg) — log E] for the original operator ®g,. Taking
cg = 1 — 1/VE therefore fixes the right boundary of this time domain to always be O for the original
operator, which removes its dependence on the shift £. This will play a role in the analysis of the
right boundary conditions in §4.4.3.

In the sequel, we denote by 75 = é(l — 1/¥E) the time that satisfies np (1) = log E, and
thus corresponds to time O for ®4 , when reversing the time-change and shift.

Polar coordinates. In the same way as in the Airy case, we introduce a change of variables into
polar coordinates for solutions to ®g . £ f = 0. This is the tool we will use to analyse the asymptotic

behavior of the solutions that appear in the coefficient matrix.

Proposition 4.2 [54, Proposition 7]. Define ®g, g from a standard Brownian motion B on a
filtered probability space (Q, F ,{F}i>0,P), and let ng g and cg be as in (4.18). If f solves
G®parf =0andif £(0) and f'(0) are independent of B, then for t € [0, 1/cg),

CE iemels C/E e mEl

fonpgrp = ————=ePFcosépar and f'onpg =
\VPB.a ©NB,E poa VPB.a ©TB.E

where C2 VE 2(0) + \/_f’z(O) and pg g and &g 4  solve the coupled SDEs

ePPalsinépg o k

dt

1 1 1
dppa (1) = (B ~ (a+3) cos 280 (0) - Bcos4§ﬁaE<r>) -

- \/jCOS 28p5.4.6(1) dBE(f)
dfﬁ,a,E(t) = —ZCE\/Edt + ((a ;) s1n2§5a E(l) + % sm4§ﬁaE(t))
\/jsmzfﬁaE(t) dBE(f)

with pg . £(0) = 0 and &4 £(0) = arctan(\/;( ()0)) and where Bg(t) = \/_ an EW) =sfa dB(s)

is a Brownian motion and a martingale with respect to the filtration {F; .. (1) }1e[0,1/cp)-

Proof. Let f solve ®g, g f = 0. Then f also solves ®g,f = E f, and therefore it is also a solution
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to the SDE (3.22) with z = E. Hence, by the Dambis—Dubins—Schwarz theorem,

d(f o npp)(t) = —Ee” ™= f o g g (1) (1) dr

* (a ¥ %)f’ o np,g ()N (1) df + if’ o 1B, (1) [ (1) dBE(7)

VB

where B is the Brownian motion defined in the proposition statement.
Sety = f onp g, sothat y’ = ng .(f" onp g). From the above expression for d(f’ o np £), we
deduce that

g g (1

) (- Enf ()% ™EDy (1) dt
B.E

dy’(1) =

(s 20y () dre o i 0y (0 @B 1),

By definition of g , (17} ;)?e ™ = 4c% and 7 p/n; . = /2, so this simplifies to

D\t o 0y (1) dr + =

dy'(r) = —4cEEy(t) dr + (a + — I 2)

\f My g (1) Y (1) dBE(1).

Now, define two real-valued stochastic processes r and & such that e”*¢ = Sy + i¥'/s where S is a
constant scaling factor that will be determined later. By 1t6’s formula, omitting the explicit time

dependence to simplify notation,
dr +id¢ = d(log(Sy + '/s))

1 i 1 1
- (sydr+tdy) b =y
Sy+iy’/5( yaTe®Y ) 252 5y + 1752 O

—2r ’ 1 ’ ’ . ’ ./ . ’ ’
=e¢7? (Szyy dt+§y dy’ +iydy —lyzdt) 552 (52 2_ - —21yy)d(y)

Ac2E 1\ 2 ) 2 2
-2r( g2 E / y -4y (2.2 _ Y ./
(S yy' — 5 yy + (a + E + 2) e nB’E) dr + ’Ee 57 (S v - —)nB’E dr

1 4i &

. =2r 2 2 2 ’r

+ie (—4CEEy -y +( +E+2)yy nB’E) dt — —e FUB,Edt
2 —Zry 2i =2r. ../ ’

—=e Mg d Yy |n

A

This simplifies with S := v2cg E"*. Indeed, it balances the magnitudes of the first two terms of the

72
+

first two lines so that they cancel out in the first line and combine as 4C%E v+ y’2 = S2(S%y? +
v?/s?) = 2cgVE e? in the second one. Extracting the SDEs for r and ¢ from the real and imaginary
parts of the above and replacing y and y’” with their expressions in terms of r and &, we get

2 1 2 2
dr = (a + 3 + 5) sinzfnig’E dr + 3 sin? £(cos? & — sin® Ep g At + — sin’ & N dBE

VB
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and
2 1y . , 4.3 /
dé = —2¢pVE dr + (a + 7 + E) sing cos & p dr — B $in” £ cos & 17, df
2
+ —sinécosé
VB

It is easy to see by simplifying further with trigonometric identities that £g , g = & follows the an-

niB,E dBE.

. _ y(0) \ _ £7(0) e
nounced SDE with £4.4,(0) = arctan( g5 ) = arctan( VE©) ). Performing similar simplifications
in the other SDE, we get

dBEg.

dr = (E ta+ =< — (a + 5) cos 2§ — —00545)%d“‘ —= (1= cos28) iy

2 B \/,E

0 =)+ (5 + 5 o)+ 2 [ (0 B,

we see that pg , g = r — 7 follows the announced SDE with pg, £(0) = 0

With

It remains to check the representations of f ong g and f’ ong g in terms of pg 4 g and & 4 . To

do so, note that the last term of 7 is exactly % (n8.£(2)) where B is the original Brownian motion,

so in fact # = 7(0) + 2% — Tlog pg . o 1 £. Moreover,
2 72
nge (0)f (0) £7%(0)
2r(0) _ @2 42 B.E (F ) _. 2
e =S 0) + 0) + =: 2cpC%.
£7(0) & £2(0) VE eCy
It follows that
1, CrE fte™El
fonpe = =€ cosé = ————ePPeEcosép
S \PBa OTB.E pa
and likewise that
S C .E1/4e—7lB,E/4
flongg=——e"siné = / ePPaF gin EBaE- [ ]

M.k \PB.a ©TIB.E

Now, by time-changing the coefficient matrix (4.17) of the Bessel system, we get

M. (OWpa ome(OVE (VEQ , ;  fpargpar
2 fp.a,E8p.a.E \/L—féa E

5.0 (GpaE onBE)(t) = (nB.£(2)).

The initial conditions that define fg, r and gg, g imply that the constants appearing in their rep-

resentations in the polar coordinates from Proposition 4.2 are Cy, , , = = E'* and Copor = E e,
Hence, switching to the polar coordinates, the coefficient matrix becomes
Y 2
1 (GBu,E©°NBE) = U;S,E(Wﬁ,a onB,E)e .5
a, E) =
B.E 2pﬁ,a OTB.E
g
eZpﬁ,a’E COSZ é_‘é,a’E pﬁaE pﬁaE CcOS ‘fﬁ ECOSé‘:ﬁaE

X f g
PpaEYPsaE £ g 2p E
e'B.a.E"Fp.a cosfﬁﬂ’E cosfﬁﬂ’E B.a.E cOS> fﬁaE
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We chose iy, o = 2cge™E” and by definition e-£ Wg.a © IB,E = PR © NB,E- Therefore, the above

expression simplifies to

2 g f + g
) ePB.aE cog? fﬁa E ePB.a.E"Pp.aE cog ‘f/ga 5 €OS ffaa E
Me.r(GpakEoNBE) =CE| g ” ¢ . R E
, PsartPsak f g 205 0 E o2 of
e'’'B.a.E"Fp.a, cosfﬁaEcosfﬁaE e "hB.aE cos fﬂaE

(4.19)

4.2.3 Unified setup and idea of the convergence

Generalizing the polar coordinates. Notice that when written in polar coordinates as in (4.15)
and (4.19), the coeflicient matrices i, .(Hg rona ) and ng (Gpq.konp.k) of the Airy and Bessel

systems on [0, 7] both have the form

205 5 2 #8 Ph RS k f g
e "BE cos fﬁ’E e BETFB. cosfﬁ’Ecosfﬁ,E

£ 4ol £ (4.20)
e’B.ETPRE cog 52’ £ COS §§’ £ e?PB.E cos? §};’ E

MﬂE ‘= CE

where cg is either 1 or 1 — 1/vE depending on the values of the parameters, 7z = é(l — I/VE),
and where the pg £’s and &g s follow either the SDEs of Proposition 4.1 or those of 4.2, but with
pE’E (0) = p}";’E 0) = flfg,E(O) =0 and g;';,E (0) = /2 in any case.

It seems clear that the SDEs of Propositions 4.1 and 4.2 have the same structure. In fact, they

can both be written as

CE
1—cgt

dplg,E(t) = (% + K COS zé:ﬁ,E(t) + %COS(“{&E(Z‘) — 2(]5)) dr

. (4.21a)
. CE
+ \/;sm(%ﬁ,lg(t) AN T dBg (1),
A (1) = ~2¢p E(1 = cpn)?™de = (K sin28,6(1) + L sin(dés () - 29)) —=— dr
B LT o)

+ %? cos &g () cos(épk(t) — @)/ - —CiEt dBg(7)

for parameters ¢ > 1, ¢ € [0,27) and « € R. In the Airy case, g = 3, ¢ = 0 and « = 2/g—1/2, while
in the Bessel case, g = 1, ¢ = 7/2and k = —a — 1/2.

The SDEs (4.21) always make sense for ¢ € [0, 7¢] if 7 == é(l — 1/VE), even if cg is allowed
to take any value in [1 — 1/VE, 1]. In that case, the matrix Mg g can be taken as a general model
of coefficient matrix on [0, 7z) C [0, 1), defined as in (4.20) with pairs pfi P 52, » and pf{ E’ff%, E
solving the SDEs (4.21) with initial conditions pg, £(0) = p; £(0) = gg, 5(0) =0and gg, £(0) =7/2
and arbitrary parameters g > 1, ¢ € [0, 27) and « € R. This does not necessarily define a canonical
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system on the full interval [0, 1), but as we will see in §4.3, it turns out that (no matter its extension
on (g, 1)) Mg g always converges vaguely on [0, 1) to the sine system’s coefficient matrix.

It should be understood that this generalization of n’A’ £(Hg g onag) and 17]’3’ £(Gp.aE ©NBE)
is incomplete, in the sense that it models these systems on the “main” part of the time interval, but
not their boundary behavior. This also means that their spectral information is not naturally built in
Mg g. In fact, even in the case of the Airy system, the polar coordinates we built in Proposition 4.1
are not valid past 7 since the time change na g changes at that point, so our representation of
'7;%’ £ (Hp.gona ) in polar coordinates does not even contain the spectral information. Nevertheless,
this general model is useful to unify the analysis of both coefficient matrices on [0, 7g ], which helps
to investigate the vague convergence of both systems to the sine system.

We also note that since the polar coordinates solving (4.21) interpolate between the two models,
it is natural to ask whether they could be obtained from time-changed solutions to the eigenvalue
equation for another generalized Sturm-Liouville operator on [0, o), using the method we applied
in Propositions 4.1 and 4.2. Following on the remark of the previous paragraph, this operator might
then complete the generalization, and be used to also unify the analysis of the spectral convergence
to the sine system. We won’t tackle this problem here, and will rather settle for using the unified

setting given by Mp ¢ merely as a tool to study both vague convergence problems at the same time.

Idea of the convergence. We now describe briefly why one should expect the vague convergence

of Mpg r to the coefficient matrix of the sine system. Notice that Mg ¢ can be written as

208 A2 £
cpetBE 1 e ﬁ’EcosAﬁ,E

o o
) - £ —2A%
e BE cos AﬁE e B

Mﬁ’E =

205 g = 3

B.E 2 B.E 3¢

L CE e cos fﬁ,E e Cos 2 o
2

P2 £ 20t £
E E
e BE cos Zﬁ’E e "BE cos 2§ﬁ’E

where we introduced the notations AZ’ g = plgg’ E— pg, p and 22’ = p/g;’ gt pfﬂ’ - and likewise for
phases. Now, the SDEs (4.21) have the following consequence.

Claim 4.3. If the pairs plg,,E, ‘f/g,E and pfg’E, §§’E solve (4.21) with plg’E(O) = pf%’E(O) = f}g’E(O) =0

A

g Z:pE 7 é: — o _2pg E - pE : f
and fﬁ’E(O) = 7/2, then e”B-E sin AB,E = 1. In particular, e “"B-E = ¢ "BE sin A*[),’E.

Remark. When these polar coordinates are those of our solutions fg £, g, or {54 £, g4, t0 the
eigenvalue equations Hg gh = 0 or ®3, gh = 0, this is in fact a straightforward consequence of the
fact that the Wronskians of these solutions are constant (as it is the case for any two solutions to the

eigenvalue equation of a generalized Sturm-Liouville operator with a given spectral parameter).

We postpone the proof of this claim until the end of the section, and rather focus on an important

consequence for now. Define

N5t (4.22)

Z/’iﬁ’E =—e
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—_— g . .
By Claim 4.3, ¢ 205 E = Im tg . Hence, we can rewrite the above expression of Mg g as

g Zp,i’E 2 € ZZE ¢

CE 1 Re B.E Cg |€ P*=COoS fﬁ,E e BE Cos Z,B,E

M" 2Imég g \-Re & E |ﬁ |2 2 ZZE ¢ ZPEE f ) (4.23)
B, B, B,E e b COSZIB’E ep costﬁ’E

Recall that the coeflicient matrix of the stochastic sine canonical system is given by

1
2Im Bgowv

1 —ReBﬂOU

Rgov = 5
—ReBgov [Bgovl

where Bg is a hyperbolic Brownian motion with variance 4/ started at i in the upper half-plane,
and v is a logarithmic time change. Comparing the expressions of these two coefficient matrices
provides a clear guess on how the convergence might happen. Indeed, the matrix in the first term
of (4.23) has the same structure as the coeflicient matrix of the sine system, with Zg £ in place
of Bg o v. Moreover, it is clear from the SDE (4.21b) that the phases §;’ g and ffa,E will grow
increasingly fast as £ becomes large, which should make the second term of (4.23) vanish in the
vague limit. Hence, we expect that what makes the convergence possible is that as E becomes large,
the process % g becomes close to a hyperbolic Brownian motion with variance 4/, started at i in the
upper half-plane and run in logarithmic time. Notice that because Ag, £(0) =0and Afg’ £(0) =7/2,
indeed g £(0) = i.

To see how Zg g becomes a hyperbolic Brownian motion, we compute its Itd differential. To do

S0, note that

CE
1—-cgt

+ % sin A;E(t) cos(Zf;’E(t) ~9)4/ 7 _CiEt dBEg (1)

dt

: . 2 . .
AAp (1) = =(26sin A 4 (1) sin 55 (1) + 5 sin 205 (1) sin(255 (1) - 29))

and
. 2 . c
dAZ’E(t) = —(2K sin Afi‘,E(t) Ccos Z;E(t) + 3 sin ZA;E(I) cos(ZEfg’E(t) - 2¢)) : —iEt dr
V2 ¢ e CE
_ W sin Aﬁ,E(t) sm(ZIB’E(t) - ¢) [ —cpt dBg(1).

From this, applying Itd’s formula (and dropping the explicit dependence on ¢ to lighten notation)

gives

1
: 3 : ¢ ¢
dﬁﬁ,E = —ﬁ’g’E dA,/B),E - lﬁﬁ,E dA,B,E + Eﬁﬂ,E (d<A,Z,E> +2i d<AZ,E’ A,B,E> - d<A'3’E>)
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2v2 -2 CE
= ———0UE sin A%, ' sk dBg
\/E B.E 1—cgt
o —izd 20 2ip-2ixé CE
*e (2 sin A% e ™sE + —gin2AL 207 ﬁ’E)—dt
PE\E pE€ B p.EC 1 —cgt
4 . & 2ip-2ixt CE
+ —UgE sin® A%, e BE ———— df
ﬁ ' B.E 1—cgt
V2 ¢ st [CE
= -2 g psinAl e pE dB
VB e pEC l—cpt
_ist 4 pip_ist _inE
+itigge 5. sin A;ZE(ZK + Ee2’¢ sk ’Aﬁ,E) 1 L ” dr.
\ .
_iyé _ _hiel . ;g8
Now, Z;E + A;E = 2§§’E S0 lg e 5 £ gin AZE = —e %25 gin A;E = —¢ 2pEIm bpE,
and
2 Y 2
dfig (1) = —=Tm g p(1)e® 2660 | £ 4BL(r)
VB I -cat (4.24)
i 4 s
— lIm ﬁﬂE(t) (2K€ Zlfé,E(f) + _821¢ 4l§§7E(l))c—E dt.
| B 1—cpgt

_n:e8 A8
Again, because of the increasingly fast oscillations of e 5.2 and "5 when E grows, we expect
the second line (4.24) not to contribute in the limit. Ignoring the second line, (4.24) has the structure

of the SDE for a hyperbolic Brownian motion with variance 4/s in the upper half-plane, but driven

" igeniet () | 2cE
£ / 925 |_ZE_ 4B (). (4.25)
0 1 —-cgs

In §4.3, we will show that indeed this process converges in distribution to a standard complex

by the process

Brownian motion, and we will use this to make rigorous the heuristic idea presented above in order
to prove the vague convergence of Mg g to the sine system’s coeflicient matrix.

We finish the section with a proof of Claim 4.3.

Proof of Claim 4.3. By Itd’s formula,

d(€_2p§,5)(t) = _%e_z'oi’ﬂ([) sm(2§§E(1) - ¢)\’ 1 2Cf P dBE(t)
’ —CE

— e pe(®) (2K cos 25;’;’,;(?) + %COS(4§§,E(I) - 2¢))

CE

dr.
1 —cgt

Comparing with (4.24), we notice that this is exactlty the SDE solved by Im #ig g = ¢ %F sin Ai’ £

Hence, the difference between these two processes must be constant, and because they are both

A

P g AP
initialized at 1, they must in fact be equal. Therefore eFE sin Afg E= e p.E85.E gin Afg =1L =m
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4.3 Vague convergence

The goal of this section is to prove Theorem 1.9, which shows the vague convergence to the stochas-
tic sine canonical system of the canonical systems corresponding to the shifted and scaled stochastic
Airy and Bessel operators Hg  and ®g, g. Throughout the section, we work with the coefficient
matrix Mg g from (4.23), and therefore all results can directly be applied to both models by setting
the right values for the parameters ¢, ¢ and «.

We start by building in §4.3.1 a coupling between the Brownian motions driving the SDEs (4.21)
for polar coordinates, which is defined in such a way that the process (4.25) converges in probability
to a complex Brownian motion W. This allows us to deduce, in §4.3.2, quantitative estimates
comparing the process Zg g from (4.22) to a hyperbolic Brownian motion driven by W. Having
done so, we complete the proof of the vague convergence in §4.3.3.

The results and the arguments in this section combine and generalize those of [55, §§4-6]

and [54, §§3—4], which are specific to the Airy and Bessel cases respectively.

4.3.1 Coupling the systems

Following the ideas from the end of §4.2.3, we now build a coupling between real Brownian motions
BE and a single complex Brownian motion W so that the process (4.25) becomes pathwise close to
Was E — co.

Lemma 4.4. Let {E,},cn C (0, 00) satisfy E,, — co. There exists a probability space on which
are defined a collection {Bg, }neN of standard real Brownian motions and a standard complex
Brownian motion W such that if {-‘f;, E, is the solution with é:fa, E, (0) = /2 to the SDE (4.21b) driven
by Bg,, then for any a € (0, 1/2) and 6 € (0, @4/3), there is a C > 0 such that for all E € {E;}neN

large enough,

t . .
/ €l¢_2l§§'E(s) llzi dBg(s) =W o UE(I)‘ > E—aq/3+6] < 3E4aq/3 longe_CEz‘%
0 — CES

(4.26)

]P[ sup

Z‘EIE,,,

where I o = [0, (1 — E7**)/cp] and vg (1) := —log(1 — cgt).

Remark. This probability space therefore supports a sequence of coeflicient matrices Mg g of the
form (4.23). Indeed, each Brownian motion B can be taken to define two pairs of polar coordinates
(pE’E, §E’E) and (pi,E, .f/gi.’E) as solutions to the SDEs (4.21) with pg’E(O) = pi,,E(O) = f};E(O) =0
and & [%’ £(0) = 7/2, which suffice to define Mg . In the same way, the probability space also supports
a stochastic sine canonical system, since its coefficient matrix can be defined from a hyperbolic

Brownian motion driven by W.
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Proof. To build an appropriate probability space, we start by fixing an £ > 0 and building a cou-
pling between a real and a complex Brownian motions in such a way that the above property is
satisfied. To do this, we first couple a discretization of the integral in (4.26) with a discrete random
walk, which we then extend to a complex Brownian motion. Then, we combine all spaces together.

Step 0: Discrete time setup. Fix £ > 0 and a standard real Brownian motion Bg, and let & f%’ E
solve the SDE (4.21b) with fg, £(0) = 7/2. With ¢ = é(l — 1/VE), we discretize the time interval

[0, 7¢] by setting #( := 0, ty = 7£, and in between

(4.27)

. log E
cptj=1-(1+EP)7/ so that N = { g w

2log(1 + E~P)

where p = 22q/3. Note that because log(1 + x) > x(1 — x/2) for all x > 0, this means that N <
E?log E for all E large enough.

We begin by considering the integral in (4.26) at discrete times {¢, }?’:1 , that is, we focus on the

T 02 () /ZC—E dBg(s) (4.28)
. 1—-cgs

Z 93;;* where 935 = /
j=1 4

-

discrete martingale

forn € {1,...,N}. To compare this with a discretization of a complex Brownian motion, we

compare it with the discrete martingale

n

. t‘ . .
Z 20655 (1-1)=0(1-1)) gt where RBY = ' !9-2i0(s) _2¢E dBEg(s) (4.29)
J J p 1 —cgs

J=1 -1

and where 6 is the deterministic part of §§ g that is, 6 solves

2

0'(1) = 2c5E(1=ce)®™ with 0(0)=3. so 0(1) = F-=E"(1=(1=czn)?). (4.30)
q

The 93?’5 are Gaussian, and due to the fast oscillations of 6, we expect their real and imaginary

parts to be almost independent and to have variances close to

1j 1—-cgti_
o2 = / E ds = log(ﬁ) =log(l1 + E™P) (4.31)
ti 1 —cgs 1- CElj

for j < N. The actual correlation structure of %’? is given by the correlation matrix

j .

E(Re %) ERe%jIm%j)
ERe B/Im %!  E(Im %Y) ’
so if we define

W) = ¢ Gt 00 gy gt (4.32)
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where we identify x + iy € C with (x,y) € R?, then W; ~ CN(0, o?) in the sense that its
real and imaginary parts are independent N (0, %) random variables. Indeed, multiplying 99]‘?
by ZJ_.I/ ? removes its correlation structure so O'Z]_.l/ 2%’? ~ CN(0,0?), and since the multivariate
normal distribution is invariant under multiplication by orthogonal martices, the multiplication by
¢~ 2E.r1-0=00-1) hag no effect on the distribution. This also shows that the W;’s are independent.

Our first goal is thus to study, forn € {1, ..., N}, the sum Z?:l (935 -W;) = Aia + AW where

n . n .
Aie — Z}(%,;f _ 6—21(ff;,g(t_f—l)—e(t_/-l))%?) and Azw — Z}(e—zz(qi-‘fg,E(tj-l)—@(tj—l))%? _ Wj)-
j= Jj=
Setting Agg =0= Agw, both {Aie }’1;’:0 and {AZW},,Nzo are martingales with respect to the filtration
{F; };V:() generated by {Bg(t;) };.V:O.
Step 1: Replacing the phase by its deterministic approximation. We first control the martin-
gale {Aie nN=O' Fixing j € {1,..., N—1} and using the identity e ™2 — ™27 = 2j¢~**Y) sin(y —x),

we can write the martingale’s jth increment as

%5 _ o2 p(1;-1)=0(1;0)) B = 2 / y o016 £ (5)+0()=0(1j1)+E5 £ (171)

tji-1

xsin(006) = 0(0701) = £ 5 (5) + €150 |\ T s dBE(s).

This expression already makes it obvious that the quadratic variation of the stochastic integral is
_Zi(féE(tj—l)_g(fj—l))(@6.'
J

bounded by 802, and therefore that the increment %f —-e is 80-2-subgaussian,
both conditionally on &;_; and unconditionally.

This control on the subgaussian constant of the increments is not enough to obtain a good
control on the whole martingale, but we can improve it by getting a better control on the conditional
variances of the increments. To do so, we apply Itd’s isometry to the above expression for the jth

increment, and as sine is 1-Lipschitz, we get

B[] - o G000 g0 | g7 |

< 8E ‘/t:l|9(s) - 60(tj-1) — fE,E(S) + §§,E(tj—1)|21 _C]iES ds 97]-_1].
Now, by definition of 6 and §§7E, forany s € [t;_1,¢;],
0(s) = 0(t;-1) = &5 () + &5 (1j-1)
= ./;j (K sin 2§§’E(u) + % sin(4§§’E(u) - 2(/))) n —CiEu du

Jj-1

2V2 [
_ %; ~ cos &g p () cos(& p(u) - ¢) : —CiEu dBg(u).
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The first term is immediately bounded by (|«| + %)0'2, while the quadratic variation of the second

one is bounded by %0‘2 so Bernstein’s inequality shows that for any x > 0,

2\/5 § CE ﬁx2
sup | == / cos €2, (u) cos(¢5 , (u)~4) | dB (u)\2x|9-_1] < 2exp(—1 ).
seltj-1.t}] VB tj-1 PE ( PE ) 1 —cgu £ / ( 160‘2)

On the complementary event,

P

tj 1 2
[ 16(s) = 6(tj-1) = &5 (5) + gf;,E(;j_l)Fl_c—’;s ds < ((|K| + E)az +x) ol (433)

j-1

Now, using a layer cake representation, we can write
_2~( g R )_9 t: 2 1 2
E |%§ _ &g (i1 (;—1))%Of| Fiq| <8(|x] + = o0
J J J = B

' SA +1/p) ]P[/ j 6(s) ~6(1j-1) - fﬁ,E(S) + §§,E(tj—l)|2
k|+1/8)206 tiy

j-

CE
1—-cgs

ds>y ‘ gj_l] dy.

2

Changing variables by setting y = ((|«| + 1/g)o? + x)20' , we can use the estimate (4.33) and

integrate. Since 0> = log(1 + E™P) < E™P < 1 forany E > 1, we find in that case
]E[|%’f - e'zi(f/‘%,zz(’f—l)-f)(trl))ggﬂz | %q] < Cp o (4.34)

for a Cg > 0 depending only on g and « (which could easily be computed explicitly).

Finally, from the estimate (4.34) on the conditional variances of increments and the fact that
the increments are 8c-2-subgaussian, both conditionally on their past and unconditionally, we can
apply Corollary A.2.1 of Freedman’s inequality (see Theorem A.2 in the appendix) to both the real
and imaginary parts of the martingale. Because 0> < E™” and N < E” logE for all E > 1, this

shows that
1 E’Pxlog2\% EPx’log?2
P| sup 1A > x S2E2plog2EeXp(——min{( 108 ) , * 08 })
1<n<N-1 2 1242 9Cplog E 435)
va ( xlog?2 (I(Ep/2x10g2)2/3)) '
exp| ————=—exp|- | ——
3\2Cs logE \4\ 122

for any E large enough.

Step 2: Comparing with a Gaussian random walk. We now estimate the supremum of the
martingale {Agw},’:’:r To do so, our plan is to estimate the conditional variances of the increments,
and then apply Azuma’s inequality for subgaussian martingales.

Recall that e_Zi(fgsE(tf“)_g(”“))99;.) -W; = o2 €. p(1-)=0(1/-1) (I —0'2;.1/2)93? by definition of
W;, where again we identify complex numbers with vectors in IR? for matrix products. This means
that

]E[|e—2i(§§,E(rj_1)—e(zj_l))%f 3 lez ) 9‘7—1] <\ - O'ZJ_.I/ZH%]E“%?F |Fia]. (4.36)
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The definition of ¢ directly yields

tj 2
E[|%]1 | Fjm1] = / ~—ds =207, (4.37)
J 1o 1 —CES

so we only have to estimate the norm of the matrix I, — O'ZJ_.I/ 2, which is its largest eigenvalue, in

magnitude. To do so, note that by Itd isometry,

1 2
ERe % Im B’ = / " cos(¢ — 26(s)) sin(¢ — 26(s)) —L— ds,
J J o1 1—cgs
.
E(Re B))* - o = / (2c05%(9 - 26(5)) - 1) ——ds,
- 1 —cgs
.
E(Im %%)? - o2 = / ' (2sin*(¢ —26(s)) — 1) CE ds,
J 1 —cgs

tj—1
SO

X oo
O'_ZZj -1 = 0'_2 ( Y ) for z=x+ iy = / 62’¢—419(S)C—E ds.
t

y —X = 1 — CES

Hence, 022 j—I> has eigenvalues +02|z|. This also means that 2% ; has eigenvalues 1 +02|z],
so that 0'2;.1/2 has eigenvalues (1 + o 2|z|)""?. Writing 022, — I, = (0_—12;/2 - 12)(0-“2;/2 +1),
we can then decompose I, — 0'2;.1/2 = 0'2;1/2(0"221- - 12)(0'_12;/2 + I,)"!. Because T; = 0, the

eigenvalues of 0'_12;./ * + I, must be at least 1, so combining our eigenvalue computations yields

|z]

0241 - 072|¢] .

To estimate |z|, we then use the fact that 6’ (s) = —2c£E/*(1 — c¢gs)?”! to integrate by parts in

ie—2i¢ /tje4i9(5) 4l9/(s) ds = ie—2i¢ e4i9(s)
8E2 (1 -cgs)?

1 = oz Pl < (4.38)

lj

- C]‘/tj ¥ L E— ds
tjfl t; (1 _CES)q+1

Jj-1

z=

(1 —cps)d =~ SE

1j-1

This can be bounded as

ol < Tt e ! d
zZ| < —_— s = =, —.
8E /2 (1 —CElj)q (1 —CElj_l)q 1 o (1 —CES)q+1 4Eq/2(1 —CElj)q 4

-1
This can be used to control the norm in (4.38), but only if ¢ is small compared to o?. To check this,
note thatif cgt; € [0, 1 — E7'*] for some @ € (0, 1/2), then (1 —cgtj) 1< E9~24 g0 0; <E.
Combining this with the bound log(1 + x) > x(1 — */2) for x > 0 by which 202 > E™?(2 — EP),
5; E—(@q=p)
< .
202~ 2—-E°P
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With our choice p = 2¢4/3 < agq, the right-hand side vanishes when E — o0, 50 §; < 202 for any
E large enough. Then o~2|z| < /2, and the estimate (4.38) becomes ||l — 0'2;1/2”2 < 6j/2v202.
Using this with (4.37) in (4.36), we finally conclude that

2 1

S _
402 402E4(1 - cpt;)

]E[|e—2i(§§,E(tj71)—9(&—1)){9;}? _ W/lz ‘ %_1] <

(4.39)

for any E large enough.

Now, by definition, the increments e_zi(glgiE(tf -0)=00; "))e%’jof

— W; are centered Gaussian condi-
tionally on their past. Therefore, the estimate (4.39) on the conditional variances is equivalent to an
estimate on the conditional subgaussian constants, and we can use this to estimate the subgaussian
bracket {A?") of the full martingale (which is essentially the sum of the conditional subgaus-
sian constants—see Appendix A.2 for the full definition). Summing up (4.39) while assuming that

cety € [0, 1 — E7'**®] so that the estimate applies to all increments, we get
n .
<<A9W>>n — Z ]E|:|e—2’(§[gg,5(lj—l)—e(lj—l)){%je _ WJ|2 ‘ '9‘,],_1]
J=1

S AL ETP B

<
" 402%E4 = 402E4 E-P

Because (1 + E™7)" = (1 — cgt,)”! < E'»7 this yields

-P)2q
<(1+E )

2p—2aq
"T 202-EP) '

(A"
The prefactor converges to !/4 as E — oo, so this shows that {A?"Y) < E~(@4=P) for any E large

enough. Applying Azuma’s inequality (Theorem A.3) to both the real and imaginary parts of the
martingale, it follows that for any E large enough and any x > 0,

E2(ag=p) 2 )

< 4exp(— 5

P[supmzm > x (4.40)
n

where the supremum is taken over all n such that cgt, € [0, 1 — E~/>*].

Step 3: Extending to the continuum. Now, we extend the random walk {W; }j.\':‘ll to a complex
Brownian motion. To do this, extending the probability space, we define a collection {X j}yz‘ll
of independent complex Brownian bridges with X;(0) = X;(1) = 0, taken to be independent
of Bg. From these, we define Brownian motions on intervals [UE (tj-1), UE(lj)] where vg(t) =
—log(1 — cgt). Since W; ~ CN (0, 0?), both real and imaginary parts of 0! W; are real standard
normals, so given an independent random variable Z, by properties of Brownian bridges, each

process

s — vE(lj—l)) L5 ve(tj-1)

s+—>Z+0'XJ~( 3 3

W;

(o g
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is a complex Brownian motion on [vE(t j-1),ve(t j)] with the law of Z as its distribution at time
vEe(tj-1). To build our complex Brownian motion W, we can stitch the above Brownian motions
together as follows. We set W(0) = 0, and then for 0 < s < vg(ty—1) we set k(s) := min{j € N :

s <vg(tj+1)} to be the index j such that vg(t;) <s < vg(tj41), and

k(s) s—vp(ts)\ 5 —vE(ties)
W(s) ;:ZWj+O'Xk(S)+1( - (s) )+ = O Wiyt

j=1

Finally, for s > vg(ty-1), we simply extend again the probability space to add an independent
standard complex Brownian motion W, and we define W(s) := W (vg(ty-1)) + W(s — ve(ty-1)).
Since W is a complex Brownian motion on each interval [v g(th-1),vE (tn)] forn < N as well as
on [vg(fy-1),90), to check that it is a complex Brownian motion on [0, c0) we only have to check
that it is a.s. continuous at the endpoints vg(z,) of these intervals. To do this, fix n < N, and note
that k (vg(t,)) = n by definition, so that W (vg(t,)) = X W; for each n < N. Itis clear that
this is a.s. the value approached from the right, since k does not change from that direction (or just
because W is a.s. continuous if n = N — 1). With s T vg(1,), k(s) = k(vg(t,)) —1 =n—1, and as
ve(ty) —vE(te-1) = 02, we get that
n—1 n
W(s) > D \Wi+0oX, (1) + W, = > W,
-1 =1
Hence, W has a.s. continuous paths on all of [0, ), and we conclude that it is a standard complex
Brownian motion.
Step 4: Full comparison of the processes. We now have all of the necessary ingredients to
obtain the estimate (4.26) on

A = sup

IEZE’Q

"ot (s) | 2cE
/ e B.E = dBg(s) —Wouvg(?)
0 1—-cgs

WithSg o ={neN:0<cgt-1 <1-FE ’1/”“}, we can extend a little bit the interval over which

the supremum is taken to write
A< sup sup

Lo 0 g 2CE
/ e o0 =L dBp(s) - W o v (1)
NESE o t€[tn-1,tn]l<0 1 —cgs
" ipenied (s) | 2¢E
< sup / e B.E ———— dBg(s) = Wouvg(t,-1)
neSg. olJ0 l—cgs
T oe—nigt (s) | 2cE
+ sup  sup ‘ e B.E T dBE(s)‘ + |W ovg(t)—Wo vE(t,,_l)| .
nESE,a te[tn—l,tn] -1 1 - CES
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The integral that appears in the first line is exactly Z’};% %’f, and W o vg(t,—1) = Z;f;% W; by

construction of W. In other words, in the notation of Steps 1 and 2,

A sup [N |+ sup a7t (4.41a)
nESE’a, HGSE,(Y
t
. 5
+ sup  sup / e’ Méﬂ(s),/L dBg(s) (4.41b)
nESE,(, le[l‘n_l,l,,] th—1 1 —CES

+ sup  sup |W ovg(t)—Wo vE(tn_1)|. (4.41¢)
nESE o te[ty—1,tn]
The first line is controlled by the results (4.35) and (4.40) from Steps 1 and 2. In the other two
lines, for fixed n the supremum is that of a complex martingale on [#,_1, #,,], which we can control
by bounding the brackets of their real and imaginary parts and using Bernstein’s inequality on both
of them. The brackets of the real and imaginary parts of the martingale on line (4.41b) are both
bounded by

o9 1 = cptp
/ E_ds=2log —EM _ojog(1+ EP) < 2E7P,
th-1 1_CES 1—CEtn

so by Bernstein’s inequality, for x > 0, (4.41b) is bounded by x with probability at least 1 —
AN exp(-EPx*/4). Likewise, the brackets of the real and imaginary parts of the martingale on
line (4.41c) are bounded by vg(t,) — ve(t,—1) < E~P, so Bernstein’s inequality yields a simi-
lar bound. Combining this with the results (4.35) and (4.40) from Steps 1 and 2, we get from (4.41)
that for E large enough and x > 0,

1 E"’xlog2\** EPx’log2
]P[AZX]S2E2plog2Eexp(—§min{( * 08 ) il })

482 " 144Cp  log E
N 4exp(— xlog?2 exp(l (Eﬂ/zx logz)z/s))
12,/2C5, log E ~~ \4\ 482
Ez(dq—[’)xz prz
dexp(- )+ svex(-=)
+ 4 exp D + 8N exp a

That p = 22q/3 implies that 2(aqg — p) = p, so the powers of E in the last two terms are balanced.

If x = E"*/**9_ then all exponents are at least of order E 2003

that

for E large enough, and we conclude

P[A > E ") < 3E*F log? E exp(-CE*"*),

where C > 0 depends only on 3, «, @ and ¢.
Step 5: Combining all spaces together. The above construction yields, for a given E > 0, a
probability space on which are defined a standard real Brownian motion Bg and a standard com-

plex Brownian motion W such that (4.26) holds if E is large enough. Thus, given a sequence
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{E, }nen C (0, 00) such that E, — oo, it remains to combine all the spaces together in such a way
that the couplings between the real and complex Brownian motions are preserved. For the sake of
completeness, we build the full probability space explicitly, but this construction is standard.

Let (Q,, #,,P,) and W,, denote the probability space and the complex Brownian motion built
above for E = E, and a standard real Brownian motion Bg,. As the initial Brownian motion Bg,
is arbitrary, we can choose it to be defined as a random variable Bg, : Q, — %”([O, ), ]R), using
the construction of Brownian motion on a Wiener space. In the same way, taking the Brownian
bridges used to build W,, with continuous paths, W,, has surely continuous paths, and W,,: Q,, —
€ ( [0, 00), C) where the space € ( [0, 00), C) is endowed with a product of the Wiener measure with
itself. Using these constructions, on each space (£2,, %, P,) we have two Brownian motions Bg,
and W, with joint law Py, g, on € ([0, o), C) X € ([0, ), R) with the completion of its Borel
c-algebra under an appropriate metric that makes it complete and separable (and such a metric
does exist, see e.g. [46, §2.4]). This measurable space is thus Borel, and there exists a regular
condition distribution pg, w,: € ([0, ),C) x B(€([0,0),R)) — [0, 1] such that Py, 5, =
Pw, ® ppg, w,-

Now, set Q := & ([0, ), C) X € ([0, o), ]R)N and let F := %(Q) be its Borel c-algebra. Then,
define kernels w, on the partial products € ([0, o), C) X H;?Zl % ([0, ), R) by setting

un(w, b], Cee bn—l, A) = pBEn|Wn(W’ A).

By the Ionescu—Tulcea theorem, there exists a probability measure IP on (Q, %) such that for any
A € B(B([0,),C) x E([0,),R)"),

]P(Ax ﬁ sz,) :A(ﬁpBEn|Wn(w,db,,))]PWn(dw),

j=n+1 Jj=1

and in particular if A € B(€ ([0, ), C)) and B € %(€ ([0, ), R)), then

P(AXQ) X+ XQu XBXQuyp X+-) = / /pBEn|Wn(W,db)1Pw”(dW) = Pw,.8;, (A X B).
AJB

Therefore, for any n € N the projection onto coordinates 1 and n + 1 has the desired distribution

for the pair (W, Bg,), and all of the Brownian motions we need are well defined on (2, #,P). =

4.3.2 Convergence of 4 ¢ to a hyperbolic Brownian motion

On the probability space from Lemma 4.4, we can compare, pathwise, processes driven by the limit
complex Brownian motion W and the processes that approximate them. In particular, we can com-

pare a hyperbolic Brownian motion driven by W with the process Zg g from (4.22). This comparison
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is our main goal for this section. We start by proving a preliminary result in §4.3.2.1, and then we
compare separately the imaginary and real parts of the two processes in §4.3.2.2 and §4.3.2.3 re-
spectively. Indeed, the comparison of the imaginary parts is simpler, both because the imaginary
part of a hyperbolic Brownian motion is a geometric Brownian motion, and because Im #g  can

be written in terms of plg; ¢ only, as a consequence of Claim 4.3.

4.3.2.1 Averaging of integrals with oscillatory integrands

As a preliminary step, we need to control certain integrals whose integrands oscillate quickly, with

phases proportional to solutions of (4.21b), causing them to average out when E is large.

Lemma 4.5. Let {g i be a solution to the SDE (4.21b) driven by a standard Brownian motion B.
Let Xg solve

dXg (1) = pe () Xe () —— dit + op (1) X (1) dB(t) (4.42)

on [0, 1] for some complex processes ug and og. Fix T € (0,71g]| and a nonzero k € R, and
suppose that ug and og are bounded on [0, T| uniformly in E. Then, there are constants C,C’ > 0
independent of E such that for any M, x > 0,

CM
]P({ sup |Xg| < M} { sup ‘/ X (5)ekicpe®) ds‘ >x+ })
1€[0,T] 1€[0,T] 1 — CES E2(1 = cgT)4

C'E4(1 — cgT)?x?
W)

< 4exp(—

Remark. The exponential structure of the SDE is not essential to this result: it would be straight-
forward to extend the proof given below to processes satisfying more complicated SDEs with the
factors ug Xg and og Xg replaced by other functions that are bounded on compacts. However, the

proof is a bit simpler with this exponential structure, and this is all we need here.

Proof. Recall that &g  satisfies

_ 201 _ q-1 & CE & CE
dége(t) = —2cgE"* (1 — cgt) dt+RIB,E(t)1_ Et dr + 85 (1) g dB(1)

where

1 2V2
Rz g = —ksin2égp — E sin(4ég.g — 2¢) and SS;,E = ——=coségpcos(égr — ¢).

VB
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An application of It6’s formula then shows that

d(e"érE) (1) = X pED| Dkicp EP(1 — cpr)?™ ' dr + kisj;E(t) dB(t)

- ¢ 3
+ (sz (1) — —2 SﬂE(t) )l—c tdt)
so fort € [0,T],

1 ! XE(S) ;
X kiég £ (s) ds = — / d(e*iés.E
/0 e(s)e 1 —CEs * 2ikE (1- cEs)q (e )

kzs§ o (5) ke | £ 4B(s) (4.43)
1- cEs

klfﬁ E(s) 'f,: o f
(klR E(s) S E(s) )1 p— ds).

IfYe(t) = (1 — cgt) ¥ XEg(1), then

CE VCE
dYe(t) = Xg(t + 1)) ————dr + Xg(t t)———— dB(1),
B0 = Xe (g + e () ey ok XEOR() s 4BO)
which also implies that
kigg, 1 kiég (1) o€
AV, 5 ) (1) = KX (0t 2S5 L (0 () o i
From this, the first term of (4.43) can be integrated by parts:
ki s) |t
/ Xp(s)ehitor@_CE_ gL (Xp()eltret)
0 l—cEs 2kE\ (1-cps)? |
t
_ kigp.e () (% __NE
/0 X (s) ke (kls ’E(s)+0'E(s))(1_ S 4B

(4.44)
/ XE(s)eklfﬁE“)(klRfE(s) SS‘E(S)2

+qg+up(s)+ kiSﬁ’E(s)aE(s))ﬁ ds).

Given M > 0, this can easily be bounded on the event & := {SUP;e[o,T] |Xg(1)| < M}. The first
term is bounded on & by

M 1 M
( + 1) < .
2|k|E2\(1 = cgT)4 |k|EY>(1 = cgT)4
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Then, since |R§ gl < |« +1/pand |S§ gl < 2V2/yF and since ur and o are also bounded on [0, T]
uniformly in E, there is a constant C > 0 independent of E such that the time integral in (4.44) is
bounded on & by
cM ! CE M
ds < .
E Jo (1 -cgs)?t! qE2(1 = cgT)4

In the same way, there is another constant C’'>0 independent of E such that, still on &, the brackets

of the real and imaginary parts of the Brownian integral in (4.44) are bounded by

C’'M? /f CE ds < C’'M?
5 < )
E1  Jo (1-cgs)?a+! 2qE9(1 — cgT)%

As this holds for any ¢ € [0, T], applying Bernstein’s inequality for martingales to both the real and

the imaginary parts of the stochastic integral shows that for any x > 0,

1 d ki VCE
- i€pE(s) (17 ¢6 Nt
]P(? N {les[l(l)g] SR /0 Xe(s)e (szﬁ,E(s) +bE(s)) = cps)t 7 dB(s)| > x )

E9(1 — cgT)%x?
S4exp(—q (1 = ceT)7x )

C'M?

Combining the bounds on the three terms of (4.44) yields the announced result with C = Clg+1/Ik|
and C’ :=q/C". [ |

This result has two immediate corollaries.

Corollary 4.5.1. If k # 0 and a € (0, 1/)2), there are C,C’ > 0 independent of E such that for any
x>0,

_ (' F2aq.,2
< 4emCETI

P| sup

ZEIE,Q

t
/ekifﬁ’E(s)—cE ds|>x+ CE™™
0 1 —-cgs

where I o = [0, (1 — E"*)/cp].
Proof. We apply the lemma with Xz = 1 so that ug = o = 0, and with cgT := 1 — E"/**®_ Asiin

that case lP[supte[O,T] | XE(2)| > 1] = 0, we can take M = 1 to get that there are C, C’ > 0 such that
for any x > 0,

t
]P[ sup ’ / okitse(s) _CE__ 4
ref0,r1'Jo 1 —cEgs

This is exactly the announced result since E*>(1 — cgT)9 = E®1. [ |

> x+ ¢ < 4 CEN(I=ceT)¥x?
ER(1 = cpT)
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Corollary 4.5.2. If k # 0, then for every € > O there is a C; > 0 independent of E such that

t
/ okicp.e(s) _CE ds‘ > C,
0 1 —-cgs

Proof. Applying the lemma with Xg = 1 sothat ug = og =0and with M = 1 and T = 7, we get

]P[ sup

Z‘G[O,TE]

that for some C, C’ > 0 independent of E, for any x > 0,

t
P| sup / eki’fﬁvE(S)c—E ds‘ >x+C| < 4e‘C’x2,
te[0,75]'J0 I —cgs
and taking x large enough so that 4eC* < ¢ yields the result with C, := x + C. [

4.3.2.2 The geometric Brownian motion

We now deduce the convergence of Im 4 £ to the imaginary part of the hyperbolic Brownian motion
driven by W. Recall that by Claim 4.3, Im Zig p = e~ %.r sin A;; £ = e fiE, and that by definition
the imaginary part of a hyperbolic Brownian motion is a geometric Brownian motion (see 3.3). We

start by comparing the logarithms of the two processes.

Proposition 4.6. On the probability space from Lemma 4.4, with a € (0,1/2) and § € (0, @4/3),
there is a C > 0 such that for all E € {E, },eN large enough,

2673

]P[ sup 2p§E(t) + log Zﬁ,E(t)‘ > E‘”’/3+5] < 4E*P Jlog? Ee~CE

IEIE,(,

where I o = [0, (1 = E™'/**)/cg] and Zpg(t) = eXp(\/LF ImW owvg(t) - %UE(Z‘))

Proof. Since p§ 5 follows (4.21a),

2 2
sup 202 . (t) + —=ImW o vp (1) — Zv t‘
2 s 2
< sup —/ sin(2£8 .(s) — ¢ dBg(s) + —=Im W o vg(t)
S0 VB o ) T INT s B T ‘
! 2 ! CE
+2|«| su / cos 2£% (5) ——— ds += su / cos(4&8 . (s) =2 ds|.
tez,fa 0 gﬂE l—cE B terP(, 0 ( S ¢)1 —CES

The first supremum can immediately be bounded by 1E 43+ on a good event by Lemma 4.4,
simply by taking the imaginary part in (4.26). The other two can each be bounded by 3 Lg-eap+d o
a good event by applying Corollary 4.5.1. The result then follows by combining the tail bounds,

which are dominated by that from Lemma 4.4. [
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2
Using properties of Brownian motion, we can take the exponential and compare e *Pp.E and
g
¢*FB.E 1o the geometric Brownian motion Zg £ and its reciprocal.
Corollary 4.6.1. In the setting of Proposition 4.6, for any 6 € (0, @q/3) and any E large enough,

2
< )
logE

(4.45)

e Mhe Y — 7 (1) 2 B

IP[ sup

l’GIE’(,

and if a > ﬁ and 6 < #(a/(ﬁq +6) — 3), then for any E large enough,

_a(Bg+6)-3-3B5 B5?

Zpi,EU)_LF logE)| <2 (——1 E
¢ 70 ‘eXp( 38 °8 ) =S\ 7361 2 2a) 8 )

]P[ sup

IEIE,Q

Proof. Since

7208 +1 1205 z+log Zp k|
e "BE -7 e PpETORLBE]

B,.E

+1
< Zﬂ,E|2/O/§,E +log Zg

given the proposition, what remains to control is only the supremum of the geometric Brownian

motion Zg r and that of its reciprocal. Recall that

ZE’}E(Z) = exp(w_Li ImWouwvg(t) ¥ %vE(t)).

VB

We are interested in the supremum of this process over cgt € [0,1 — E -l 2*@]which can be un-
derstood as the supremum over s = vg(t) € [0, (% — @) log E]. Now, from the joint density of a
Brownian motion and its running maximum, an application of Girsanov’s theorem shows that for

y >0 (seee.g. [9, PartII, §2.1, formula 1.1.4] for the precise statement),

]Pl (+21 W()_ZS)> ]
sup +—ImW(s)F—) >y
se[0.(3-a) log E] VB B

_ %(1 _ erf(%(y\/(l - 25) oeE \/(1 - 2‘;) 1OgE))) (4.46)

R e )|

We can bound this in the two cases. First, for the top sign, the argument of the first error function

is nonnegative so we can use the fact that 1 —erfx < e™" for x > 0, and we can simply bound the

second one with the basic property %(1 —erf) < 1. We thus obtain for y = loglog E and E large
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enough that
2 2
]P[ sup —ImW(s)——s) ZloglogE]
se[O,(%—a) log E] ‘/E ﬁ

1 1 8 (1-2a)logE \2
< 5exp(—é—L(loglogE\/(1 " 2a)logE +\/ 7 ) +exp(—10g10gE).

The dominating contribution to the first exponential is its second term so we can remove the first

one, and exponentiating, we get that for £ large enough,

1 1

i 2E172) 48 * logE’

sup Zgg(t) >logE

IEIE!(Y

<

(4.47)

On the intersection of the complement of this event with the complement of the event in the propo-

sition with ¢ replaced with /2,

Sup |e_2p[g3,E(t) _ Zﬂ,E(t)| S E“Qq/3+§/2 eXp(E—llq/3+§/2) lOgE S E—aq/3+6’

l‘GZE’a

and combining the tail bounds (which are dominated by the 1/log £ term) yields (4.45).
With the bottom sign in (4.46), we use again the bound 1 —erf x < e~ valid for x > 0, but now

on both error functions, so this is only valid for y > % log E. This yields

1 8 " [(1-20)l0g E\2
= eXp(_é_l(y\/(l —2a)log E _\/ B ) )

ImW(s)+%) >y

2
]P[ sup (——
sel0.(i-a)logE] VB

Taking y = (1"‘% + %) log E, we get
2 2s 1-2a 6 B>
]P[ sup ——ImW(s) + —) > ( + —) logE| < exp(—— logE).
s€[0,(5-a) log E] VB B B 3 36(1 - 2a)

On the intersection of the complement of this event with the complement of the event in the propo-
sition with ¢ replaced with ¢/3,

1 o o 1-2 0
sup |e2ps®) — ‘ < exp(E el 4 (—% + -+ “ —) log E)
teT o Zg (1) 3 3 B 3

for E large enough. If o > [ﬁ, then taking ¢ < ;—ﬁ(a(ﬁq + 6) — 3) ensures that the exponent is
negative, and combining the tail bounds (which are dominated by the negative power of E) gives

the second result and completes the proof. [
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4.3.2.3 The real part of the hyperbolic Brownian motion

_AP
We finally turn to the comparison between Retigr = —e 8. cos Af; p and the real part of the

hyperbolic Brownian motion driven by W.

Proposition 4.7. On the probability space from Lemma 4.4, for any a € (0, 1/2) and 6§ € (0, @4/12),
there is a C > 0 such that for any E € {E, },eN large enough,

2 ! i
Redpp(t) - —= | Zpp(s)d(ReWo UE)(S)‘ > g /2+0

VB Jo

where I o = [0, (1 — E7**) /cg].

C
< —
logE

IP[ sup

Z‘EIE,Q,

Proof. We can get an SDE for Re Zg ¢ by taking the real part of the SDE for 43 ¢ given in (4.24).
Using that Im &g = e % 5.E by Claim 4.3, this SDE can be written as

ZCE
1—cgt

d(Redpr)(t) = %e—%ﬁ(’) cos (25 (1) = ¢) dBg (1)

(4.48)

°E_ 4

1—-cgt

_ e #pe® (2,< $in 265 (1) + % sin(dép (1) - 2¢))

To prove the proposition, we proceed as follows. First, we find a good event on which the growth
of e % B can be controlled. From this, we deduce that the second line in (4.48) vanishes when
E — oo, thus reducing the problem to comparing the first line in (4.48) to the real part of the
hyperbolic Brownian motion driven by W. To do this, we discretize the time interval as in the
proof of Lemma 4.4 in order to reduce the problem to a comparison between two discrete time
martingales.

Step 1: Finding a good event on which to control the growth of integrands. Let

@ = { sup Zg () < log E} N { sup |e_2pfiE (t) - Zge(t)| < E_m’/”d}. (4.49)
Z‘EIE,Q Z‘EIE,ar

We have seen in (4.47) in the proof of Corollary 4.6.1 and in (4.45) in the corollary itself that

the complements of both of these events have probability at most 2/log £ for E large enough, so

]P(?C) < 4/log E. Therefore, in order to prove the proposition, it suffices to prove that

]P(? N { sup

IEZE,Q

2 ! ] 1
Re dp £ (1) - 7 /0 Zg.£(5) d(ReWouE)(s)( >E “q/12+6}) < iogE

Step 2: Controlling the oscillatory terms. We now show that the second line in (4.48) does

not contribute. An application of It6’s formula (or just taking the imaginary part of (4.24) and using
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5.8
that Im g p = e~ >*#£) shows that

d(e #5E) (1) = —%?e‘zpéfs“) sin(265 (1) = 8)4/ 7 _CiEt dB (1)

—2p% (1) g 4 g ‘e
W (2,( cos 285 (1) + cos(4é2 (1) - 2¢)) o
This SDE has precisely the form appearing in Lemma 4.5 with
4 2V2
UE = —2K COS 2§§E - = COS(4§§E - 2¢) and OF = _i sin(zf;E - ¢),

B B

which are both bounded processes with bounds depending only on « and 8. Applying the lemma
for a k # 0 with cgT = 1 — E”'/**® 5o that E*(1 — cgT)9 = E*4, we see that there are C, C’ > 0
independent of E such that for any x > 0,

]P({ sup e <2log E}

Z‘EZE’Q

t . 1 2aq,.2
/ e_2p/g3,E(s)+kl§§,E(s)c—E dS 2 X + M S 4exp(_m—x)_
0 1 —cgs Evq

ﬂ{ sup

IEZE,Q

By definition, r < 2log E on @, so the first of the events in the above can be replaced with &
without changing the tail bound. Taking x = E~“/*% then yields an exponential tail bound, which
vanishes faster than 1/log £ as E — oo. Hence, using this with k = —2 and k = —4 gives the control

we need on both terms of the second line of (4.48).

Step 3: Reducing to a discrete-time problem. It remains to compare the first line of (4.48)
with the real part of a hyperbolic Brownian motion driven by W and run in logarithmic time. To
do so, we reduce the comparison between the two stochastic integrals to a comparison between
discrete-time martingales. As in the proof of Lemma 4.4, we partition the time interval with a

sequence {; }?’:0 defined with 7y := 0, cgty := 1 — 1/vE, and with

1

—m for O<]<N

CElj =1

where here we set p = @q/6. As in the proof of Lemma 4.4, this means that N is as in (4.27), so that
in particular N < E? log E for E large enough. With Sg, == {j e N: 0 < cgt;—1 <1 - E 'y,
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we can write

t B g 2 t
sup / e 2P§,E(‘)cos(2§§E(s)—¢) N °E dBE(s)—/ Zgr(s)d(ReW o vg)(s)
t€1g.0lJ0 ’ — CES 0
tj-1 2 fj-1
< sup / ¢ Pp.e(®) cos(2£5 () —¢)+/ 1 L 4Bg(s) - / Zp.£(s) d(Re W o vg)(s)
j€SE.«lJ0 —CES 0
(4.50a)
t
_ 2
+ sup sup / e s cos(2§§!E(s)—¢) N CE dBg(s) (4.50b)
JESE,a teltj—1,t;1NLE ot — CES
t
+ sup sup / Zpe(s)d(ReW o vg)(s)|. (4.50c)
JESE.a te[tj_1,t;1NTE ol tj1

The last two lines are easily controlled on &. Indeed, on this event e Wb < 2log E uniformly for
t € Ig 4, so the bracket of the integral in (4.50b) is bounded for any ¢ € [¢,_1,¢;] N Tg, by

tj 2
4log2E/ ; L ds=8log?Elog(1 +EP) < 8EP log® E.
tj—l - CES

Thus, by Bernstein’s inequality, for any x > 0,

'
_ 2
]P(?ﬂ{ sup ‘/ e 2050 cos 2§§E(s)1/ °E dBg(s)
teftj-1,t;]NLE,0 Y 1j-1 ’ I —cgs

J

EPx?
> X}) < 2CXp(—m).

Taking the supremum over j € Sk, adds a prefactor of N to the tail bound, so because N <
EPlogE = E“/Slog E, with x = E*/'**% the tail bound decreases exponentially in a power of E
and is certainly O (1/logE).

Likewise, on ¥ the geometric Brownian motion Zg ¢ is bounded by log E, so the bracket of the

integral in (4.50c) is bounded by

tj 1y
long/ d(ReW o vg)(s) = long/ 7 E_ds < EPlog’E.
t t

j-1 j-1 L TCES

In the same way as in the last case, Bernstein’s inequality then yields a tail bound for (4.50c) on &
that decreases exponentially in a power of E.

The problem is thus reduced to controlling (4.50a).

Step 4: Controlling the difference of discrete-time martingales. It remains to control (4.50a),
the supremum of the difference of discrete martingales. To do this, given a process X, we let R(X)
denote the process X modified to be reset at every time #; of the partition, that is, R(X)(s) :=

X(s) — X(tg—y) for s € [tx—1, ;). Using this notation, we can split each difference of increments
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in (4.50a) in four differences, so that the full difference takes the form
1j-1 2 1
/ ¢ 2p.e®) cos(2§§ £(5) = ¢)4/ 1 L dBE(s) — / Zg r(s)d(ReW o vg)(s)
0 ’ —CES 0
rj-1 0,8 e 2CE
- /0 R(e™#5) (s) cos(2€2 , (5) - )

(e—sz,E(lk—l) _ Zﬁ,E(lk—l))/ cos(2§§,E(S) - 9)

Tr—

_ ti 2C
7 ~ 2 g _ FdB
2 p.E(1k 1)(/%_1 cos(2&5 () = ¢) [—cps 1220 (4.51c)

—ReWouwvg(ty) + ReWo vE(tk_l))

dBEg(s) (4.51a)
1—cgs

~.
—_

2CE

+

dBe(s)  (4.51b)

1 —cgs

=~

~.
—_ =

=~

—/OZH R(Zp.p)(s)d(Re W o vE)(s). (4.51d)

We control each of these four lines independently.

We start with the easiest ones. First, the integral in a single term of (4.51b) has bracket

Tk
2/ cosz(ZggE(s)—qS) °E ds <2log(1+E™P)<2E7P,
teot B. 1 —cgs

so by Bernstein’s inequality, for any x > 0,

i

Since |e”**. b — Zp | < E""**0 on &, it follows that for any k and any x > 0,

Tk 2CE
cos2£8 (s dBE(s ‘Zx )
[ eos28h 0y T2 aBeo)| 2]

< 2exp(—

2

ZCE EPx

dBE(s)‘ > x] < 2exp(—

)

/ ' cos(2§§’E(s) - ¢) :

Tk-1

— CES

]P(? N {|e‘2p§’E(”‘") — Zp (tem1)|

E5wq/6—26x2
—)

Combining the tail bounds for all of the increments and using that N < E“/log E for E large

Tk 26E
cos2£8 (s dBg (s ‘Zx})
/ £ O Tt 4B ()

[304/6-25 4.2
4log’ E ) .

enough, we get

J-1 .
]P(? N { sup Z|e_2pﬂ’5(tk71) - Zﬁ,E(tk_1)|
JESE,a k=1

<2E“IlogE exp(—

With x = E~*/'2*%_ this bound is O (1/log E) as needed.
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Then, to control (4.51c), we use the tail bound (4.26) we got in Lemma 4.4. Indeed, as Zg <
log E on &, for any k we get that for E large enough,

E—aq/12+6 E—aq/4+6
>
NZpg(tk-1) ~ log’E

E—oq/4

so by Lemma 4.4,

2CE

/ cos(2§§,E(s) - ¢) e dBE(s)

]P(? N {Z,B,E(tk—l)

—ReWouvg(ty) + ReWovg(ti_1)

—aq/12+6
> T}) < 3E* P log? E exp(-CE"").

In a similar way as in the last case, it follows that the supremum of (4.51c) over j € Sk, only exceeds
E~*">*% on  with probability at most 3E°°/* log® E exp(~CE"*/"*), which again is O(!/iogE).

Now, the stochastic integral in (4.51d) has quadratic variation

tj-1 =1 pt
/ R (Z5)(0) dRe W 0vp)(5) = 3 / (25.6(5) = Zp e (1)) s

2

j K
=%Z:]/_ (/ Zp(w) d(ImW o ug) () 5 L ds.

— CES

(4.52)

For each k, for s € [t;_1, ;] the bracket of the remaining stochastic integral is bounded on & by

Tk
logZE/ 7 L ds = log? Elog(1 + E™P) < E™Plog’ E,
th—1 _CES

so by Bernstein’s inequality, for any y > 0,

Ef”y2 )

IP(? N { max sup 0g’E .

1<k<j=1 seft 1,0

/ Zgp(u)d(ImW o vg) (u)| > y}) <2(j-1) exp(

Tk-1

On the complementary event (relative to &), the quadratic variation of the integral in (4.51d) is
bounded by

2 j-1 4 2 ti-1 4 2 2 2
- SN, P —Llog(l —cgtj_1) < LlogE.
1—cgs B Jo 1-cgs B B

Hence, applying again Bernstein’s inequality, we obtain that for any x > 0,

2

EP 2
Zx}) <2(j-1) exp(— ); )+Zexp(—2ﬂ;).
2log” E 4y=log E

]P(fﬁm{‘/otjl R(Zs.£)(s) d(Re Woug) (s)
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We can get the exponents to match by setting y? = ,/ﬁ log £ x, which yields

2EP
Lj-1 \/EEp/zx
P ?ﬂ“/ R(Zgg)(s)d(ReW o vg (s)‘Zx}) S2jexp(——).
Taking the supremum over j € Sg, replaces the prefactor with N2 < E@3 10g2 E. and with x =

E~“"**9 the power of E in the exponent remains positive, so the upper bound is O (1/10gE).

It only remains to bound (4.51a), which we do in the same way as in the last case. The stochastic

integral in (4.51a) quadratic variation

::_1 /tk ( P (S) 2[) (lk—]) 0S (2 (‘S) ) _C \)
B.E - e B.E ) C é >
) 2 £ ﬁ,E 1 CE

Now,

€—2P§,E(~V)_e—ZPf,»,E(fkfl)| < |e_2p§’E(S)_ZB,E(S)|+|Zﬁ,E(S)_Zﬁ,E(tk—l)|+|Z,B,E(tk—l)_e_zpé’E(tkil) _

The square of this can be bounded with Young’s inequality and the bound |e_2p b —ZpE| < E ~o9f3+6

which holds on &, and this shows that the above quadratic variation is bounded on & by

$ " 2 -2a 26 CE
42/ (128.£5) = Zptin)[f o+ 4E7420) Ly,
k=1 Y 1k-1 —CES

The second term can be bounded by 16E>*/**23 log(1 — cgt;_1) < 8E**/*?9 Jog E once we sum
up the increments. Then, the first term is exactly four times the quadratic variation (4.52) that we

bounded for the case of (4.51d). Using what we found then, we get that for any y > 0

-1 e 2
P(fn{4z / (|zﬁ,E(s)—zﬁ,E(tk_l)Iz+4E‘2‘“’/3+25)IC—E ds > 8(y— +E‘2“q/3+25) log E})
k=111 —CES B

El’y2
<2(j-1ex (— )
(j—Dexp oL E

This controls the quadratic variation of the stochastic integral in (4.51a), so a further application of

Bernstein’s inequality shows that for any x > 0,

]P(? N {) /O T R (s) cos(265 ,(5) — 9) 4/ 1 %CCEES dBE(s)( > x})
2

E?y
<2(j-1ex (— )+26X (—
(j - Dexp Tlog’ E p

Bx? )
16(y2 + BE***+20) log E/
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Setting y? = 4/ B é%g,,E x would make the exponents match if the extra term SE >****+29 did not appear
in the denominator of the second exponent. Nevertheless, if the y* part of the quadratic variation

dominates, this still gives the best order for y?, and taking this we obtain

tj-1 a8 2
]P(? N {)/0 R(e™#he)(s) c0s (285 1 () = ) _cfEs dBE(s)‘ > x})
<2j ( VBE"x (1 + 2\2BE T2 —1)
S expl — .
TE\TE log”?E x+/logE

Taking the supremum only converts the 2/ factor into an N factor, so with x = E~*/">* the bound
remains O (1/log E) like in the other cases.
This finishes to control the supremum of the difference between the two discrete-time martin-

gales in (4.50a), and therefore concludes the proof. [

4.3.3 Proof of the vague convergence

In the last section, we showed that the process &g g, which appears in the first term of the coefficient
matrix Mg g from (4.23), becomes as E — oo a hyperbolic Brownian motion driven by W. As
pointed out in §4.2.3, heuristically, this means that the first term of Mp g essentially becomes the
coeflicient matrix of the sine system in the limit.

In this section, we complete this argument to prove the vague convergence of the canonical
systems. An important ingredient that we are missing, however, is a better control on the growth of
the entries of the coefficient matrix. We start by filling this gap, and then we complete the proof of
the vague convergence. Finally, we conclude this section with a proof of an important consequence
of the vague convergence: the compact convergence of the canonical systems’ transfer matrices,

which shows that their solutions also converge.
4.3.3.1 Control on the entries of the coefficient matrix

We now prove the following.

Proposition 4.8. Let pg r solve the SDE (4.21a) with pgp(0) = 0. For any € > 0, there are
constants C,C’ > 0 independent of E such that

1
]P[Vt € [0, 751, ‘pB,E(t) + g log(1 - CEI)‘ <C+C'(~log(l - cEt))3/4] s1-g

. . ng pg +pf ng . .
Remark. This gives a good control on e™5.£, e"8.E""A.E and e™8-E, which are the amplitudes of the

entries of the coeflicient matrix Mg g on [0, 7¢]. Indeed, it shows that for k, £ € Rand & > 0, there
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are C,C’ > 0 such that kp§ (1) + € (1) < C + C’(~log(1 - cpt))” - % log(1 — cgt) with
probability at least 1 — . If k + ¢ = 2, it follows that for any é > 0, there is a C” > 0 depending
only on 3, ¢ and ¢ such that for all ¢ € [0, 7¢],

CII C//

kply (D) +Cpl 1 (D)
s (1 —cgr)’lp+o : (1 —r)¥p+s” (4.53)

When S > 2, one can choose ¢ so that 2/g + § < 1, and then this last upper bound is integrable on
[0, 1) and does not depend on E.

Proof. By definition, pg g satisfies (4.21a), that is,

CE
— CEt

+ \/gsin(Zgﬂ,E(t) - ¢)1 , 1 —ci’Et dBg(1),

with pg £(0) = 0, where & £ solves (4.21b). Fix & > 0. By Corollary 4.5.2, the cos2ég £ and

dt

1 1
dplg,E(t) = (B + K COS 2.?13,5([) + B COS(4§ﬁ’E(1‘) - 2¢)) 1

cos(4ép E — 2¢) terms are bounded by constants with probability at least 1 — ¢/3, so it suffices to
show that there is a C > 0 such that

I
P| sup <2 @54

rel0.7e] 1 + (—log(1 — cgt))

M(l) = A sin(2§ﬁ,E(s) - (ﬁ)‘ , 1 —CiES dBE(S)

is a continuous martingale on [0, 7g] with M (0) = 0 and bracket

/0 sin(2&5.£(s) — ¢) L dBE(s)) >C

1—-cgs

3/4

[9S)

But

(M)(t) = /0 sin® (2£5.£(s) — ¢) N _C]ZES ds < —log(1 — cgt),

so (4.54) follows from Proposition A.1. [ |

As pointed out in the remark following Proposition 4.8, this result allows us to control the entries
of the coefficient matrix Mg g on [0, 7g]. Because 7z — 1, this control will be strong enough to
work out the vague convergence on [0, 1). However, when 8 > 2, we would like to prove this vague
convergence on [0, 1], as this will help to deduce the convergence of Weyl-Titchmarsh functions
later. If 7z = 1 then Proposition 4.8 actually gives what we need, but if 7z < 1 this is not enough:
we also need a bound on (7g, 1].

To obtain such a bound, there is unfortunately nothing in our general model to work with. For

the problems we are actually mostly interested in, the only case in which we need this stronger
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control is the Bessel case for 8 > 2 and |a| < 1. Indeed, recall from §4.2.2 that in that case, both
the Bessel and sine systems are limit circle on the right, so we took cp = 1 and 7z = 1 — 1/VE. We

thus obtain this stronger control on the entries of the coefficient matrix only for that case.

Proposition 4.9. Suppose that |a| < 1, and let Ig == [0,1) if B <2 0or Iy = [0,1] if B > 2. For
every € > 0, there is an F, € Llloc(I:B) such that P[ng (rGpaeonpEe) < Fel 21 -

Proof. Applying Proposition 4.8 to ’71,3, £(Gp.a.E°NB.E), as in the remark following the proposition
we know that for each €, > 0, there is a C > 0 such that with probability at least 1 — &/2, for all
t € [0, 71g],

g f 2C
T’]/37E (t) tr Glg’a’E o T]B’E (t) S ezpﬁ,a.E(I) + ezpﬁ,a,E(t) S (—1 — l,)Z/ﬁ+5'

When 8 > 2, we can take ¢ small enough so that 2/g + & < 1, and then the map ¢ > 2C(1 — 1) /#79
is indeed in L'[0, 1]. When B < 2, this map is in Llloc[O, 1) for any value of &, so in both cases
this bound suffices on [0, 7z]. To complete the proof, we show that with probability at least 1 — /2,
there is an F, € L}OC(IB) such that 77, (1) trGpar o npe(t) < Fe(t) forall 1 € (1g,1); then
Fo(1) = F.(1) + 2C(1 — t) 571 satisfies the desired condition.

To obtain a bound on (7g, 1), we work with fﬁ,a,E(t) = fgaE(t +1ogE) and 8g, (1) =
gp.4,E (t+log E), which solve Giﬁ,afz = h by Proposition 3.17, where (Nﬁﬂ,a is defined from the Brow-
nian motion B (t) := Bg(-+log E)—Bg(log E), B being the Brownian motion from which ®p.a.r
is defined. Recall from §3.2.1 that 1 and @g (1) = /0[ ﬁ[_f,la(s) ds are a pair of fundamental solu-
tions to ®4 ./ = 0. By standard theory of Sturm—Liouville operators (see e.g. [29, Lemma 2.4]), it
follows that the functions ¢ and ¢ that solve

(1) = 1+ / (B5.a(s) = Bpa(1)) @(5)pa(s) ds
0
and

Y (1) = @pa(r) +/0 (@p.a(s) = Tpa(t))Y()Wpa(s)ds

are a pair of fundamental solutions for @ﬂ,aﬁ = h. Since ¢(0) = y’(0) = 1 and ¢’(0) = ¢/(0) = 0,
it follows that for # > 0,

fp.a.(t) = Tp.a £ (0)(1) + T, p (O (1) = f5,4 £ (log E)e(t) + T}, p(log E)y (1)

and likewise 8g . £ () = ggq r(logE)e(t) + g’BaE(log E)y(t). Because (Tf)ﬁ,a is limit circle at
infinity by Proposition 3.15, we know that 1, ¢, € LZ([O, 00),Wg (1) dt) a.s. Hence, by the
Cauchy—Schwarz inequality,

t t
/O5ﬁ,a(8)90(S)Wﬁ,a(S)dSS||5ﬁ,a||wﬁ,a||90||wﬁ,a and /090(S)Wﬁ,a(S)dSSlllllwﬁ,alltpllwﬁ,u,
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and likewise for i instead of ¢. These norms are all well-defined random variables, and it follows
that there is a C > 0 such that with probability at least 1 — ¢/e, for all ¢ > 0,

p0.e()] < C(Ifgae(log E)| +fy, p(log E)) (1 + @p.a(1)),
and likewise for gg , ¢ instead of f“ﬁ,a,E. So with probability at least 1 — ¢/6, for t € (1, 1),
wpa(8,5(t)) VE 1 -
> + \/_Ffﬁ’a’E
< 4C*VEwp (15,5 (1) (VE|gs.a.x (10g E)* + VE|gj,, - (log E)[?

tr G 0 s i (1) = (VEZ,,. s (m1.6(0) ~ log E) (15,5 (1) ~ 0g E) )

1 2 1 ’ 2 ~2
+ \/—E|fﬁ,a,E(1og E) + \/—F|fﬁ’a7E(log E)| )(1 + @2, (e (1) - log E)).

Now, since log E = 17 £ (7£), the representations in polar coordinates of fz , £ and gg . £ give

VE 2y VE > ehar(™®)
Elesar(ogE) v VE|g, ,(logE)f < ——
[gp.0.p (og E)" v VEgy  pllog E)f' < oo
and

ezp[f;,a’E(TE)

1
pp.a(logE)’

1
Tt og E) v =ty p(log E)f <

and the bounds on ¢ pak and e Bk that hold on [0, 7] by Proposition 4.8 imply that for any
§ > 0, there is a ¢’ > 0 such that e*6.a.cE) v ¢2par(TE) < G/ EIB+ with probability at least

1 — /6. Moreover, notice that by definition of wg, and pg 4,

wg.a(nB,£(2))

ppa(0g E) = exp(—(a + )npe(t) +alogE — i(BE (78.£()) — Be(log E)))

VB

which is exactly E~g (78 £(f) — log E). This reduces the bound on the trace for ¢ € (7g, 1) to
Gz 0 (1) < 16C2CE g (g (1) — log E) (1 + &3, (.1 (1) — log E) ).

and this holds with probability at least 1 — ¢/3. By Lemma 3.16, if ¢ is small enough, then there is
a Cgs > 0 such that with probability at least 1 — /6, Wwg . (1) (1 + 5[2“ (1) < C, se”1714=°P)1 for all

t > 0. Since np g (t) = —21og(1 —¢), we deduce that on this event, for any ¢ > 7,
Wﬁ,a (T]B,E(t) - log E)(] + 5270 (T]B,E(Z‘) - lOg E)) < C8,5E1_|a|_6/2(1 - t)2(1_|a|_6/2).
Finally, as ’7{3, (1) =2(1- t)~!, this shows that with probability at least 1 — ¢/2, for all ¢ € (7, 1),

g (1) Gpap o npp(t) < CEPHIPTlal( - pyl=2lal=0 (4.55)
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for C := 32C?C’C, . Notice that fort > 1, 1—t < 1/VE so E < (1—t)~2. Hence, if 1/2+1/p—|a| > 0,
then (4.55) is bounded by C (1 — ) ¥#79, which can be made integrable on [0, 1) when 8 > 2 by
taking 6 small enough that 2/g + 6 < 1. On the other hand, if 1/2 + 1/g — |a| < 0, then the power of
E in (4.55) is nonpositive, so (4.55) is bounded by C(1 —¢)~(lal=1+9) 'which is integrable on [0, 1)
for ¢ small enough since 0 < 2|a| — 1 < 1 by the assumptions on a. This argument gives the bound
we need: it is always Llloc[O, 1), and can always be made L'[0, 1) when 8 > 2 by taking ¢ small

enough. [ |

4.3.3.2 Vague convergence of the coefficient matrices
We now have all the ingredients to prove the vague convergence.

Theorem 4.10. Let {Bg, },cn and W be the Brownian motions from Lemma 4.4, and let Rg be the
coefficient matrix of the sine system driven by W. Fix cg, € [1-1/VE,, 1] and 1g, = % (1-1/vE,),
and let Mg g, be a coefficient matrix on [0, 1) given by (4.23) on [0, tg, | with polar coordinates
solving the SDEs (4.21) driven by Bg,. Suppose that one of the following conditions hold:

i) <2andcg, =1,

ii) B> 2 and for every & > 0, there is an F, € L'[0, 1] such that P[tr Mg, < F¢] > 1 — ¢ for

all E, large enough.

Set 1g = [0,1) if p <2 and 1g = [0,1] if B > 2. Then for any ¢ € €.(1g, C?),

/Z @' (1) (Mp.z, (1) = Rg 0 0(0)) 9 (1) dt —— 0. (4.56)
B

In particular, Mg g, — Rg o v vaguely on 1g in probability and in distribution.

Given what we already know about the Airy and Bessel systems, Theorem 1.9 is a direct con-
sequence of Theorem 4.10 for Mg g = U:A,E(Hﬁ’E onaE)or Mgp = n%’E(Gﬁ,a,E onp.g). Indeed,
in the Airy case and in the Bessel case with a > 1, when 8 > 2 we chose cg = 1 —1/VE so 1 = 1,
and thus the hypothesis on the trace of the coefficient matrix is satisfied by Proposition 4.8. In the
Bessel case with |a| < 1, the bound from Proposition 4.8 does not hold on all of [0, 1], but now
Proposition 4.9 shows that the hypothesis is satisfied.

Before moving on to the proof, we point out the following important corollary, which also

implies Corollary 1.9.1.

Corollary 4.10.1. In the setting of Theorem 4.10, let Ty, ,, , Tﬁﬁ :IgxC — C? be the transfer
matrices of the canonical systems with coefficient matrices Mg g, and Rg = Rg o v, both defined

P
on the probability space from Lemma 4.4. Then Ty, ., — T]?B compactly on Ig X C as n — oo.
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Proof. Given the theorem, this result is essentially a consequence of the continuity of the map from
coeflicient to transfer matrices on trace-dominated sets.

When 8 > 2, there are high-probability dominating functions on tr Mg g, by hypothesis and on
tr Rs by Lemma 3.30, and therefore the result follows from Proposition 2.25.

When B8 < 2, it suffices to verify that T, LN TRﬁ compactly on K x C for any compact
K c [0, 1), by Proposition 2.24. But the high-probability dominating functions on tr Mg g, from
Proposition 4.8 and on tr Iég from Lemma 3.30 are both integrable on any compact K C [0, 1), so

.. P
Proposition 2.25 shows that Ty, , — TR/S compactly on K x C. [

Proof of Theorem 4.10. To prove that (4.56) holds, we first simplify the problem in two ways: we
argue that we can replace the time interval 1g with Ig, = [0,(1 — E Sty ep] < [0, 1) for a
suitable a € ( [ﬁ, %), and we replace the sine system’s logarithmic time v(z) = —log(1 — ¢) with

vg(t) = —log(1 — cgt). Then, recall from (4.23) that Mg £ can be written on [0, 7¢] as

2,0%5 2 g ZZE Zf
CE 1 —RelpE cg [e7BE cos fﬁﬁ e"PE cos Xy
Mor = T imdas \-Redpr sl |72 | Fhrcossl, hecosaet,| ¢
B.E B.E B.E ePECOS 2y €TPE COs §ﬁ’E

From this, the rest of the proof is split in two main parts: first we show that (4.56) holds when Mg
is replaced with the first term of (4.57), and then we show that the second term converges vaguely
to zero. Note that once (4.56) is proven, that Mg p — Rg o v vaguely on Iz in probability follows
directly from the general criterion for the vague convergence of random canonical systems from
Proposition 2.23.

In order to simplify the notation throughout the proof, we omit the explicit indexing of the shift
sequence {E,},en. In particular, any limit as £ — oo is taken along that sequence and should
really be understood as a limit as n — oo.

Step 1: Shortening the time interval. We start by showing that instead of integrating up to

time 1 in (4.56) we can also integrate only up to time (1 —E~/**®) /¢ for some fixed a € (ﬁq3+6, %)
i.e., that

1
* P
/(1 N () (Mg (1) = Rg o v (1)) p(1) df —— 0. (4.58)
. o

Notice that if 8 < 2, then ¢ is compactly supported in [0, 1) so this statement is trivial, as for any
E large enough, the whole interval [(1 — E~**®) /¢, 1] has left the support of ¢.

To show that (4.58) also holds when 8 > 2, notice that for any € > 0, Lemma 3.30 and the
hypothesis of the theorem provide a function F, € L'[0,1) such that for all E large enough,
tr Mg g + tr Rg o v < F; with probability at least 1 — . On this event,

1

1
Ji ¢ O (Mp (1) = Ry 0 v(0) g0 ] < 1ol [ Fo(t)di = 0.
(1 (

_E*1/2+a)/cE 1—E71/2+‘Y)/CE
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Hence, the left-hand side converges to O in probability as E — oo, and it suffices to prove (4.56)
with Iz replaced with Tg , = [0, (1 - E'"P* )y Jep].

Step 2: Changing the logarithmic time scale of the sine system. We now change the time
scale of the sine system from v () = —log(1—1) to vg(t) = —log(1—cgt). Note that by hypothesis,
cg = 1 when 8 <2 so vg = v in that case, and there is only something to prove when § > 2.

To see that the time scale can be changed when 8 > 2, note that for ¢ € €, ( [0, 1], C2),

(1-E~"2* ) feg (1-E~"P*@)feg
/O @"(1)(Rgov(r) = Rgovg(t))p(t) dr = / ©"(t)Rg o u(1) (1) dt

1_E*1/2+(r

1-g v |
[ (FOR o v000) = ¢ Cer)Rg 0 uDpleer)) 1.

where we changed variables from ¢ to v™!' o vg(¢) = cgt in the second term of the second integral.
Since ¢*(Rg o v)¢ is a.s. integrable, the first integral goes to zero a.s. since the size of the interval
of integration is at most (1 — E~'/**®)/ VE — 0. Then, since Rp is real and positive semi-definite,

the second integral can be written as

Re [ T w0 = () Ry 000 ) = =) .

‘Lllgollgotr(Rﬁ ov) < 8||<p||gotr(R,3 o v) for E large enough, and

The integrand is dominated by —-
this bound is a.s. integrable. Hence, by dominated convergence and continuity of ¢, this integral
vanishes a.s. in the limit.

In any case, this reduces the problem to proving that

. P
[ & 0Mae) - Ryove ) ot 0,
E,a
Step 3: Convergence of the first term to the sine system’s coefficient matrix. We now com-
pare the first term of Mg g in the representation (4.57) to that of the sine system. Recall that by
definition,
1 —Re B,B

1
XJXs  with  Xg:=
0 Im Bﬁ

Rg=———
P = 2detx, P

where Bg is a hyperbolic Brownian motion with variance 4/p started at i in the upper half-plane and

driven by the complex Brownian motion W. The first term of Mg £ has the same structure: it is

CE
2Imﬁ5,E

1 —Reﬁlg,E) CE T

= S ey, o BEY with Yap =
_Reﬁﬁ’E |ﬁﬂ,E|2 2detY’3,E B.E'B.E B.E

1 —Re ﬁﬂ,E
0 Imﬁﬁ,E .
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Using these representations and setting X g := X o vg, we can write

CE T 1 oT ( CE 1 )
—— Y.,.Y - X, . X = - — X X
2det Y i B.E'BE 2det X5 1 BERE 2detYpr  2detXpp PECAE

CE ~ ~ ~ ~ ~ ~
((YB,E — Xpe) (Vg — Xpp) + (Ype — Xpp) ' Xpp + X5 (Yo - Xﬁ,E))-

+ —_—
ZdCtYﬂ,E

If we sandwich this matrix between ¢* and ¢, we get

«(___CE T 1 T % )
—— Y, Yo g - ———X; - X
¢ (2detY BETPE 2detx BECBE "0‘

‘2detYﬁE 2detX “| ﬁE(P”z

CE 5 2 - -
T 2detVsp (”(YB’E - Xp)ely + 2‘Re<Xﬁ,E% (Yp.E = Xﬁ,E)‘P)‘)
90 detY E det X BE ,BE max E det Ysr B.E llmax
2l ”2 4|2 | (4.59)
¢ ol i
Ypr - X b Ypr - X
detY 1. — Xp.£llmax + detYﬂ,E” .Ellmax 1Y, £ — Xp,ElImax

where || Allmax = max; re(12)|A k| for A € R*2, and where we used that |cg — 1| < I/VE to split
the first term. From the results of §4.3.2, it is not hard to find a good event on which (4.59) is small.

Indeed, recall that solving the SDE for Im Bg shows that Im Bg o vg = Zg g, with Zg ¢ defined
as in Proposition 4.6, and then the SDE for Re Bg gives

ReBﬂovE(t) = %F[) Zﬂ,E(S) d(Re W o vg)(s).

Thus, Corollary 4.6.1 shows that for E large enough,

]P[ sup |Im ﬁﬁ,E(t) —Im Bﬁ o UE(I)| < E " >1- . (4.60a)
Z’EIE,(, log E
Likewise, Proposition 4.7 shows that for some absolute C > 0 and E large enough,
-aq/13 C
sup [Redigr —Re Bgovg(t)| < E >1- : (4.60b)
IEIE,Q lOg E

Together, these two statements allow us to control ||Y g — Xﬁ, E|lmax- Similarly, Corollary 4.6.1 also

shows that for E large enough,

1 1
det Yﬁ,E(l‘) - det X@E(l‘)

B6*
36(1 - 2a)

‘SE“S

]P[ sup >1- 2exp(— log E) (4.60c)

Z’GIE,(Y

where ¢ = é(a(ﬁq +6)—1)>0.
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Then, recall that we have seen in (4.47) that for E large enough,

< .
logE

]P[ sup Im Bg o vg(t) > logE

IEIE,(,

On the complementary event, for any 7 € [0, 7¢],

CE
1—cgs

4 ! 4 t 2
(Re Bgovg)(t) = ,E/ |ImBﬁ o vE(s)|2 d(ReWouvg)(s) < Elong/ ds < E log’E,
0 0

so by Bernstein’s inequality, for any x > 0,

X2

]P({ sup |ReBﬁ o vE(t)| > x} N { sup Im Bg o vg(t) < log E}) < 2exp(—

tEIE’(I Z‘EIE,(,

410g3E)'

Taking x = log? E, the bound on the probability becomes a negative power of E, and it follows that

for E large enough,
3

>1- .
logE

(4.60d)

]P[ sup [|Xp () lmax < log® E

Z‘GIE’Q
Finally, Proposition 4.8 (in particular (4.53) in the remark) shows that for any €, 6 > 0, there is
a Cgs > 0 such that for all E large enough,

1 C; ]> &

]P[Vt € 07e] oy S T 21 (4.60e)

2

Now, given &, 6 > 0, we can set T . 5 to be the intersection of all of the good events in (4.60),
and P(YE . 5) > 1 — C/logE — ¢/2 for any E large enough, where C > 0 is an absolute constant. To
conclude, choose ¢ > 0 arbitrary if 8 < 2 but such that 2/ + § < 1 if 8 > 2. On &g . 5, using the

representation (4.59), we can bound

(4.61)

* CE T 1 ST ~ )
t (—Y Y, - X t t)dt
‘/I‘E,a/ 14 ( ) 2detYﬁ’E PE AE 2 det Xﬁ,E B.E A E ( )90( )

§2E_5log4E/ ||<,0(t)||%dt+2CgE1/210g4E/

IE,(Y 1

2 2
+2C.E2™13 M dt + 4C.E "% 1002 E ||90(t)||2 dr
’ T, (1—1)¥6+0 ’ £ e, (1—p)7e+0

All of these integrals are finite. Indeed, if § < 2, then the integrands are all bounded because

le()I3
- (1 _ t)z/ﬁ+5

the support of ¢ is compact in [0, 1), while if 8 > 2, then the integrands are all dominated by
llell2,(1 — 1) 579 which is integrable by our choice of §. Therefore, the right-hand side here
vanishes as E — oo. Since P($r.s5) > 1 — C/logE — /2, it follows that (4.61) converges to 0 in

probability as E — oo.
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Step 4: Convergence of the second term to zero. It remains to prove that the second term of
the coeflicient matrix (4.57) does not contribute to the limit. More precisely, given the simplifica-
tions made in the first steps of the proof, it remains to show that given an arbitrary ¢ € €. (I, C?),
the integral on Ig , of the second term of (4.57) sandwiched between ¢* and ¢ vanishes as E — oo.
By linearity, it suffices to show that if ¢ € €.(I3,R),

PO+ (1) e t P
p(t)e "BE B.E cos(kfﬁ’E(t) + é’fﬂ’E(I)) dr = 0 (4.62)
0 —00

g f
for k,£ € Ny with kK + £ = 2. To prove (4.62), we work on an event on which Pt PpE can
be controlled. As in other cases, Proposition 4.8 guarantees that given € > 0, there is a C; > 0

independent of E such that the event

% — Vl € [O T ] ekpi,E(t)_'—fp/fﬁ,E(t) < L Where y — 1/4 — 1/2,8 lfﬁ > 2,
E,E . ) E bl — (1 —c t)z/ﬁ+’)’ . .
E /4 ifp<2
(4.63)

has P(#E ) > 1 — ¢/2 for all E large enough. Note that when 8 > 2, y is chosen so that 2/g + y =
1/4+3/28 < 1and t — (1 —¢) /77 is integrable on [0, 1].

To prove (4.62), we replace the test function ¢ by a piecewise constant approximation. To do
so, we discretize the time interval with a partition {; };.Vzo of [0, 7] defined by setting ty := 0, and
then recursively

nEP la+1/2p if B>2,

Cgli = Cgti_1 + where p = (4.64)
/ / 2cgE*(1 - cptj—1)?! 1/4 if B <2,

until this would give cgt; > 1 — I/VE, in which case we set j =0 N and ty = 7¢ (note that this
does happen in a finite number of steps because what is added to cg?;- is always at least 5 E Uy,
Then, define ¢: Iy — Ras
1 i
g=@; = _—/ @(s)ds on [tj-1,t)) (4.65)
i = 1j=1 Ji;
for each j < N, and then ¢(ty) = ¢(7r) and ¢ = 0 on (7, 1].

Since ¢ is continuous and compactly supported in Zg, ¢ is compactly supported in Zg, and it
is also bounded with ||@]|e < [|¢|l. Moreover, since ¢; is the average of ¢ in [¢;_1,¢;), then for
t € [tj-1,1}), itis clear that [p(f) — ;| < wy(|t; —1j-1]) where w, denotes a modulus of continuity
for ¢. By definition of the #;’s, this means that

o0 =0l < st ) < el aars)
4 Fil =W 2¢2E(1 = cptj)™' )~ v 2c2E'Pp ’
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and as this estimate does not depend on j, it is in fact a bound on ||(¢ — @) 10,7, |- It follows that

on #¢ ¢,

“/‘TE ekp[g;,E+fpf/g,E COS(ké:g +£§f )( _ A)d3‘<cw ( T )/TE “suppgﬁ(t) dr
0 A VT e T I e

and the remaining integral is always finite, either because supp ¢ is compact (when < 2) or
because 2/g + y < 1 (when 8 > 2). Since p < 1/2 in any case, the right-hand side vanishes as
E — oo and P(#% ) > 1 — ¢/2, and this shows that the integral converges to zero in probability as

E — oo. Therefore it suffices to prove that (4.62) holds with ¢ replaced with ¢.

Now, on any interval [f;_1,t;), since ¢ is constant, we can integrate by parts. Recall that

dpp (1) = R p ()= di + 55 (1) l_cEEt dB (1)

and

dég (1) = —2cgE*(1 = cpr)?™ dr + R s (DT —dr+ 54 0 dBE(t)

where Rg £ Sg £ Rg and Sg are constants plus linear combinations of trigonometric functions

of multiples of &g £, Wthh are always bounded by constants. Starting from these It differentials,

an application of 1t6’s formula shows that if k + £ = 2, then

e—kﬁi,E(l)—é’PE,E(f) d(ekp;Ewpfg,E Sin(kff%,E + gsc[fg’E)) (1)
= —4cgE"(1 = cg1)?™ cos (ke E(t) + &g £ (1)) dr (4.66)

CE
dBEg(t
et (1)

+ RZE(I) Sdr S5

where RE’ g and S?,’  are again processes which are bounded by constants uniformly in E. It follows

that for each j,

t; P
/ MO cog (k &5 p (D) + €&, (1)) di
t

-1
1 V 1 kp%, o+tof, . g f
= _4CEEq/2 [ W(d(e B.E B.E Sln(kfﬁ’E + ffﬁ,E))(t)

kpﬁ E(t)+€pB E(t)RZ (I) t dr - kPﬁ E(t)+€pﬂ E(I)SZ (t)

dBE(f))
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Integrating by parts and summing up the increments, we get

TE .
/0 gﬁ(t)ekp%ﬁ(t)%p;fﬁ(t) cos(kgf;’E(t) + €§£’E(t)) dr

) _1 i A .ekp[g;,g(t)wpﬁa,];(f) Sin(ng(f) + f‘f};E(t)) £ wer

= 4CEEq/2 ]:1 SD] (1 _ cEt)q_l tjf] .

b L a0 e OO (g 1) sin(keE (1) + €€, (1)

dcpE? ) i 1 BE Pk (4.67b)

+Rzuﬁ °E__q

EXT) (1= cpt)
! T () kP (OOl (1) CE

+ 5(t)ePpeD*log M gx (py _ NTE_qp.(p). 4.67c
rr AL () T 4B () @670

To control (4.67), recall that on #% , for any ¢ € [0, 7], ekpﬁgf’E(l)“Lgp;’E(t) < Cp(1—cpt) 7P,
By definition of 7, this upper bound is always bounded by C.E"#*"2. When 8 > 2, we defined
vy =1/a—1gand p = 1/4+ 1/28,50 1/ +7v/2 = p —7/2. When 8 < 2, wetook p =y = 1/4s0
p —7/2 > 0 and it is still true that (1 — cgt) /¥~ < EP™ for E large enough and ¢ € supp @, as

the latter set is compact in [0, 1). This shows that in any case,

1/8 +3/4p if B> 2,
ekpéE(t)Mpf;,E(l) < C,EP™ where p- Y _ [+ iTB (4.68)
2 |ys ifg<2

for t € supp ¢ and E large enough.
Now, on #% ., the estimate (4.68) shows that (4.67a) is bounded for E large enough by

CellplloEP ™" N( 1 N 1 )
4CEEq/2 =1 (1—CEtj)q_1 (1—CEtj_1)q_1

_ Cs”SD”ooEp_y/z 1+2Z + BV
4-CEEq/2 (1 —CEIJ)‘] (1 —cpt; )it

The first and last terms vanish as E — oo, since they are of order E~**P~> and E~'/**P~"/ respec-
tively while p — 7/2 < 1/2 in any case. Then, by definition (4.64) of the times ¢;, the second term

also vanishes as E — oo:

Cellollo nE? Cellollo
< cgty — 0.
nE? Z { 2cgEVP(1 = cpt;)a7! xg BN

As this holds on #Z% ., this shows that (4.67a) converges to 0 in probability as E — oo.
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To control (4.67b), note that the estimate (4.68) implies that this term is bounded on #% . for
E large enough by

Cellglloo(qg =1+ ||IRE |l)EPT* pre
‘ E / CE (4.69)
0

—dt.
4cgE (1 —cgt)q

If g = 1, the integral evaluates to %log E, whereas if ¢ > 1, it is of order E @2 This means
that (4.69) is at most proportional to E~/**P="/>1og E, which vanishes as E — oo, and it follows
that (4.67b) converges to 0 in probability as £ — oo.

Finally, using again the estimate (4.68), we see that the quadratic variation of (4.67¢) is bounded

on #E . for E large enough by

C2lgIZIISS I3 B / ¢ w0
0 .

———dr.
16c12€Eq (1 —cgt)?a-!

In the same way as in the last case, this is at most proportional to E~!*2?=7 log E. Therefore, by
Bernstein’s inequality, for any x > 0, (4.67c) exceeds x with probability at most 2 exp(—CE!27+7x?)
for some C > 0 depending only on the constants in (4.70). Since E!=2"*? — oo and P(#% ) >
1 — &/2, it follows that (4.67¢) converges to 0 in probability as £ — oo.

As all three terms of (4.67) converge to O in probability as E — oo, the second term of the

coeflicient matrix Mp  in (4.57) converges vaguely to 0, and this concludes the proof. [

4.4 Spectral convergence

The goal of this section is to prove Theorem 1.10, which shows the compact convergence of the
Weyl-Titchmarsh functions of the shifted and scaled stochastic Airy and Bessel operators Hpg g
and G, £ to that of the stochastic sine operator. Our general strategy to prove this is to use the
convergence of transfer matrices that we proved in §4.3, and exploit the continuity of mappings
from transfer matrices to Weyl-Titchmarsh functions for canonical systems that we saw in §2.2.
Our proof of Theorem 1.10 1s split in three parts (Corollary 4.10.2 and Theorems 4.11 and 4.13).
We start by working out the case § < 2 in §4.4.1. In that case, the convergence of the Weyl—
Titchmarsh functions is easy to deduce from that of the transfer matrices, since the stochastic sine
operator is limit point at 1. However, there is significant work left to do when 8 > 2, as the stochastic
sine operator is then limit circle at 1. Indeed, this means that we also need to prove the convergence
of the boundary (or integrability) conditions. For this case, our proofs rely on specific properties
of the stochastic Airy and Bessel operators, which prevents us from giving a common proof for the
general model that we built in §4.2.3. Instead, we prove the two results independently in §4.4.2

and §4.4.3, although both proofs use the same method.
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The result presented in §4.4.1 for the limit point case 8 < 2 combines the analog results for the
Airy and Bessel cases given in [55, §7] and [54, §5.2]. The results and the arguments presented
in §4.4.2 are reproduced from [55, §7], while those of §4.4.3 are reproduced from [54, §5.3].

4.4.1 Limit point case (8 < 2)

As mentioned in the introduction of the section, when 5 < 2 the fact that the stochastic sine operator
is limit point at 1 makes the convergence of the Weyl-Titchmarsh functions a simple consequence

of the convergence of the transfer matrices, by continuity of the mapping between the two.

Corollary 4.10.2. In the setting of Theorem 4.10, suppose that < 2, and letmy, , ,mg,: H —
He, be the Weyl-Titchmarsh functions associated with Mg g, and Rg. Then m Mp.g, — MRy COM-

pactly on H in probability as n — oo.

Recall that on a separable metric space, convergence in probability is equivalent to each subse-
quence having a further subsequence that converges a.s. (see e.g. [44, Lemma 5.2]). This character-
ization can be used to prove Corollary 4.10.2 from the convergence of transfer matrices in the same
way as it can be used to prove the continuous mapping theorem (as done e.g. in [44, Lemma 5.3]).
Note that here, the continuous mapping theorem itself is not useful, since the mapping from transfer
matrices to Weyl-Titchmarsh functions is only continuous on the set of transfer matrices of systems

that are limit point on the right, whereas here Mg £ could also be limit circle.

Proof. Pick an arbitrary subsequence S C IN and write Ty, . and Ty, for the transfer matrices of
Mg g, and Rg. By Corollary 4.10.1, Ty, LN T, compactly on [0, 1) X C as n — oo, so there is a
further subsequence S” C S along which Ty, . — TRB compactly a.s. Since Rﬁ 1s limit point at 1, it
follows from Theorem 2.13 that my, .. ]P—> mg, compactly a.s. along S’. Because the subsequence

S was arbitrary, this shows that my, , — m R compactly as n — oo. [

4.4.2 Limit circle (8 > 2) case from the soft edge

The purpose of this section is to prove the following.

Theorem 4.11. Suppose B > 2, and letmp, ,, ,mg,: H — H., be the Weyl-Titchmarsh functions
of the shifted and scaled Airy system and of the sine system respectively, both defined on the
probabllzty space from Lemma 4.4 applied to the case where Mg, = nA E, (Hg,E, onAE,). Then

MHg g, LN mg, compactly on H as n — oo.

Our plan is to prove this from the convergence of the transfer matrices using the continuity of

the map TM, [0, 1] X € (H, C?) — CH sending a transfer matrix and a right boundary condition to
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a Weyl-Titchmarsh function (i.e., Theorem 2.14). Thus, what remains to be proven, essentially, is
that the right boundary conditions converge. Before moving on to the proof, we describe the setup
and the idea of the proof in detail.

Recall that the right boundary condition of the sine system is a vector parallel to (Re Bg(0), 1).
The Airy system, however, is limit point on the right, and because of this change of behavior,
the setting that we built for that case is modelled after the ideas of §2.2.3: with 8 > 2, we took
cg = 1 = 1/yE and 7z = 1, and our modified Airy system acts on [0,1 + 1/VE). Hence, the
correct right “boundary condition” to attach to its restriction to [0, 1] in order to reproduce the same
Weyl-Titchmarsh function is the value at 1 of an integrable solution u, o na g to J(u; o nag)’ =
—Zn;,E (Hgg onake)(u; onag)on [0,1+ 1/VE). By construction of the canonical system, such a
solution u, always has the form

Bl
MZ:A_I ( <

BE hz —El/4glg’E E1/4 hz

E"'tgp ‘E_1/4f23,E) (h;)
gk
where £ is an integrable solution to Hg gh, = zh, and where Ag g is the matrix (4.4). Now, notice

that using the representations of fg £ and gg £ in the polar coordinates from Proposition 4.1,

EMgp onas(1) = e’5eW cos f (1)

= e_AZ,E(l) cos Aiﬂ.,E(l)epé,E(l) Cos fﬁE(l) + e_AZ’E(l) sin Afg»E(l)ep;E(l) sin§§’E(1),

and we retrieve —Re dg (1) = ¢ .M cog A;’;’ £ (1) as well as the expression in polar coordinates
_AP
of £ 1/“gg,E o na.g(1) in the first term. The identity from Claim 4.3, which gives e 8s.E sin AZ g =

e % pE , also simplifies the prefactor of the second term, and this yields
- e .
Eg g onap(l) = —Redgr(DE gpp onap(1) + e oW sings (1),
Similar manipulations can be applied to £~ “fk, £ °nake(l), and yield
- 4 ’ -8
Efy ponar(l) = —Redgp(DE" g,y onap(1) — e 7o cos £5 L (1).
It follows that

Re ﬁﬁ’E(l)
1

E'MMpp —E P,
£ Ee /ﬁ’ (UA,E(I)) =
- 2B8.E gﬁ,E

(_E Vg ponap(l) E' ‘g © 77A,E(1))

N e‘Pﬁ,E(l) (sin.fé’E(l) cosfﬁ’E(l))
0 0 ’
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and therefore that

Re ts g (1
0 (1) = Wl B ) (5 - 1 X7 ))
) g 4.71)
4 o) [SEp (1) cos&g (D) [(E = 1)
0 0 ho(E — 1)

where W( f, g) = fg’' — f’g denotes the Wronskian of f and g, and where we used that na (1) =
E—1.

From the results of §4.3.2.3, we expect Re & (1) to converge to Re Bg(c0). Hence, the right
“boundary condition” (4.71) should indeed converge to the right boundary condition of the sine
system provided its second term vanishes in the limit, and provided we can choose the integrable
solution /4, to be normalized in such a way that W(h_, El/“gﬁ’E)(E -1) -1

To see how this can be done, recall from Proposition 3.2 that f solves Hg g f = z f if and only if
f(t) = f(t+E) solves 7:15 f= ﬁ f where T:Iﬁ has the law of Hg, but is defined from the Brownian
motion Bg(-+ E) — Bg(E). This means that if we fix ay € C\ {0} and a square integrable solution
D, to 7:[5(13,1 = AD,, then we can take h,(t) = y®.;yz(t — E) as the solution appearing in (4.71).
By basic properties of Sturm-Liouville operators (see e.g. [29, Theorem 2.7]), we may (and do)
choose @, to be analytic in A. In particular, ®, could be chosen to be the stochastic Airy function
SAi_, from [49].

This makes it clear how we would like to choose h;: writing 83 £(t) = gge(t + E), as long
as the W(®:,yz, E'/“gﬁ, £)(—1) is nonzero, we can use the inverse of this value as the constant y
which normalizes the integrable solution, thus removing the prefactor of the first term in (4.71).

This leads us to the following.

Lemma 4.12. On the probability space from Lemma 4.4 in the Airy case, if B > 2 and K C C is
compact, then ]P[Vz €K, |W(®Dy, En,E,l,/4gﬁ’En)(—1)| > 1] — lasn — oo.

This result can be proven using the asymptotics of solutions to Hgf = 0 as t — —oo that we
derived in §3.1.2, and allows us to complete the proof of the convergence of the Weyl-Titchmarsh
functions. To avoid interrupting the argument too much, we postpone the proof of Lemma 4.12

until the end of the section.

Proof of Theorem 4.11. As we did earlier, to simplify notation throughout the proof we drop the n
subscript and understand a limit as £ — oo as being taken along the sequence {E, },eN-

By Corollary 4.10.1 applied to the case Mgr = nf& g (Hp.E o na E), the transfer matrix of
My g (Hp,E ©1aE) converges in probability to that of Rg. By continuity of the map TM, [0, 1] x
% (H, C?) — CH that sends a transfer matrix and a right boundary condition to the corresponding
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Weyl-Titchmarsh function (i.e., Theorem 2.14), this means that it suffices to prove that the right
boundary conditions converge compactly in probability. As explained above, the right “boundary
condition” of the Airy system on [0, 1] is the value u, o na (1) of a suitable integrable solution
u; to Ju, = —zHpg pu,. Therefore, it suffices to show that for any compact K C C, u; ona (1) —

(Re Bg(e0), 1) uniformly in z € K in probability.

hi!l

i ) where

For z € K for some compact K C C, fix u, = A?E(

1
e ()]
W(D@:)ovi, EV85 ) (—1)

h (1) = z/z\/f(t -E)

for a solution @, to ﬁﬁd)/l = Ad, square integrable on [0, c0) with respect to time and chosen to
be analytic in A. As observed above, by the translation property of solutions from Proposition 3.2
and by construction of the canonical system, this means that u; is an integrable solution to Ju) =
—zHgpu; on [0,1 + 1/VE). Note that in the definition of A;, technically the Wronskian in the
denominator might be zero and this would make /. ill defined, but Lemma 4.12 ensures that this

asymptotically almost surely does not happen, as it shows that the event

gK,E = {VZ €K,

W(Cbz/sz,El/4gﬁ,E)(—1)| > 1}

has ]P(?K,E) — 1.
Now, &, is chosen so that W(h_, E1/4g5,E)(E — 1) =1, so following (4.71),

Reﬁﬁ’E(l) hé(E - 1)

u;onae(l) = h(E - 1)
(E -

0 0

N e‘Pi,E(l) (sinng(l) cos §§’E(l)

In particular, u; > ona g (1) = 1 whenever & is well defined and in particular on Zk g, so it suffices
to compare u 1 ona £(1) to Re Bs(0). To do so, we set 7z o := (1—E~**¥) /e foran a € (0,1/2),
and we split

|uz1 0 na (1) — Re Bg(co)| < [Re dip (1) — Re b p(tE.0))| (4.72a)
+[Re dg p(TE,0) — Re Bg o vp (1) (4.72b)
+|[Re Bg o vg(1£,4) — Re Bg(oo)| (4.72¢)

+e e Wlsings (DIL(E = 1) +cos &8, (Dh(E - 1)]. 4.72d)

It is already clear that (4.72c) converges to zero a.s. since Vg (Te o) = (% —a) log E, and that (4.72b)
converges to zero in probability by Proposition 4.7. To conclude, we show that if Yg denotes ei-
ther (4.72a) or (4.72d), then for all &, > 0, P(Ex g N {|Ye| > {}) < & for all E large enough.
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To control (4.72a), recall from (4.48) that

2 2
d(Re dpr)(t) = 7 205,60 cog 265 (1) 1-2; dBg (1)

A A (4.73)
2

—e Zpﬁ,E(f)((IB ) sin 2§ﬁE(t) + = sm4§ﬁE(t))—CEt dr.
Given € > 0, we know from Proposition 4.8 that for some C, C’ > 0,

1
]P[Vt € [0,1], ’pi,E(l) + ,Elog(l - cEt)‘ < C+C'(-log(1 - cE,))3/4] >1- g

On that event, if 6 > O then there is a (different) C > 0 such that for any ¢ € [1£ 4, 1],

e D < C(1 = cpt)P=0 < CE~ (/=) lp=0)

and thus for both k =2 and k = 4,

: =205 £ (1) o g CE
/ e TpE smkfﬁE(t)—dt

TE,«a Et
< C2E20p-) (=) |0 L= CETEa _ 0 p (10 6=0) 10
1- CE

Taking 6 < 1/, this shows that for any { > 0, the second line of (4.73) is bounded by ¢/2 with
probability at least 1 — ¢/2 for any E large enough. On the same good event of probability at least
1 —¢/2, the bracket of the stochastic integral in (4.73) is bounded by 8aC*B~ 1 E~4(/2=)(/6=0) |00 F .
Thus, by Bernstein’s inequality,

205 ,(5) 2CE
sup ‘ / 5.2 cos 265 () dBE(s)’ > =
[tG[TE @ \/_‘ pE
<%.9 ( ﬁE4('/2—@)(l/ﬁ—5)€2)
— +2ex
2 P 64aC*log E

Therefore, if E is also large enough that the right-hand side here is bounded by &, then we find that
P[|Re &5£(1) — Re bg p(TEq)| = | < &, which is the control we were looking for on (4.72a).
Finally, in order to control (4.72d), note that by definition of 4,, on ¥k g,

1
W(®-poyz, E8p.k)

he(E =) = | P (=1)| < [apr(=1) = @o(=D)] + [o(~1)].

A similar bound in terms of @} and @, . holds for 4 (E — 1). By analyticity of A — ®,(-1), for

z/ WE
all z € K,
, , X diam K
!, (1) - c1>0(—1)|} s == (4.74)

max{|d),
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for some positive random variable X, so there is a C > 0 such that this maximum is bounded by
C/VE with probability at least 1 —¢/6. Because ®((—1) is a well-defined random variable, it follows
that there is an M > 0 large enough so that

P(Sxz N {|h(E - 1)| > M}) < g

and again the same works with A,(E — 1). Then, by Proposition 4.8 as earlier, we know that for
any 6 > O there is a C > 0 such that ¢ () < CE%0 with probability at least 1 — /3. Taking
& < 1/2p, this means that given ¢ > 0, for any E large enough that 2CME™/?*0 <

JP(?K,E N {e_P,i,E(l)|sin§§’E(l)h;(E 1) +cos €2, (1)ho(E - 1) > g}) <e.

This finishes to prove the convergence of the first entry of the boundary conditions, and thus con-

cludes the proof. [

Proof of Lemma 4.12. Fix E € {E,},cn and a compact K C C. To control the Wronskian of @,z
and gg g at —1, we first replace @,z with @y:

W( sy, 8p.5) = W( R0, 8p.8) + (Popove — P0)E 1 — (Pl — P))Ep k- (4.75)

The reason for doing this is that because ®( and gg g both solve ﬁﬂ f = 0, their Wronskian is
constant, and because gg g (—E) = 0 and gﬁ,E(—E) = 1, this means that W(®, 85 £) = Po(-E).

It can be verified using arguments similar to those used in the proof of Theorem 4.11 that the
last two terms of (4.75) do not contribute in the limit for W(®.,yz, E !/ *85.£)(—1). Indeed,

E™gs(-1)| = EVggronae(D] < eV, EMg, (~1)| = E"|g, ponar(1)] < eV,

s0 it follows from Proposition 4.8 that if &, § > 0 there is a C > 0 such that both E" *“|gge(—1)| and
E'*| g5 p(=1)| are bounded by CE /269 yith probability at least 1 — £/2. Moreover, by analyticity
of 1 — @, as in (4.74) we know that there is a C’ > 0 such that with probability at least 1 — &/2,
for all z € K, both |®.),\z(~1) — ®g(-1)| and |CI>;/2‘/E(—1) — @ (—1)| are bounded by ¢’/VE. This
means that with probability at least 1 — ¢, for all z € K,

(@20 (=1) = Do(~1)|E"|g} (=1)| < CC'ET/H1P8+0,

and the same holds with primes on the ®’s instead of on gz . With 6 small enough, this vanishes
as E — o0, 30 (P-pyp(—1) — @0(—1))15‘/4%,5(—1) — 0 in probability uniformly in z € K,
and likewise with primes on ®’s instead. Combining this with our earlier observation about the
Wronskian of ®( and g £, we conclude that

WDy, EV 85 1) (—1) = EV*®o(=E) + opx(1). (4.76)
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It thus remains to understand how @y (—E) behaves, but this is easily done through the asymp-
totics we derived in §3.1.2. Indeed, by Theorem 3.3 and the Skorokhod representation theorem, we
can write ®g(—E) = Co,E *+/#eX(E) cos &3(E) where Céo = db%(—l) + @62(—1), &g satisfies
&p(t) = 2n I_QE’;—ET[)J — U in probability for a U ~ Unif[0, 27), and X has the property that for any
g,0 > 0, there is a C > 0 for which

]P[Vt > 1,1X(1)] < C(1 + (log ;)‘/”5)] >1-¢.

Eg(E) —2n L‘%J | < ¢ with probability at least 1 — /4
for all E large enough. Shrinking ¢ further if necessary, we may assume that |cos x| > 1 — **/2 for
x € [=¢, ] and that |[cos U| > 2Z(1 — ¢*/2)~! with probability at least 1 — ¢/4. This shows that

Hence, if € > 0 and £ > 0 is small enough,

2
|cos§5(E)| > |cos Ul(l - %) -2/

with probability at least 1 — /2 for all E large enough. Moreover, shrinking again ¢ if necessary, we
may assume that Cp, > { with probability at least 1 — /4, and we know that for all E large enough,

eX(E) > CE~° with probability at least 1 — ¢/4. Combining everything,
E'*|®y(=E)| = Co E"*eXB)|cos é4(E)| = CL2E#7° 4.77)

with probability at least 1 — ¢ for all E large enough. With § < 1/2, this diverges as E — oo, s0 it
is certainly at least 1 for all E large enough.
Combining (4.77) with (4.76) shows that P[Vz € K, [W(®-), i B8 g ) (-1)] = 1] - las

n — oo and concludes the proof. [

4.4.3 Limit circle (8 > 2) case from the hard edge

The purpose of this section is to prove the following.

Theorem 4.13. Suppose B > 2, and let mg, , , ,mg;: H — H., be the Weyl-Titchmarsh func-

tions of the shifted and scaled Bessel system and of the sine system respectively, both defined on

the probability space from Lemma 4.4 applied to the case where Mg g, = 1y p (Gga.E, © NB.E,)-
]P »~n

Then mgy,, p, — mg, compactly on Has n — co.

Just like in the soft edge case, our plan is to prove this from the convergence of the transfer
matrices using the continuity of the map sending a transfer matrix and a right boundary condition to
a Weyl-Titchmarsh function. Thus, what remains to be proven is essentially that the right boundary

conditions converge. The proof is in many aspects very similar to the proof of Theorem 4.11 we
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carried out in §4.4.2 for the soft edge case, and throughout this section we insist on those aspects
of the proof that are different rather than on the full details. Again, before moving on to the proof
we start by describing the setup and the idea of the proof in detail.

When a > 1, the Bessel system is limit point on the right. In that case, the situation is very
similar to what we saw in the soft edge case: we took cg = 1 — I/vE and 7z = 1 and our modified
Bessel system acts on [0, 1/cz). The correct right “boundary condition” to attach to its restriction
to [0, 1] in order to reproduce the same Weyl-Titchmarsh function is therefore the value at 1 of an
integrable solution u, o g g to J(u; onp ) = _Zﬂfg,E(GB,a,E onp.g)(u;onpg)on [0,1/cg). By
construction of the canonical system, u, has the form

R

-1
U, = Aﬁ,a,E ( ]i
z

E—l/4fﬁ,a,E _E_l/4pﬁ,af//3,a,E Ppalt
_El/4gﬁ,a,E El/4p,3,ag/ﬁ’a’E hz

where h is an L?([0, 00), wg,(f) dt) solution to ®p,ph, = zh, and where Ag, £ is the ma-
trix (4.16).

When |a| < 1, however, the Bessel system is limit circle on the right. In that case, we rather took
cg = 1 so our modified Bessel system already acts on [0, 1). As we have seen in §4.2.2, the right
boundary condition is then ezE Ju(oo) = 0 where ¢ € [0, 7) is chosen to reproduce the boundary
condition of the stochastic Bessel operator, which requires a solution /1, of ®g , gh; = zh; to satisfy
hy] (t) — 0 ast — oo. Here, it will be easier to understand the boundary condition in the latter
way: a canonical system solution u, = A;la E ( h}{] ) simply satisfies the right boundary condition if
the solution 4, satisfies hy] (t) > 0ast — oo, |

In order to uniformize the analysis of the |a| < 1 and a > 1 cases, we will show that when
la| < 1 we can effectively move the boundary condition from 1 to 1 — 1/vE. Hence, in both cases,
our goal is to show the convergence of u, o g g(7g) to the sine system’s boundary condition,

(1 ) .
where g = é(l — 1/VE) as before and where u, = A/;la E(hg ) for a specific solution #; to

®p.q,ch, = zh,, either an integrable one (if a > 1) or one that satisfies hgl] (1) = 0ast — o
(if |a| < 1). In any case, this defines A, up to a multiplicative constant, so it remains to see the
appropriate way to normalize it.

To understand the convergence of the boundary condition and to see how to normalize /., we

proceed like in the soft edge case. We write

E VemEMA o
-1 _A
E /4f,3,a,E OMNBE = W@Dﬁ,aﬁ B.E COS(fE,a,E — AZE)
-A; AP E V4eBEMA .
=€ Yo cos Afs,E E 1/A‘z‘%ﬁ,a,E ONBE *+ € 8p.e sin Af ePB.a.E gin fé’a’E.

BE Vpﬁ,a O 1B.,E
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Using Claim 4.3 and evaluating at 7¢ = ng}E(log E), we get

_ 1 _
E 1/4f5,a,E(log E) = —Re ﬁlg,E(TE)El/“gﬁ,a’E(lOg E) + — ¢ p'g"”E(TE) Sinfi,a,E(TE)'

Vp,B,a (log E)

Similar manipulations can be applied to £~ 4f;),’a7 £ ©1B.E, and yield

1

Vp,B,a (log E)

in A7l . we can write

— ’ , _ 8
E 1/4f,8,a,E(10g E) = —Re ﬁﬂ,E(TE)El/“gIB,a,E(lOg E) - e pﬁ,a,E(TE) COSé‘[g;,a,E(TE).

Using these expressions for fg , £ and fé’a’

E B.a.E’
Reﬁ ,E(TE)
u-(log E) = Wpa(h., E"gp.4.£) (log E) ”1

(4.78)

+ e—Pé,a,E(TE) ,Pﬁ,a(log E)

where Wg . (f,g) = ppa(fg — f'g) is the Wronskian of f and g. Thus, in a similar way as in

sin f;g%,a,E (tg) cos g—‘fg’a’E (te)| [, (log E)
0 0 h,(log E)

the soft edge case, we expect this to converge to the right boundary condition of the sine system
provided the second term vanishes in the limit, and provided we can choose %, to be normalized in
such a way that the Wronskian converges to 1.

We know from Proposition 3.17 that f solves ®g, g f = zf if and only if f(t) := f(t +1ogE)
solves Gpf = (1 + ﬁ) f where G, has the law of G, but is defined from~the Brownian
motion Bg (- +log E) — Bg(E). Thus, if we fixay € C\ {0} and a solution ®, to ®g , P, = 1D,
with the right behavior at infinity (i.e., it is LZ([O, ), Wp,dZ) if a > 1 or satisfies CD/[lI] (t)y =0
ast — oo if |a| < 1), then we can take h (t) = y®@j,zyp(t — log E) as the solution appearing
in (4.78). Then with g3, £(t) = gg e e(t +l0g E),

We.a(hey EVep 0 £) (102 E) = ypp.a(log EYWpo (@ 42ove EV*Ep.0.£)(0)

where Wﬁ’a (f.8) = Ppa(fg — f’'g) is the Wronskian for G’)B’a. Provided the Wronskian on the
right-hand side doesn’t vanish, we can choose 7y so that this is identically 1. It is not obvious that

this can be done, but we can ensure it on a good event.

Lemma 4.14. On the probability space from Lemma 4.4 in the Bessel case, if 3 > 2and K C C is
compact, then ]P[Vz € K, pg.a(log En)|WI3,a(CD1+Z/2m, E,ll/4gﬁ,a,En)(0)| > E,;“/z] — lasn — oo.

This can be proven using the asymptotics of solutions to ®g,f = f ast — —co that we
derived in §3.2.2, and allows us to complete the proof of the Weyl-Titchmarsh functions. To avoid

interrupting the argument, we postpone the proof of Lemma 4.14 until the end of the section.
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Proof of Theorem 4.13. As we did earlier, to simplify notation throughout the proof we drop the n
subscript and understand a limit as £ — oo as being taken along the sequence {E, },eN-

As stated before, the transfer matrix of 17;3, £(Gp.a,EonB £) converges in probability to that of R 8
by Corollary 4.10.1, and therefore by continuity of the usual map TM, [0, 1] x €(H, C?) —» CH
(i.e., Theorem 2.14), it suffices to prove that the right boundary condition converges compactly
in probability. As explained above, what we mean here by the “right boundary condition” of the
Bessel system on [0, 1] is the value u, o g £(1) or a suitable solution u, to Ju, = —zGg 4 gu.

To deﬁne u,, we fix a solution @, to @ﬁ 7P = AD, that is Lz([O 00), W54 dg) if a > 1 or that
satisfies CIJ (t) — 0 ast — oo if |a| < 1, chosen to be analytic in A. Then, we set

(I)1+Z/2\/F(t —log E)

al
u, = Ak PP with b = ! - . (4.79)
” Pp.a(10g EYWg o (®1izppyes EV'8p.4.5) (0)

Note that if we fix a compact K C C, h; is well defined for all z € K at least asymptotically
almost surely by Lemma 4.14. As explained above, this u, can be used to characterize the boundary
condition at 1, so what we really want to show is that u; o g (1) converges in probability to the
right boundary condition of the sine system, uniformly with respect to z € K.

1), we first show that
when |a| < 1 we can effectively move the boundary condition from 1 to 7, that is, we show that

In order to uniformize the analysis of the two cases (Ja| < 1 and a >

u; onp.e(1) —u, onpe(re) — 0as E — co. By definition,

PB.a h; _ W,B,a (Eil/Afﬁ,a,E, hz)
h, Wﬁ,a(hz,El/4gﬁ,a,E)

u, = 1/

_1/4f/3 £ ~Epgaty, g
4g,BaE E/pﬁugﬂa};

so it suffices to show that if ¢ stands for either E_l/“fﬁ,a,g or El/“gﬁ,a,E, then Wg 4 (h;, ) (o0) —
Wga(hz, ) (log E) — 0 in probability as E — co (this is not entirely trivial, as the solutions
themselves depend on E). To prove this, note that because ®g .z = 0 and ©p, gh, = zh;, then
(Wﬂ,a(hz,(,[/))/ = @hzlflwlg’a SO

W) () ~ Waaes ) log E) = 3 [ hw@wsaa.
log E

To estimate this, we can make the dependence on E clearer by shifting time and using / (t) = hy(t+
log E) and ¢ (¢) = y(t + log E). By Proposition 3.17, &, and ¢ solve ®ﬁa = (1 + 5 )h and
®p 4 = where G, is defined from the Brownian motion B := B (- + logE) — BE(log E).In

BE (log E)

particular, the weight of (ﬁﬁ o is related to that of G , by Wp (1) = E4*le VP wgq(t+log E).

Hence, shifting time by log E in the above integral yields

Wpa e, )(09) = Wy (e, ) (log E) = S0~ e loe) /0 Re (D) (1)p.0 (1) dr.
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l%ecall from §3.2.1 that 1 and @g (1) = /Ot ﬁg,la(s) ds are a pair of fundamental solutions to
®p.f = 0. Therefore, the argument we used in the proof of Proposition 4.9 shows that for any

& > 0 there is a C > 0 such that with probability at least 1 — ¢/4, for all r > 0,

[0 ()] < C(ly(log E)| + |y (log E)|) (1 + @p.a(1))

and

o] = {1+ S5 1RO+ O 1+ Fa).

By the representation in polar coordinates of ¢ with the estimates on e pak and e* ok from
Proposition 4.8, for any 6 > 0 we know that there is a C’ > 0 such that [ (log E)| V |[¢'(log E)| <
C'E'**°1(pg 4(log E))_l/2 = C'E'/s+e/+op exp(\/LFBE(log E)) with probability at least 1 — &/4.
Then, on the event from Lemma 4.14, |A,(0)| < E”/2|CI>1+Z/2@(O)| and |fz;(0)| < E“/2|d>’l+z/2@(0)|.
Because @, is analytic in A, @ .,yz(0) = ®{(0) + Opk(1/VE) and CD’HZ/NE(O) = @(0) +
Op x (!/VE), and since ®; is a solution to G4 ,P; = P; defined by its behavior at infinity, its
law does not depend on E. It follows that there is a C”” > 0 such that |4, (0)| v |l~1;(0)| < C”E“" for
all z € K with probability at least 1 — /4. Combining these estimates, we see that for a (different)

C > 0, with probability at least 1 — 3s/4, for all z € K,
_1 &0
[W.a(hey ) (00) = Wg o (he ) (log E)| < CE™V2+1+002 =y e E) / (1+@gq(1)) Wpalt) dt.
0

Since |a| < 1here, 1, wg, € LZ([O, 00),Wg,dZ ), so the integral is finite. Then for E large enough
e_\fLFBE (log £) < E° with probability at least 1 —#/4 by properties of Brownian motion, so finally the
difference is bounded by a constant times E~"/>*'/%*9 with probability at least 1 — . Since 8 > 2,
this vanishes as E — oo for ¢ small enough. Therefore, the difference of the Wronskians converges
to 0 in probability, and indeed u,(c0) — u,(log E) — 0 compactly in probability as E — co.

It remains to show, now for any a > —1, that u_(log E') converges to the boundary condition
(Re Bg(e0), 1) of the sine system. Writing u,(log E) as in (4.78) but using the expression of 7 in

terms of @y, z from (4.79),

uz(logE) =

Re ﬁm(@) v (sin £ £ (te) cos€s . (tr)
1 0 0

cI)/1+z/2\/E(0)
q)1+Z/2\/E (0)

where

E_“/ze_pé“’E(TE)_\/LFBE (lOg E)

E = = — .
PB.a (log E)Wﬁ,a (q)l+z/2\/E, E l/4g,3,a,E) (0)
It is not hard to verify that the second term of u,(log E) vanishes in the limit in probability. Indeed,
for & > 0 and 6 € (0, /28), Proposition 4.8 shows that ¢ PrarTE) < CEVB+2 for a C > 0 with
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BrlogE)  pob with probability at least 1 — /3 as above. More-
over, ®1,.,y7(0) = ®1(0) + Op x (1/VE) and the law of ®;(0) does not depend on E, and the same

(0). Since the denominator of Yy is at least E 92 on the event from Lemma 4.14, it

probability at least 1 —#/3, and e W

goes for @ oE

follows that for any E large enough the second term of u,(log E) is bounded (uniformly for z € K)

-1/28+6

by a constant times E with probability at least 1 — &, and this means that it converges to zero

0 in probability as E — oo, uniformly in z € K. In other words,

Re ﬁﬂ,E (TE)) +
1

uz(log E) = opk(1).

This immediately implies that the second entry of u,(log E) converges to 1, which is the desired

value. To show that Re 3 £ (7g) — Re Bg(0), we set 74 == (1 — E %) /¢, and we write

|Re ﬁ,B,E (te) —Re Bﬁ(OO)| < |Re ﬁﬁ,E (te) —Re ﬁ,B,E (TE’Q)| (4.80a)
+|Re dig g (TE,4) — Re Bg o vp(1E,0)| (4.80b)
+|[Re B o vg(1g,4) — Re Bg(o0)|. (4.80c)

As vE(TEq) = (% — a)log E, (4.80c) vanishes a.s. in the limit E — oo. It is also clear from
Proposition 4.7 that (4.80b) vanishes in probability as £ — oco. To show that (4.80a) also vanishes,
recall from (4.48) that

d(Redgp)(t) = \/i,? 205 0.(1) sm2§ﬁaE(t) dBE(t)

(4.81)

+e zpﬁaE(l)((2a+1)sm2§ﬂaE(t)+ﬁsm4§BaE(l‘))—t t
CE

By Proposition 4.8, we know that for any € > 0 and 6 € (0,2/), there is a C > 0 such that
e Phar® < C(1 = cgt)"#=°" for t € [0, 7] with probability at least 1 — &. It follows that there is
a C’ > 0 such that with probability at least 1 — &,

" apE L) in 2% ? sinag?
e 2PpaE ((Za +1) s1n2§ﬁ’a’E(t) + E sm4§ﬁ’a,E(I))

TE,«

—dr
1—cgt ‘

& k)@ (| _ pratiso),

TE
= C// ce(l—cpt) P 0dr = /-6

TE,a
which vanishes as E — oo. Similarly, there is a C” > 0 such that with probability at least 1 — &, the
quadratic variation of the first line of (4.81) is bounded on [7g o, T£] by

TE
C”/ ce(l - CEl)_1+4/ﬁ_26 dr =

TE,a

_ & prOpa)20) (] _ prap-20)),
4/p—26 ( )

which vanishes as E — co. Applying Bernstein’s inequality, it follows that the integral of (4.81)

between 7£ , and 7¢ converges to 0 in probability as E — oo, and this concludes the proof. [
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Proof of Lemma 4.14. Fix E € {E, },en and a compact K ¢ C. We need to estimate, for z € K,
pp.a(log E)Wﬂ,a (@14:/2vE> El/4gﬁ,a,E) (0).

We first replace @1,y with ®. The point of doing this is that ®; and §g, g both solve
®ﬁ,af = f, ~so their Wronskian is constant. As gg, g(—logE) = 0 and gk’aﬁ(— log E) = 1, this
means that Wg o (®1, 8g.4.£) = Ppa(—log E)Pi(—logE).

Fix € > 0. As we have seen before, Proposition 4.8 implies that for any 6 > 0, there is a
C > 0 such that both E"*g5 , £(0) and E'/“g;g’a’E(O) are at most CE"#*°1(p; ,(log E))_l/2 with
probability at least 1 — /3. Then, by definition, (pg,,(log E ))l/ = gl exp(—#Bg (logE)), and

by properties of Brownian motion this is bounded by E “/**°

with probability at least 1 — ¢/3
for any E large enough. Finally, as @, is analytic in A, @4,z (0) — ®1(0) = Opx(!/VE) and
.. " s£(0) =@ (0) = Op x (1/VE) where the implicit constants are well-defined random variables,
so with probability at least 1 —¢/3 these differences are bounded by C’E~"/2 for some constant C’ > 0,

uniformly in z € K. It follows that with probability at least 1 — &, there is a C > 0 such that
Ea/2|p,6’,a (log E)Wﬁ,a(q)l+z/2\/E - q)l P E1/4g,8,a,E) (O)| < CE_1/2+]/2ﬁ+6 (4-82)

forall z € K and all E large enough. With ¢ small enough, this vanishes as £ — oo, so the left-hand
side of (4.82) converges to 0 in probability uniformly in z € K. Combining this with our earlier
observation about the Wronskian of ®; and gg , £ and noticing that pg ,(log E)pg.(—logE) = 1,
it follows that

E"pg.a(log EYWp o(®14opoves E 85,0 £)(0) = EV*Pd1 (= 10g E) + op k(1). (4.83)

We now analyse the behavior of @ (- log E) using the asymptotics derived in §3.2.2. By The-

orem 3.18 and the Skorokhod representation theorem, we can write
@ (—log E) = Co, E #1711 X (102 E) ¢ ép.a(logE)

where C3, = ®2(0) + @, (0), &, satisfies £.4(1) — 27| B | — U ~ Unif[0, 27) in probability
as t — oo, and X has the property that for any £, 6 > 0, there is a C > 0 such that

]P[Vt >0,|X(n)|<C(1+ t1/2+6)] >1-e.

Hence, in the same way as in the proof of Lemma 4.12 in the soft edge case, if ¢ > 0 and ¢ > 0
is small enough, then |cos &pq(logE )| > ( with probability at least 1 — &/3 for all E large enough.
Moreover, shrinking ¢ if necessary, we may assume that Ce, > ¢ with probability at least 1 — ¢/3,

and we know that for all E large enough, eX(1°¢£) > CE~9 with probability at least 1 — ¢/3. Hence,

E*PI® (= 1og E)| = Co, E 7 eX 108 E)|cos épa(logE)| > CPE'»#~0 (4.84)
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with probability at least 1 — ¢ for all E large enough. With § < 1/2, this diverges as E — oo, s0 it
is certainly at least 1 for all E large enough.
Combining (4.84) with (4.83) shows that

]P[VZ €K, pﬁ,a(log En)lwﬁ,a(q)1+z/2 En'> E111/4gﬁ,a,En)(0)| 2 Er_la/z] — 1

as n — oo, which concludes the proof. [

4.4.4 Remarks on the spectral weights of 03, ¢

The purpose of this short section is to relate the spectral weights of the shifted and scaled stochastic
Bessel operator ®g , £ to those of the usual stochastic Bessel operator G4 ,. We obtain a relation-
ship between these spectral weights in (4.87), and from this we see that if the expression for the
spectral weights of ®g, given in Conjecture 3.1 is true, then the point process level hard edge to
bulk transition should follow from the convergence of the Weyl-Titchmarsh functions.

Suppose that Ag is an eigenvalue of the shifted problem, that is, the canonical system Ju’ =
—ApGg,q,pu has a solution ug of the form up = A7l (p"’“h;f

ﬁva’E hE
®pache = Aphg suchthatug (0) = eg and lim; o ppq(t)h};(¢) = 0. By Theorem 2.8, the spectral

) for an hg € LzGﬁ’a (0, 0) solving

weight associated with Ag is uG, , , ({Ae}) = llue ||&2u’E. By construction of the canonical system,

since ®p 4 is a generalized Sturm-Liouville operator with weight ws.«VE/2, this yields

1 1 2
ﬂGﬁ,a,E({/lE}) = 5 = > = ) (4.85)
el el o VElhelR,,

By definition of ®4, £, A is also an eigenfunction of Gp 4, since Aphp = \/LF((%’“ —E)hg so
®p.he = (E + %/IE\/F)hE. Setd:=F + %/IE\/F and h := E"*hg, so that & solves @B,afz = Ah.
By construction of the canonical system for g ,, this means that 7 = A/Ela (pﬁ’;’a') solves Jii’ =
—AGpgqli, where G, is the coefficient matrix of the stochastic Bessel canonical system as defined
in (3.24) and Ag is the matrix (3.23) that maps between solutions to g ,’s eigenvalue equation

and canonical system solutions. Now, by definition,

1) = [FO) 2 o M
h(0) he(0)]

The initial condition ug (0) = e( also requires that

E'
0

E* 0
0o E'

1
0

b

7 (0)
hg(0)

) = Agae(0)ugp(0) = (
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and it follows that 7(0) = eo. Therefore, again by Theorem 2.8, the spectral weight of G, at Ais

N 1 1
MGy, ({A}) = — : (4.86)
’ lalg,  IkIz,,
But h = E"/*hg gives ||h||WBu \/LfllhEllfvﬁ’u, so comparing (4.85) and (4.86) shows that
2 . 2 AgVE
HGpor({AEY) = Eucﬁ,a({ﬂ}) = Eﬂcﬁ!a({E + E2 }) (4.87)

If Conjecture 3.1 is true, then pg, , ({A}) = ATy where I'y ~ I'(8/2,2/p) is independent of the
eigenvalues and of the other I'(8/2,2/g) weights. Then (4.87) gives

o tae)) = [+ 5E = (1 )

where now FﬁE ~ I'(B/2,4/p), but it is still independent of the eigenvalues and of the other I"(8/2, 4/p)

weights. Since the spectral weights of the stochastic sine operator are independent I'(8/2,4/) ran-
dom variables also independent of the eigenvalues, the spectral weights of ®g , r as E — oo should
match those of the stochastic sine operator. Thus, if Conjecture 3.1 holds, randomizing the argu-
ment used to deduce the point process convergence from the convergence of spectral measures in
Proposition 2.17 can then be expected to yield the hard edge to bulk convergence at the point process

level.
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Chapter 5

Conclusion

In this thesis, we have seen several ways in which the theory of canonical systems can help in the
study of scaling limits of S-ensembles. Overall, the results highlight the potential of canonical
systems theory to provide a consistent, unifying framework under which to study these scaling
limits. This originates from this theory’s ability to represent in the same category all stochastic
differential operators that arise as scaling limits of S-ensembles as well as the familiar tridiagonal
models of S-ensembles from random matrix theory.

The results from §3.1.3 and §3.2.3 shed a new light on the convergences of S-ensembles in
the soft edge and hard edge scaling limits to the Airy,; and Besselg , point processes, which were
first proven in the celebrated works [60] and [58]. Indeed, the canonical system embedding allows
for a more systematic method, at the operator level, to derive scaling limits of S-ensembles, and
makes more obvious the similarities between the different scaling limit problems. This also leads to
think that the canonical systems representation would be appropriate to derive other scaling limits
of B-ensembles, beyond those that have already been described.

We have also seen in Chapter 4 that, in their canonical systems representations, the shifted and
scaled stochastic Airy and Bessel operators Hg g = 2VE (Hg — E) and Gp, 5 = \%F((Sﬁ,a -E)
both converge to the stochastic sine operator as E — oo. These results are certainly interesting in
their own right, and in addition they demonstrate how canonical systems theory can be effective at
describing the relationships between the different operators that arise as scaling limits.

Several other problems that appear in the theory of S-ensembles could also possibly be ap-
proached through canonical systems theory. An important example is the one mentioned in §3.3.2,
namely the canonical system level convergence of tridiagonal random matrix models for 5-ensembles
to the stochastic sine operator, which would reproduce results of [72, 76] at the canonical system

level. A simple version of this problem is the following.

Problem 5.1. Fix E € (-2,2), and let M,, := /(4 — E*)n(Hp,, — VnE) for n € N where Hg, is
an n X n tridiagonal random matrix for the Hermite S-ensemble, as in (1.2). Let Hg, € CS [0, 1)

187



188 CHAPTER 5. CONCLUSION

denote the coefficient matrix of a canonical system on [0, 1) that is equivalent to the eigenvalue
problem M,v = zv under appropriate boundary conditions. With Rz and v as in Definition 1.2,
prove that Hg ,, Law, Rgowv vaguely on Ig as n — oo where 1g = [0, 1) for § < 2 and I := [0, 1]
for g > 2. Extend the convergence to transfer matrices and Weyl-Titchmarsh functions.

As the solution of this problem could be assumed to have important similarities with the proofs
of Theorems 3.8 and 3.23 and their corollaries, presumably the solution would extend to more
general random matrix models.

As discussed in §1.3.4, despite the success of canonical systems theory at providing a consistent
approach to the study of scaling limits of S-ensembles, the method still currently lacks a good way
of retrieving the eigenvalue point process convergence from a sequence of canonical systems which
otherwise converge in the various senses we have seen in §2.2. In Proposition 2.17 in §2.2.2.2, we
saw conditions on the spectral weights under which the convergence of spectral measures implies
the convergence of the eigenvalue point processes, but they are not necessarily easy to verify in
practice, especially if the canonical systems are not limit circle at both endpoints. Indeed, verifying
these conditions requires a rather precise description of the spectral weights, which is not easy to

obtain. This raises the following problem.

Problem 5.2. Given some interval I = [a, b) or [a, b], take coeflicient matrices H,, H € CS T
with appropriate boundary conditions at endpoints. Suppose that the associated self-adjoint rela-
tions have discrete spectrum with only eigenvalues. Suppose also that H, — H vaguely on T as
n — oo and that the associated transfer matrices and Weyl-Titchmarsh functions also converge.

Are there simple conditions on any of these objects under which the associated eigenvalue point

processes also converge vaguely?

It is possible that this problem could be approached through a more careful analysis of the
eigenfunctions, as their canonical system norms are related to the spectral weights by Theorem 2.8,
but maybe other avenues are also possible.

Besides the interest of being able to deduce the convergence of the eigenvalue point processes
themselves, a motivation for solving Problem 5.2 is that if both the spectral measures and the eigen-
value point processes converge, then the spectral weights also have to converge, so a description
of the pre-limit spectral weights can give a description of the limit spectral weights. In particular,
the formula for the spectral weights of the stochastic Bessel operator from Conjecture 3.1 could be
proven using this type of strategy, using the ideas from §3.2.3.3.

The results from Chapter 4 suggest another interesting problem. The whole method we used to
describe both edge to bulk transitions applied very well to both problems, and we saw the stochastic
sine operator appearing quite naturally as a limit once the coefficient matrix was decomposed into

polar coordinates for a pair of fundamental solutions to Hggf = 0 or ®g, g f = 0. It is there-
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fore natural to ask whether this generalizes further, and if one could find a larger class of random

generalized Sturm-Liouville operators with the stochastic sine operator as a scaling limit.

Problem 5.3. Find a class of random generalized Sturm-Liouville operators Lg on [0, o) such
that for some o > 0, the canonical system for the rescaled operator Lg g := 0 (Lg—E) converges

to the stochastic sine canonical system as £ — oo.

Heuristically, it appears plausible that the necessary characteristics of Lg to have the stochastic
sine operator as a scaling limit should mostly be to have infinitely many eigenvalues and the right
sort of “noise”, so that the stochastic sine operator is retrieved when zooming in the direction of
the eigenvalues while rescaling the space so that they are equally spaced on average.

A first step towards this problem is suggested by the method that we used in §4.3 to prove the
vague convergence of coefficient matrices in the edge to bulk transitions. Recall that to prove this
vague convergence, we started by deriving SDEs driving polar coordinates for solutions to both
Hpef = 0and ®pg,rf = 0. We then noticed that we could slightly generalize these SDEs to
obtain polar coordinates which, in a sense, interpolate between those for the two problems, and
we worked exclusively with these generalized polar coordinates to prove the vague convergence.
It seems plausible to think that these polar coordinates could be used to represent (possibly time-
changed) solutions to Lg g f = 0 for some other random generalized Sturm-Liouville operator Lg £,
which would have a general form that could be specialized to describe either Hg g or ® , . If this
is true, then the operator Lg g can possibly be inferred from the polar coordinates themselves, and
this would provide a first step towards solving Problem 5.3.

Problems 5.1 and 5.3 are only two examples of open problems related to S-ensembles that could
be solved through the theory of canonical systems, but there are certainly many others. I hope that
this thesis can convince others of the usefulness of canonical systems as tools to study problems

related to S-ensembles, and more generally in random matrix theory.
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Appendix

A.1 Growth bounds on paths of continuous martingales

Proposition A.1 [55, Proposition 19]. Let M be a continuous martingale on an interval [0, T)
with M(0) = 0. For any €, > 0, there is a C > 0 such that
|M (1)

P| sup >C|<e.
refo.r) 1+ (M) (r)'/>+o

Proof. Setting T; = inf{s > 0 : (M)(s) > t}, by the Dambis—Dubins—Schwarz theorem, B(t) :=
M(T,) is a standard Brownian motion on [0, (M)(T)) and M(t) = B({M)(¢)) for any t € [0,T).

Therefore,
|M (1) 3 |B(1)]

refo.r) L+ (MY(0)P*0 o nyry 1+ 1740

and the result will follow if we can prove that for any €, > 0, there is a C > 0 such that

b B()|
sup o >Cl<e
t€[0,00) 1 +1¢

Now, since

v2tloglogt

_ as t — oo,

1+ (7%
then
lims B(2)] < (lirns 1B )(lims —2tloglogt) 0
up——— < up ———— up ~ —
ool T4 1240 i 2tloglogt ol 1+ 1240

l/2+6)—1

a.s. by the law of the iterated logarithm. Since the map ¢ — |B(#)|(1 + ¢ is a.s. continuous,

140y -1

it follows that the random variable sup;c(g )| B(2)[(1 + ¢ is a.s. finite, and because

B(t B(t
{ sup —| (l)|5<°°}:U{ sup —' (1)|5<”}’
IE[0,00) 1 +t/2+ nelN Z‘G[0,00) 1+t/2+

the result follows by continuity of measures. [
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A.2 Concentration inequalities for martingales

The purpose of this appendix, which is reproduced from [55, §A], is to recall and prove some
concentration inequalities for martingales that are used in the main text. The results we need are
simple extensions of classical concentration inequalities (Freedman’s and Azuma’s) to martingales
with subgaussian increments.

Throughout, for a discrete-time martingale M = {M,, } ,en, With respect to a filtration { %, } e,
we denote by AM,, := M,,— M,,_; the increments of M. We define the bracket or quadratic variation

process of M as

(M), = D E[(AM))? | Fj1].
Jj=1

Moreover, given an adapted process V = {V, },en, we say that M is V-conditionally subgaussian if

each increment AM,, is V,,-subgaussian given &,_1, that is, if for alln € N and all 1 € R,
2
E[e"n | Z,4] < € g

We then define the subgaussian bracket { M) of M as the smallest nonnegative, nondecreasing
predictable process so that M is V-conditionally subgaussian for V,, := (M), — {M),_,, and we
say that M is subgaussian if {M) < co.

The first concentration inequality that we need is an extension of Freedman’s inequality [37].
Our starting point is the following formulation of Freedman’s inequality.

Theorem A.2 (Freedman’s inequality). Let M = {M, },en, be a discrete-time martingale with
respect to a filtration {F,}nen, and with My = 0. Suppose that for some a > 0, the increments of
M satisfy |AM,| < a for all n € N. Then for any N € N and any x,y > 0,

2

log2
SZexp(— O§ (E/\x—)).
a 'y

P| sup |M,| > x,{M)y <y

1<n<N

Proof. Since (M) is a non-decreasing process, the event that sup,,.y M, > x and (M)y < y is
contained in the event that M,, > x and (M), < y for some n. Hence, it follows from the original

statement of Freedman’s inequality [37, Theorem 1.6] that

- exp(%(_(l + 2 tog(1+ %) + ay_X)).

(A.1)

P| sup M,, >x,(M)y <y

1<n<N

)X/a+Y/02

2
< el —y/a
x/a + Y/uz

To get a simpler expression for the exponent, let

bp(&) = -C&" + (1 +&)log(1 +&) - &
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for p = 1 or p = 2, with C > 0 to be determined. Note that b7,(§) = —CpéP~1 +1og(1 + &), so
in particular for & > 1, b](§) = —C +log(1 + &) > —C +log2, and b is increasing on [1, o0) if
C <log?2. Because b (1) = —C+2log2—1, this guarantees that b; > Oon [1,00) if C < 2log2—1.
Then, using the concavity of log(1 + -), we see that if £ € [0, 1], then b/(£) > —2C& + Elog2 > 0
if C < 1log?2, so by > 0on [0, 1] under the same condition, since b,(0) = 0.

Combining the condition for b, on [0, 1] with that for b1 on [1, c0), we get that if C < % log2 <
2log2 — 1, then —(1 + &) log(1 + &) + & < —C(& A €?) for any € > 0. Taking the best constant
C= % log 2, this shows that the exponent of the tail bound (A.1) is bounded by

log?2 252 log?2 2
_log l(ax/\ax):_og (f/\x)

2 2\y T2 2

a’y
The theorem now follows by applying the above to both M and —M, and combining the results with

a union bound. u

We now prove the following extension of Freedman’s inequality, in which the condition that

increments are bounded is weakened at the price of increasing the tail bound.

Corollary A.2.1. Let M = {M,},eN, be a discrete-time martingale with respect to a filtration
{Fn}tnen, and with My = 0. Suppose there are K,V > 0 such that for each n, the increment
AM,, satisfies ]E[(AMH)2 | Fin_l] < V and is K-subgaussian both conditionally on %,_| and
unconditionally. Then for any N € N and any x > 0,

]P[ sup |M,| > x

1<n<N

<(2+N(N+1)) exp(—%min{(xlogZ)zh x2 logZ})

6VK /= 9NV

+2exp( xlog?2 exp(l(xlogz)z/s))
INV2ZV 4l eVK '

Proof. Take a > 0 to be determined later. Notice that M can be decomposed as

M, = Z(AM,- ~E[AM; | 37,_1]) - MS+ M
=1

where M= := 3" AMS and M> := 3" . AM> are martingales with increments
n Jj=1 J n J=1 J
AM = AM;1am; <ay = E[AM; 1 1am; <) | F-1]

and

AM = AM; (>0 = E[AM; 1 ap 150y | Fia |-
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Now, since M= has bounded increments and has (M)y < NV, Freedman’s inequality (Theo-
rem A.2) shows that

log2 x?
P M <2 (— A —) . A2
[132£N| > x] exp( 2 \2a NV ) (A.2)

Thus, to control the supremum of M, we only need to to control the supremum of M~. Note that if
0 <x < a, then
]P[|AMJ'|1]{|AMj|>a} > x] = ]P[|AM]'| > a],

because for [AM;;|T(apm,|>a) > X, the indicator must not vanish, so it must be that [AM;| > a, in
which case it is also true that [AM;| > x. If x > a, then when [AM;[T(ap;|>q) > X it must also be
true that |[AM | > a, and we conclude that for any x > 0,

]P[lAMjlﬂ{|AMj|>a} >X] < ]P[lAMjl > a].

Hence, for any x > 0,

N n N n
X
]P[ sup ZAM Tgam,lsa] > x| < D) P[|AM,~11{|AM,.|>C,}|> =1 <> D P[IAM;] > a],
1<n<N'j n=1 j=1 n n=1 j=1
and as increments are K-subgaussian,
a2
]P[ sup ZAM Tamjisay| > x| < N(N + 1) exp( ) (A.3)
1<n<N'; 2K

It remains to control the mean terms of the increments of M~. By Cauchy—Schwarz, for each j,

E[AM; 1 s 0y | F1 || < VE[(AM)2 | 751 [P[1AM;] > a | F1 ],

and as each increment AM; is also K-subgaussian conditionally on &;_i, it follows that

n aZ
2L E[AM; T garo0 | Fima ]| < 2VeXP(—R)-

J=1

With the subgaussian tail bound of bounded random variables, this also gives for any x > 0

sup Z]E[AM 1 | F ” > <26Xp( XIngexp( a’ )) (A.4)
i U{|AM ;|>a i—1 Xl = - —1]. .
enen? J 1AM |>a} 1 7 N2V 4K

To conclude, we write

sup |M,| < sup |MZ|+ sup ZAM 1AM, |>a)

1<n<N 1<n<N 1<n<N

+ sup
1<n<N

Z} [AM; sy | F-1]
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Then the tail bounds we got in (A.2), (A.3) and (A.4) give

log2( x x?
<2exp 22, 2 )
eXp( 2 \6a 9NV)
2 2

a xlog?2 a
+N(N+1) eXp(_ﬁ) + 2exp _3N v exp(ﬁ) .

We now choose a in such a way that the exponents in the first two tail bounds match, that is, so that

]P[ sup |M,| > x

1<n<N

log2  a? Kxlog?2 log2  a?> 1 /xlog2\%
1082 _ 4 ad = =2 o8 , which gives 1082 _ 4 _(x o2 ) .
12a 2K 6 12a 2K 2\ gVK
Using this value for a in the tail bounds yields the desired inequality. [

Finally, we prove a version of Azuma’s inequality for martingales with subgaussian increments.

Theorem A.3 (Azuma’s inequality). Let M = {M,,} ,en, be a martingale with respect to a filtra-
tion {Fn}nen, and with Mo = 0. If M is subgaussian, then for any N € N and any x,y > 0,

2

X
< Zexp(——).
2y

P| sup |M,|>x,{M)y <y

1<n<N

Proof. For A > 0, let
/12
& = exp(AM, = S(M), ).

Then {&,},en, is a supermartingale by definition of the subgaussian bracket of M, and it satisfies
& = 1. Hence, if T == inf{n € N : M,, > x or {M})),, > y}, the optional stopping theorem shows
that E &7y < 1 forany N € IN.

Now, let Ay = {T < N} n {{M)y < y}. Note that for Ay to occur, it must be that M > x,

because this is the only way that 7 < N can occur at the same time as {M )y < y. It follows that

2

2
1> E&ny = E[Erny | AN]P(Ay) > exp(/lx - ?y)]P(AN),

which gives an upper bound on P(Ay). Optimizing over A, we see that the best upper bound is

achieved with A = x/y. Unraveling the definition of Ay, we get that

2
P| sup M, >x,{MY)y <y Sexp(—;—),
y

1<n<N

which is half of the desired bound. The full result follows from applying the above to —M and
combining the results for M and —M with a union bound. [
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A.3 Proof of Corollary 1.10.1

In this section, we detail the proof of Corollary 1.10.1. The proof, reproduced from [55, §C],
simply amounts to understanding how to express the Weyl-Titchmarsh functions of the Airy and
sine systems in terms of the stochastic Airy and zeta functions.

The Weyl-Titchmarsh function of the shifted and scaled Airy system is mpy, .(z) = Pu(0, z)
where u: [0, 00) X C — €2 is defined so that for each z € C, u(-,z) is an integrable solution to

Jowu(-,z) = —zHg gu(-, z). By construction of the canonical system,

81 h (0,
u(0,2) = Az%(0) ( ;Z((() Z;))

where (-, z) is an integrable solution to Hg gh(-,z) = zh(-,z) for each z € C. This means that
h(-, z) also solves Hgh(-,z) = (E + ﬁ)h(-, ), and therefore by definition of the stochastic Airy
function, £(0, z) has the same law as a SAi_g_./,z(0) for some (possibly random and z-dependent)
a € C\ {0}. Hence,

SAi, ., (0)
VE SAiy,()(0)

where Ap(z) = —-E — L (A.5)

WE'

law
Mg (2) =

and where the prime denotes a time derivative.

We now recall the definition of the stochastic zeta function { introduced by Valké and Virdg
in [75]. Let b; and b, be two independent two-sided standard Brownian motions on R, and define
the processes

— [P y(s)dbi(s) ifs <0,

t
t) = by(t) — = d =
- exp( 2 2) 0 Jly(s)dbi(s)  ifs>0.

Then, set

1
R (1) = ——X_ 21ogt) X, (% 1ogt where X, =
5 (1) 2y(%10gl) ﬁ(ﬁ g1) ,H(ﬁ gt) B

I —x

0yl
Following [75, Definition 43], we now define 73 as the random Dirac operator mapping u: (0,1) —
Cto R;ﬁl Ju’ with boundary conditions ugJu(0) = ujJu(1) = 0 where again 1 = (1,0), but now
u; == (—q, —1) where ¢ is a standard Cauchy random variable independent of b and b,.

The stochastic zeta function g is the secular function of 73 as defined in [75, Definitions 13

and 43]. For our purposes, it suffices to understand g through its characterization as the solution
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of a differential equation: if v: (0,1] x C — €2 is defined so that for each z € C, v(-,z) is the

unique SOlutiOIl to
T " K H H
B Z Z Z p Z

then {3(z) = (1,—¢q)v(1,z). This can be taken as a definition of g, since by [75, Proposition 18],
this differential equation always has a unique solution (see also [75, Section 5.1]).
As explained in [75, Section 4.2], the operator 74 is unitarily equivalent to the stochastic sine

operator. Indeed, if

G [t 0 wd 0 L[4 1
“lo -1 T VAT -1 g

and if p denotes a transformation acting on a function f on (0, 1] by sending itto p f () = f(1—-1),
then the operator p‘lSQTﬁ(SQ)‘lp has the same distribution as the stochastic sine operator by
[75, Proposition 46]. Writing 73 = R;ﬁlJ 0 with 0 being a derivative operator, this means that the
stochastic sine operator (R/;1 o v)Jd has the same distribution as p‘lSQR;ﬁIJ d(SQ)"'p. Now,

dp = —pd, so this equivalence yields the equivalence of coefficient matrices

law  _

Ry' ov = p'SOR1J(SQ) ' Jp. (A.6)

With v as above, define u: [0, 1)xC — C? by setting u(z, z) := pSQv(t, —z). Then by definition
of v,fort € [0,1) and z € C, u solves

Jowu(t,z) = ~JSQv(1~1,~z2) = ~2JSQIR,(1-1)v(1~1,~2) = ~2JSQJ R, (1-1)(SQ) ~'u(1, 2),

which shows that u (-, z) solves the sine canonical system with spectral parameter z. Moreover, by

definition of v, as t — 1,

rmsef)- e
’ 0) gZ+1\1]

By [75, Lemma 45], ¢ is the point to which converges the hyperbolic Brownian motion that drives
the sine system in this setup (i.e., with coefficient matrix p~'JSQJ R, (S Q)~'p). This shows that
u(-, z) satisfies the sine system’s boundary condition at 1 when 8 > 2. When S < 2, there is no
boundary condition at 1, but it is easy to see from the definition of the sine system’s norm that an

integrable solution must become parallel to (g, 1) as time goes to 1. Indeed,

dr

1 /1 1Xg 0 v(D) f (D)

2 — —
”f”Rﬁov B 2 0 ImBﬁ o U(l)
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and
f1(t) = f2(t) Re Bg o v(2)
f(t) Im Bg o u(t) '

Because Re Bg(t) a.s. does not vanish as t — oo but Im Bg(¢) does, f(¢) must become parallel to

Xpouv(t)f(1) =

(Re Bg(c0), 1) as t — 1 for || f||g40p to be finite. As an integrable solution exists, the uniqueness
statement of [75, Proposition 18] therefore implies that u(-, z) is (a multiple of) that integrable
solution. Hence, for any 8 > 0, u can be taken as the solution that defines the system’s Weyl—
Titchmarsh function, that is, mg,(z) faw Pu(0, 7).

Now, v(1,z) = (SQ)~'u(0,-z), and as S™! = S and Q~! = QT, a direct computation shows

that
()= (1 =g)v(1.2) = Vg + Tus(0,~2).
Therefore, 0.2) 0.2)
law ui\v, z . ) ui\v, z
mRﬁ(Z) = 12(0,2) =g +1 {ﬁ(—z) . (A.7)

By general canonical systems theory, the function £(z) = u;(0, z) is entire. Moreover, since ¢ is
independent of the Brownian motions from which 73 is defined, it is independent of the solution u,
and therefore of & and (p.

Thus, Corollary 1.10.1 simply follows from Theorem 1.10 because of the representations (A.5)
and (A.7) of the two Weyl-Titchmarsh functions.
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